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通过验证有限项(no≤n≤亿1)特殊值来证明超几何恒等式这一想法最早由

Doron Zdlberger于1981年提出，并由Lily Yen于1993年实现。自此，怎样估

计出尽量小的n1，从而使得数值验证具有可行性，就成为人们感兴趣的研究课

题．本文就主要研究了n1的估计，以及其中涉及的一些数值计算问题．

一般来讲，nl可表示成下述三个数值的简单函数t欲证明等式中和式所满足

的递归关系的阶数L，该递归关系中首项系数的最大非负整数根‰，以及其中所

有系数多项式的最高次数扎，．本文的主要工作是在研究借助Sister Cefine算法

或Zeilberger算法得到的具体的符号线性方程组的数值性质的基础上，提出了估

计‰和n，的一个新方法，实例表明，我们的估计结果与之前的工作相比有了极

大的降低．

与现有方法类似，我们通过研究符号线性方程组多项式解的次数和高度的上

界来估计n，和礼d．不同的是，我们基于具体的方程组进行估计．为此，我们首

先研究了多项式的次数和高度的一些基本性质，得出了估计多项式矩阵行列式的

次数和高度上界的公式，并对该公式的计算进行了讨论，特别是我们将次数上界

的计算转换成了组合优化中经典的指派问题，从而实现了高度上界的快速计算．

接下来我们给出了一个估计符号线性方程组多项式解的次数和高度上界的算法．

同时，借助该算法的部分结果，我们还给出了一个利用数值方法求解符号线性方

程组的算法．

将上述估计符号线性方程组多项式解的次数和高度上界的算法与Sister Ce-

line算法或Zeilberger算法相结合，我们最终提出了一个估计n1的新方法，该

方法对g-超几何恒等式同样有效．大量实例表明，与以前的结果相比，我们的方

法极大的降低了对nl的估计，尤其是对q-超几何恒等式，我们的方法不仅能够

得到充分小的扎1，而且运行速度也很快，这就使得利用数值验证法证明超几何恒
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等式具有了实际意义上的可行性．

关键词：超几何恒等式，数值验证，次数，高度，Sister Celine算法，Zeilberger

算法



Abstract

Abstract

ne stupefying idea of proving hypergeometric identities by checking a finite

number of its special cases，say for no≤礼≤nl，was first realized by Doron

Zeilberger in 1981，and then implemented by Lily Yen in 1993．Since then，

seeking a small upper bound for n1 SO that the numerical veritication is practical

has attracted researchers’interests．This thesis mainly studies the problem of

estimating nl and involved numerical computation issues．

In general，estimating n1 consists of estimating three numbers：the order L

of the recurrence that the summation in the identity satisfies，the largest non-

negative zero钆口of the leading coefiicient of the recurrence，and the highest degree

nf of any of the coe伍cient polynomials of the recurrence．锄can be formulated

as a simple function of these three numbers．In this thesis，we propose a new

approach to estimate礼o and佗，，wlfich，as examples indicate，are considerably

smaller in comparison with previous results．Our approach relies largely on the

study of the numerical aspects of the concrete symbolic linear systems produced

by the classic Sister Celine’S method and Zeilberger’S algorithm．

As previous work，we estimate n口and n，b evaluating upper bounds of

the degree and height of polynomial solution of the symbolic linear system also，

while our approach is distinguished by the exploration of the concrete systems．

To this end，we first introduce some basic properties of the degree and height

of polynomials，and derive upper bounds formulas for the degree and height of

the determinant of a polynomial matrix．Computing issues of these two formulas

are also discussed，where，especially,we attack the computation of the degree
bound by interpreting it into a classical combinatorial optimization problem，the

assignment problem．Then we present an algorithm for estimating the upper

bounds of the degree and height of the polynomial solution of a symbolic linear

system of equations．As a byproduct，we offer a method for numerically solving
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Abstract

symbolic linear systems．

Combining the above degree and height bound estimating algorithm with

Sister Celine’S method or Zeilberger’S algorithm，we finally propose a new ap-

proach to derive sharper bounds for佗口and n，，and consequently smaller n1．Our

approach is also applicable to q-hypergeometric identities．We test Our method

with plenty of examples．In comparison with previous results，Our estimations of

nl are greatly reduced．In addition，for the q case，our algorithm not only pro-

duces practical bounds for nl，but also runs quickly,which implies that the idea

of proving hypergeometric identities by numerical verifications has really been

feasible．

Keywords：hypergeometric identities，numerical verification，degree，height，Sis-
ter Celine’S method，Zeilberger’S algorithm
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Chapter 1．Introduction

Chapter 1

Introduction

1．1 Background

Computer proofs，or automated proofs，of hypergeometric identities is a fairly

recent subject．It was initiated by Sister Celine Fasenmyer【26，27，28]，and
flowered since series of work contributed by Zeilberger【76，77，7s]and other

researchers[31，68，69，51]．

Sister Celine’S method，developed in Sister Celine Fasenmyer’S doctoral dis-

sertation f261 of 1945 under the supervision of Rainville，and two later papers

『27，281，is the first computerizable method for finding pure recurrence relations

that are satisfled by sums．An exposition of this method is in Chapter 14 of

RalnviUe’S book f561．Although this method is usually slower than the more

recent Zeilberger’S algorithm，it is also important because it has yielded The

Fundamental Theorem for the existence of the recurrence satisfled by hypergeo-

metric sums，which states that every proper hypergeometric term satisfies a k-free

recurrence rdation．The Fundamental Theorem underlies the later developments．

This theorem also generalizes to multivariate SllIn，and to q-and multi-q-sums

【69】．It has also been proved recently that a hypergeometric term has a k-free

recurrence if and only if it is proper I 12，13，35，361．

Gosper’S algorithm【30，31】(see also【32，54，40])is one of the landmarks in the

theory of computerization of closed form summation．It plays a role to summation

as finding antiderivatives is to integration．It not only definitively answers the

question that whether or not a given hypergeometric term can be indefinitely
summed，but atso is vital in the operation of Zeilberger’S algorithm and WZ

method．Gosper’S algorithm has been generalized to q-case『42]，multibasic case

1



and mixed case[18]，etc．Paule【49】also proposed a new approach to indefinite

hypergeometric summation which leads to the same algorithm as Gosper’S by the

notion of Greatest Factorial Factorization(GFF)．

Zeilberger’S algorithm【77，7s]，extended from Gosper’S algorithm by Doron

Zeilberger，also known as the method of creative telescoping，is again for finding
recurrence relations that are satisfied by deftnite sums，the same job as Sister

Celine’8 method does．But it does that job a great deal faster．Zeilberger’S

algorithm occupies a central position in the study of d印nite sulns，it has made

the computerized proofs of a whole generation of identities possible．Zeilberger’S

algorithm c姐also be easily adapted to the q-case【69，42，50，19]．The termination

problem of(q-)Zeilberger’S algorithm has just been缸ed quite recently by several

researchers【5，6，9，14，20，44]． ．

Ⅵrllat Sister Celine’S method and Zeilberger’8 algorithm can produce is a

recurrence that thesum satisfies，and it is very likely that the recurrence happens

not to be of first order，in Which case，we need some techniques to find the“simpld’
solution of the recurrence．This problem has been extensively stUdied for both

ordinary and口recurrence relations in piles of literature，and bundles of algorithms

have been proposed for finding the polynomial solution[52，8]，rational solution

【2，3，4，7，21，64】，hypergeometric solution【52，10，53，22]，and the more general

d’Alembert；ian solution 11 I．

Summarizing，the above classi．cal algorithms of computer proofs of identities

are in the following framework，which Was recognized by Zeilberger[76]：

Proving an identity like

∑F(n，七)=，(礼)
七

can be performed in the following steps．

1．Find a recurrence relation that is satisfied by the summation on the left

hand side．

2．Substitute，(n)into the same recurrence to verify that it satisfies the same

reCurrence．

3．Check that both sides agree for enough corresponding initial values．

Step 1 is just the mission of Sister Celine’S method and Zeilberger’S algo-

rithm．Gosper’s algorithm can find／(n)directly from F(n，k)if F(n，k)is

2



Chapter 1．Introduction

Gosper-summable，while algorithms for solving recurrences can find f(n)from
the recurrence that，(n)satisfies．

Beyond the above traditional framework，another stupefying idea，proving

identities by numerical verification，also arose．

It was Zeilberger『75，761 who first realized that when he studied Sister Ce-

line’S method by means of Stanley’S notions of P—recursiveness and D—aniteness

【61】．His original idea was to contend that every identity involving sums of prod-

ucts of binomial COetticients Can be verified by checking a finite number of its

special cases，say for伽S n≤n1．Here we adopt the notation nl as used origi-

nally by Lily Yen in her doctoral dissertation『731 of 1993 under the supervision

of Herbert W越Of course，for a given integer钆，the identity is immediately ver=

进ed．Since in the traditional framework．getting recurrence relations satisfied by

hypergeometric terms by Sister Celine’S method or Zeilberger’s algorithm always

involves solving a(generally large)symbolic linear system of equations and can

be prohibitively difficult on a computer【79】．The possibility of checking a finite

number of cases numerically is very appealing indeed．

Following the general idea that the estimate for n1 is safe if it is the order

of the recurrence plus the size of the largest non-negative zero of the leading

coefficient of the recurrence plus the highest degree in n of any of the coefficient

polynomials，Lily Yen【72，73]established the existence of nl，and also gave the

缶st o priori estimates of n1 for hypergeometric identities．However her estimates

are extremely too large to be practical-sized computations【54]，and it naturally

became an interesting question that howsmall we caninake the estimate of n1．In

alater paper【z4]，Yen 8180 showed that the estimates of nl for q-hypergeometric

identities can be spectacularly reduced because of the generic variable“口，’，which

eliminates the vanishing of the highest coefficient of the recurrence．In 2003，the

estimates of n1 for q-identities were further greatly reduced by Zhang and Li[82]，
and Zhang【80，81]，which employed the famous w．u’s elimination method【70，71]．

As Yen『73]pointed out，“If more is known about the linear system of equa-

tions，the size of n1 can be greatly reduced．”Wb【33】tried to dig out more in-

formation from the concrete linear systems obtained from Sister Celine’s method

or Zeilberger’s algorithin，and derived sharper bounds of n1 for both ordinary

and q-hypergeometric identities．These bounds have made the veritications more

feasible in comparison with previous estimations．For instance，we get n1
2 4

and礼1=12091 for identity∑七(：)=2n and∑七(：)2=(哿)，while the bounds

returned by Yen f72】are 1011 and 10115 respectively．For the qoChu-Vandermonde
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Chapter 1．Introduction

identity,our approach returns nl=25，while Yen[74]and Zhang[80]return 2358

and 191 respectively．

This thesis iS organized as follows．In the next section．we provide some nota-

tions and basic definitions that are used throughout the entire thesis．In Chapter

2，we will introduce the degree and height of polynomials，the very information

we dig out from the system，and present an algorithm for estimating the upper

bounds for the degree and height of the polynomial solution of a symbofic linear

system of equations．Computing issues involved in the algorithm are discussed

as well．As a byproduct．we also offer a method for numerically Solving symbohc

linear system．In Chapter 3，we will show the flow of derivation of nl by applying

our method to the linear systems obtained from both Sister Celine’S method and

Zeilberger’S algorithm．Plenty of examples are presented in the end．

1．2 Notations and Basic Definitions

In this section，we recall Some notations and basic definitions in the thesis．

As usual，we denote the set of integers，non-negative integers，rational num-

bers，real numbers and complex numbers by Z，N，Q，R and C respectively．Let

K be a field of characteristic zero，and let【佗]denote the integer set．【1⋯．，礼)．

In this thesis，we adopt the notation

0)n《巢一I
to denote the generalized rising factorial．

known as rising factorial power【32，P．
only defined for n≥0．

0+n一1)，n≥0；
佗<0，

Note that ordinary rising factorial，also

48】or Pochhammer symbol，is usually

A function，from D∈Z to K is said to be a hypergeometric term if the

ratio of two consecutive terms is a rational function，i．e．，

丛掣：r(n)，／( n) u”门

where r(z)if a rational function from Z to K．

Similarly,a bivariate function F from D c Z2 to K is called a(bivariate)

hypergeometric term if

笺等and‰茅1丽删’衙
4



Chapter 1．Introduction

are both bivariate rational functions from Z2 to K．

Definition 1．2．1 A function F(n，k)
矿it∞n be written 0,8

is a(bivariate)proper hypergeometric term

w)=P∽后)糌∥
where z is肌indeterminate over,say,the complex numbers．and

J．P(n，k)is o bivariate polynomial,

2．ai，玩，Ui，仇∈Z are specific integers，

，．c‘，挑口化constants，and

名．仳t‘，口口∈N are finite，non—negative，specific integers．

(1．2．1)

For OUr purpose，we focus on a class of special proper hypergeometric terms

which al'e in the same form as(1．2．1)with tightened conditions：

1．P(n，k)is a bivariate polynomial from z to Q，

2．c‘，伽i，z∈Q are specific rational numbers，and

3．F(n，k)does not depend on any other parameters．

In the rest of this thesis，it means this special proper hypergeometric term when

w-e refer to proper hypergeometric terms．

For the口case，we have q-analogue of the above stuff．

Let q be transcendental over K．

with Iql<1，the q-shifted factorial

integer k by

oO

、(n．g)∞=Ⅱ(1一aq七)
k---O

(口；g)n=丽(a；q)oo=

When q is a fixed non-zero complex number

由de血ed for any complex parameter a and

(1一口)(1一Dg)⋯(1一口口n一1)，
1，

(o矿；口)一n’

5
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We also use the notation[叫n to denote the q-shifted factorial as in

For brevity,we write

(01，⋯，om；口)n=(al；q)n⋯(nm；g)n，

where礼is an integer or∞．

The natural q-analog of the binomial coefficients is defined by

[46]．

『n] (g；g)n (1一qn)(1一qn一1)⋯(1一gn—m+1)
I l==一==一．【mJ (g；g)m(g；g)n—m (1一q)⋯(1一矿)

‘

We refer the readers to the classic literature[15，16，29】for more q-theory

stuff．

A function f from D∈Z to the rational function field K(q)is said to be a

q-hypergeometric term if the ratio of two consecutive terms is a rational function，

i．e．，

墼0：r(矿)，f( n) 弋1"

where r(x)is a rational function of z over K(g)．

A bivariate function F from D C—z2 to K(q)is called a(bivariate)q—
hypergeometric term if there are bivariate rational functions r(x，Y)and s(x，Y)
over K(q)such that

笺铲=r(qn qk，and‰掣=s(qn qk，．

As in the ordinary case，we focus on a class of special(bivariate)q-proper

hypergeometric terms which can be written in the form

in which

1．P(qn，q七)

F(n，七)=尸(qn,qk)Tni雾iu三u=1l五[Cii]赢ain+bik gJ七(七一1)／2z七，

is a bivariate Laurent polynomial in qn，q2 over K(口)，

2．ai，bi，u‘，vi，J∈Z are specific integers，

3．c‘，Wi，Z∈K(q)are specific constants，

6



Chapter 1．Introduction

4．让位，t，秽∈N are finite，non-negative，specific integers and

5．F(n，k)does not depend on any other parameters．

In the following chapters，when speaking of q-proper hypergeometric term

without any additional qualification，then this special q-proper hypergeometric

term is meant．

7



Chapter 2

The Degree and Height of Polynomials
and Polynomial Determinant

The degree and height of polynomials play akey role in both Yen’S【72，73】and our

method【33】to estimate n1．T地chapter is mainly concerned with the degree and

height of polynomials and polynomial determinant，which underly the estimating

algorithms in the next chapter．First we show some basic properties of the degree
and height of polynomials，and derive formulas for calculating the upper bounds

of the degree and height of a polynomial determinant．Next we talk about the

computation issue of the degree and height bounds．Then we present the DHB

algorithm for computing upper bounds on the degree and height of a non-trivial

polynomial solution of a symbolic linear system of equations．Finally,we offer

a numerical method to solve symbolic linear systems based on the result of the

DHB algorithm．

2．1 The Degree and Height

First let US recall the weU-known polynomial remainder theorem in algebra which

states that the remainder，r，of a polynomial，P(z)，divided by a linear divisor，

z—a，is equal to P(a)．Then for polynomials with integer coefficients，we can

easily derive the following lemmn．

Lemma 2．1．1 Let P(x)=‰矿+an—IXn一1+⋯+oax。∈z[x】be口univariate
polynomial in z and n≥t≥0，at≠0．可XO is n nofl—zero integer root olP(z)，
then xolo吒．Consequently，／or any integer z>I锄I，P(x)≠0．

9



Lemma 2．1．1 implies that the trailing coe伍cient can be taken as an upper

bound of the largest non—zero integer root of a polynomial．However，the trailing

coe伍cients may be eliminated during additions．For example，given B=2x+l
and P2=2x一1，then P1+P2=4x．Thus it is impossible to tell the trailing

coefficient of P1+P2 by tracking only the trailing coefficients of P1 and P2．

A safe way is to track the largest absolute value of the coefficients，which

clearly is an upper bound of the trailing coefficient．Recall that the largest abso-

lute value of the coefficients of a polynomial P is called the height of P，usually
denoted by the leo-polynomial nornl IIPI Ioo，or IPl as a shorthand．

Now let US see some properties of the degree and height of univariate poly-

nomials．Here we denote the degree of a polynomial P(z)by deg(P)and define

deg(01=一oo．

Lemma 2．1．2 LetK be a．field D，characteristic zero and P1，岛，⋯，
be polynomials in z with degrees dl，d2，⋯，厶，respectively．Then

(1)deg(P1+P2+⋯+R)≤max(d1，d2，⋯，厶)j

(2)deg(P1P2⋯R)=dl+d2+⋯+厶．

R∈K[叫

Suppose further that K is a subfield 01 C。the field ol complex numbers,and the

heights盯只，．．．，R are hi，．．．，hn，respectively．Then

(3)I P1+B+⋯+RI≤h1+h2+⋯+ki

付一l

(4)IP,Pz⋯RI≤Ⅱ
i=l (mtn(骞岛，dt+，)+1)·垂九t

The first three assertions are obvious，we thereby only prove the fourth．

First，let us consider the case of礼=2．Suppose

then

d1

B：F‘

Z一，

i----0

d2

。t∥and P2=∑幻夕，

日恳=

j=o

}

oi幻l z七．

}



Let觎=∑i+J：k aibJ·Note that in仇，the number of temls in the summation is

no larger than rain(dr，d2)+1，we have，for each忌，I％l≤(min(dl，如)+1)hlh2．
Thus，

lPlBl 2 o<七m≤ad。x+也{I％仔S(min(dl，d2)+1)hlh2·
The conclusion follows immediately by induction on n． I

Denote by H the right hand side of the inequality in assertion(4)of Lemma
2．1．2．Note that H depends on the order of只’S degrees，while 1只B⋯Rl is

free of that order．Fix dl，⋯，厶，for any permutation矿of【叫，let
n--1

现(“⋯厶)=Ⅱ
i=l

《 l‘
f衄f

也(只⋯．，R)=D口·
n

n‰．
i=1

如a，，如c“．·，)+1)， (2．1．1)

(2．1．2)

Clearly,theminimum of H口among all the permutations will be large enough

to be an upper bound of IPlP2⋯R1．The following lemma tells when it reaches

the minimum．

Lemma 2．1．3 Given non—negative integers d1，⋯，厶，口ranges over all permu—

rations oI，【叫，Do is minimal when do，(1)≥do(2)≥⋯≥d矿(n)．

Pro够 Given an initial order of dl⋯．，如，suppose that they are not in de-

scending order，then there must exist two consecutive terms也and也+1 such

that也<也+1．Consider the identical permutation 1 and the transposition

7-=(i，l+1)．By definition，we have D1=I]曝：％，where

bx=rain(d1，d2)+1，

6‘一1=min(dl+d2+⋯+也一1，也)+1，

钆=min(dl+d2+⋯+也，也+1)+1，

k一1=min(dl+d2+⋯+厶一1，dn)+1．

Similarly,we have Dr=I]哆：6；with 6；=％except for the following two terms：

6：一1=min(dl+d2+⋯+．画一1，d‘+1)+1，

6，=min(da+d2+⋯+疵一1+反+1，也)+1=dt+1．

11
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Chapter 2．The Degree and Height of Polynomials and Polynomial Determinant

We distinguish three cases：

Case 1．If d1+如+⋯+也一1≤画<噍+1，then

bi一1=6{一l=dl+d2+⋯+di一1+1

以≥min(dt，画+1)+1=也+1=6，．

Thus we have D1≥Dr．

Case 2．If也<dl+d2+⋯+画一1 5也+1，then玩一1=6，=吨+1 and

6i≥rain(d1+d2+⋯+也一1，盔+1)+1=6，一1．

We still have D1≥研．

Case 3．If也<也+1<dl+d2+⋯+也一1，then

bi一1=6，=di+1 and 6t=6：一1=d‘+1+1，

implies that D1=仉．

Summarizing，D矿will not increase by swapping two consecutive ascending

terms，thus we can always do this swap to decrease D口until d口(1)，⋯，d口(n)is

descending．Therefore，D口is minimal when do(1)≥如(2)2⋯≥da(n)． ●

Moreover，provided that如(1)≥如(2)≥⋯≥如(n)，D盯can be reduced to

the following form．

D矿=(d口(2)+1)(da(3)+1)⋯(如(帕+1)． (2．1．3)

As a simple example，let只(z)=z+1，马(z)=z2+2，P3 x)=z3+1．
Then dl=1，d2=2，d3=3 and hence 0123=D213=8，D132=D312=D321=

D231=6．We see that D321 is—mini—mal in the set．【D旷)．

Given polynomials P1，．．．，R and也=deg(只)，‘let minD(d1⋯．，dn)and

minH(P1⋯．，R)denote the ininiInlnn of D口and以for仃∈&，respectively,
where&denotes the set of all the permutations of M．Then combining Lemma

2．1．2 and Lemma 2．1．3，we can derive upper bounds on the degree and height of

a univariate polynomial determinant．

12
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Theorem 2．1．4 LetK be a field oy characteristic zero and M=‰(z)】付×n be a

matrix whose entries ave polynomials in Kiwi。and denote the set 01 permutations

o，㈨6管&．Then the degree of det(M)，determinant叮M，is bounded by

deg(det(M))≤m⋯ax。{d1删+d2删+⋯+‰n丹垒D(M)， (2．1．4)

where也，J=deg‰(z))．Suppose further that K∈C，then the height of det(M)
／s bounded by

det(M)l≤∑minI-I(p1删(z)⋯．，‰删(z))全咒(M)· (2．1．5)
霄∈靠

P,'oof．Starting from the definition Of the determinant,we have

deg(det(M))=deg I∑89n(7r)Ⅱpi，，r(‘))

≤懋㈦如旬)) cL一2工2㈣，
2聪仇，r(1)+cf2删+⋯+略州)，(L印础2．1．2(2))

here sgn(r1 denotes the signature of the permutation 7r：+1 if丌is an even

permutation and一1 if it is odd．sgnOr)is also known as the signature of the

number of inversions of the product of the permutation．

In view of the definition of determinant，inequality(2．1．5)Can be proved

similarly by using Lemma 2．1．2(3)，2．1．2(4)and Lemma 2．1．3． _

For example，let

we have

～㈤ks=h÷孙
max{dl，'r(1)+d2，，r(2)+d3，霄(3)I 7r∈岛)=1，

∑minH j01删(z)，P2删(z)，Pa删(z))=5．
霄∈岛

In fact，det(M)=一3x-4，whose degree and height are 1 and 4，respectively．

Clearly,inequalities(2．1．4)and(2．1．5)hold．
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Since 7r ranges over all the permutations of In]，it is straightforward that

D(M)and 7-／(M)are invariant under the transpose of matrix and permutation

of rows and columns．

Corollary 2．1．5 Let M be a square polynomial matrix,护k the transpose吖
M，Ml be the matrix obtained by swapping any two rOWS o}M and M2 be the

matrix obtained by swapping any two column of M2，D(M)and 7-l(M)are d币ned
0,8 in(2．1．4)and(2．1．5)，respectively．We have

1．D(M)=V(Mr)=v(91)=D(％)，

2．?-l(M)=冗(护)=冗(尬)=咒(％)．

Note that D(M)depends only on the degrees of the entries and 7-／(M)de-
pends on both the degrees and the heights of the entries．Therefore．we need

only play with numbers to obtain these two upper bounds，which makes the coin-

putation faster than calculating det(M)explicitly．In implementation，we can

directly take as input the degree matrix and height matrix of M to compute

刃(M)and H(M)．However，the complexity of computing D(M)and?-／(M)as
formulas(2．1．4)and(2．1．5)requires running over all佗!permutations，SO it will

soon become extremely slow when the order ofM grows．In the next section，we

will discuss the computing issue of D(M)and咒(M)。

2．2 Computing V(M)and H(M)

The complexity of computing V(M)and?-／(M)straightforwardly by their defmi-

tions(2．1．4)and(2．1．5)axe o(n·n!)and O(nlog死·n!)，both super exponential!

More precisely,the complexiW of 7-／(M)is 0((礼log n+3钆)佗!)，here we suppose

a sorting algorithm with complexity O(n logn)is employed，and O(3n)is the

complexity of computing(2．L3)plus the multiplication of hi's as in(2．1．2)．Due
to the high complexity,even for slightly larger M，the executing time of coin-

puting in this way is not acceptable．As our experiments on Maple(version 9．5)
with a Windows installed PC machine of 2 GHz CPU fAMD Athlon 64 Processor

3200+)and 1 GB memory indicate，it quickly,usually in lesS than one second，

returns D(M)and 7-／(M)for matriCes of size up to 7-by-7．However，for a 9-by-9

matrix it takes 71 seconds，and for a lO．-by-lO matrix，the time sharply goes up

to 768 seconds．For the 19-by-19 matrix produced by the Dixon sum identity,the

progr锄did not terminate in a whole dayl

14
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In fact，the problem of evaluating polynomial determinant and computing

its degree and zeros has been studied extensively(e．g．，【45，60，34，37，65，24】)．
f341 presented a numerical method for evaluating the degree of a polynomial
determinant based on an early result on the Smith-MacMillan form of a rational

matrix f631．T幽method seems to be a little bit complex，while f24l proposed a

much simpler recursive method for obtaining an upper bound of the degree．

On the other hand，given the degree of thedeterminant of a univariate polyno-

mial matri】【，it is possible to calclllate the determinant by using the interpolation

technique，i．e．，once we have determined the degree of a univariate polynomial
determinant，we can used+1 values for the variable and calculate the determi．

nant d+1 times to obtain d+1 points，which would interpolate the polynomial．
Once the whole polynomial is evaluated，its height i8 of course clear．

In this thesis，we will attack the computation of D(M)by interpreting it into

the classical assignment problem．

The assignment problem is a fundamental combinatorial optimization prob-

lera：

Given a number 0f agents and a number o|tasks．the agents will be assigned to

perform the tasks，incurring some cost that may vary depending on the agent-task

assignment．The goal is to find an assignment whose cost is minimized subject to

the following requirements，

J．Any agent can be assigned to perform any task,

2．Each agent is assigned nO more than one task,

s，Each task is assigned to exactly one agent．

If the numbers of agents and tasks are equal and the total cost of the assign-
ment for all tasks is equal to the sum of the costs for each agent(or the sum of

the costs for each task，Which is the same)，then the problem is called the linear

assignment problem．Usually,when speaking of the assignment problem with-

out any additional qualification，then the linear assignment problem is meant．

In terms of graph theory language，the assignment problem consists of finding a

maximum weight matching in a weighted bipartite graph．

The assignment problem canbe formulated into a linear 0-1 integer program-

15
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subject to

c(i，j)x,j

z臼=1， for i∈A，

xo=1， for J∈正

z妇=0 or 1 for i∈A，J∈正

where A and T are the sets of agents and tasks respectively,C：A×T—R is

the cost function，z巧represents the assignment of agent i to task J，taking value

1 if the assignment is done and 0 otherwise．The first and second constraints

correspond to requiremem 2 and 3，respectively．

For our case，the sets of agents and tasks are both【叫，a permutation 7r of

M corresponds to all assignment，c(i，J)maps(t歹)to奶，the degree of(i，歹)-th
entry of M，and D(M)is the very objective function．Noting that our objective
function is maximization，which is essentially equivalent to a minimization one

by a trick that subtracting the objective function from a large enough value．

There are various ways to solve assignment problems．Certainly it Can be

formulated as a linear program by applying linear programming relaxation，i．e．，

modifying the last constraint into兢f>0，and then the famous simplex method

(c．f．f23，48])or interior method『381 can be used to solve it．In addition，it

can also be formulated as a network problem and solved bv the network simplex
method Which may runs quicHy．The best known algorithm for solving the linear

assignment problem may be the Hungarian method『431 of which the computation

complexity iS O(n3)．The author refers the readers to f481 for details about linear

programming，the assignment problem and the Hungarian method．

舡to the computation of 7-／(M)，we are not SO lucky as口(M)．The definition

0f D'r，miIl(D，r)and thus min(三k)are all non-linear，and theabsence of an explicit

formula for min(D")makes the situation even worse．

We have considered giving up finding the min(D，r)and Use the recursive

method for calculating the degree upper bound of polynomial determinant in[24]
to calculate the height bound．However，because of the lack of tracking the height

upper bound in the division operation of polynomials like in the addition，subtrac-
tion and multiphcation operations as in Lemma 2．1．2．the unwinding technique in

16
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【24]is not applicable to the height calculation，and the absence of this technique

will result extremely large height bounds．For example，for the following degree
matrix and height matrix extracted from Example 3．5．2，

MD=

formula(2．1．4)and(2．1．5)return秒(M)=6，7-／(M)=12089，while the recursive

method in【24]returns 7 as the degree bound and 4×1020(approxmate)as the

height bound without applying the unwinding technique．

An alternative way is to find an upper bound for冗(M)．Investigating the

definition of n(M)aggm，minH(·)actually consists of two parts：

n

minH p1，霄(1)(z)⋯．，‰，霄(n)扛))=minD(dl，霄(1)⋯．，厶，丌(n))·I-I乜，订(‘)，
i----1

where疵，丌(t)=deg(pi，，r({))and风，，r(‘)=IPi，霄({)1．The former degree part appears to

be more complicated than the latter height part．If we can find an upper bound

MD of minD(dl，'r(1)，．．．，如，霄(n))for all 7r∈&，then we can enlarge 7-／(M)as
follows．

咒(M)=∑血出01，霄(1)(z)⋯．，‰，霄(n)(z))
霄∈晶

=∑minD(d-，榔⋯，厶删)·1-I hi删
，r∈岛I t；1

n

≤MD·∑II h砌)．

The latter part is in fact the permanent of the matrix MH，where MH=

(％)n×n is the height matrix of M，i．e．，b=l黝I．

Permanent is a well-known combinatorial object，it has two graph-theoretic

interpretations：as the Sllm of weights of cycle covers of a directed graph．and嬲

the sum of weights of perfect matchings in a bipartite graph．The permanent of

an伽by-n matrix A=(％)n×n is defined as

pere(A)=∑Ⅱn刚)，
’r∈SI t；l
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the suin here extends over all permutations of[叫．

This definition，as a sum of products of sets of matrix entries that lie in

distinct rows and columns，is quite similarly to the corresponding formula of

determinant
l
and differs only in that the determinant assigns a 4-1 sign 01 the

permutation to each of these products，the permanent does not．

Sadly,given the above similar definition between thepermanent and themore

complicated-looking determinant，the complexity of the best—known algorithms

for computing permanent grows exponentially with the size of the matrix[39，P．
499]，while the determinant can be computed by Gaussian elimination in polyno-

mial time O(n3)．In fact，Valiant【62】has proved that computing permanent is

孝P—complete，putting the computation of the permanent in a class of problems

believed to be even more difficult than NP．The fastest known(as of{57，P．4】)
general exact algorithm for computing permanent is based on the Ryser’S formula

【59]，whose complexity is o(n．2n)．

Now let US come back to MD．Let r也=max{d矗I l≤歹≤礼}and c而=
max{do 1≤i≤礼)denote the maximum value of the i-th row and歹-th column

respectively．Obviously,for any 7r∈晶，we have

minD(dl，丌(1)，⋯，厶，丌(n))
minD(dl，霄(1)，⋯，dn，丌(n))

≤minD(rdl⋯．，r厶)，

≤minD(cdl⋯．，c厶)．

Thus MD=min(minD(rdl⋯．，r厶)，minD(cdl，．．．，瓯))is a safe upper bound

of minD(dl，。(1)，⋯，如，霄(n))．

The complexity of computing the above MD is O(n+nlog n+2佗)，here

o(n2)，o(n logn)and O(2n)are for finding rdi’S(以t’s)，sorting rdt’S(cdi’S)
and computing(2．1．3)respectively．Clearly,this approximating computation is

much faster than computing by the definition．For example，noting the time we

mentioned in the beginning of this section，it takes only less than one second

to compute MD for the 19蛔一19 matrix yielded from the Dixon sum identity．

However，the approximating value is usually much larger than the exact value．

For example，for the following 7-by．7 degree matrix produced in Example 3．5．7，
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it returns MD=53760 while the exact V(M)=26，which puts US in thedilemma

of speed and precision．It might be an interesting question to find how small MD

could be．

2．3 The Degree··Height Bound Algorithm

First we give an algorithm that refines Yen’S idea【73】to find a non-trivial solution

of linear system of equations．

Input：Linear system Mx=0，here M∈D‘xm is an l×m(C<m)matrix of

raIlk p，and D is an integral domain．x=【z1，x2⋯．，zmr

Output：A non-．trivial solution of the system．

1．Permute the rows and columns of M，SO that the top left corner sub-matrix

M～forraed by the first P rOWS and p columns is of rank P．Meanwhile，

permute the unknowns％’S according to the column permutation．Denote

the new system by M7)【，=0．

2．Let Y be the column vector formed by the first P rows of the(p-t-1)一th column

of M and let囊=M⋯．，z翻T．We nOW consider the inhomogenous linear

system M囊=-y．

3．Let砭be the matrix obtained by replacing the i-th column ofM with—Y．

By Cramer’S rule，

t_，一 ～ ～1 T
I det舰det％det眸l
I det面’det面r一’det砑I

is a solution to Mi=-y．Hence，

【det尬，det M2⋯．，det鸠，det M，0⋯．，o】1

js a non．tri访al solution to M7】(，=0．

4．Corresponding to the column permutation in step 1，rearrange the elements

0f<．Then we finally obtain a non-trivial solution to the system Mx=0．

In the above construction，we see that each entry of the solution is the deter-

minant of a P×P sub-matrix of M up to a sign．Thus，when M is a polynomial



matrix，the degrees and heights of these determinants are bounded by Theorem

2．1．4．Moreover．the following two lemmas enable US to evaluate the degree and

height bounds of all the entries of the solution without evaluating P and calcu-

lating D(·)and咒(·)for all the P X P sub-matrices of M．

Lemma 2．3．1 Let K be a field of characteristic zero andA=‰(礼)】be a square

matrix whose entries are non．zero polynomials in KIn]．Then{0r any square sub-

matrix A7 oy A，we have D(A7)≤D(A)．Suppose further that po(x)∈z[x】]or
all i，J．Then?-l(A7)≤7-／(A)．

Lemma 2．3．2 Let K be a field of characteristic zero and A=‰(礼)】，A，=
％(n)】be two square matrices巧the same order whose entries are polynomials in

K[叫．Suppose that deg(p：j)≤deg(po)]or all t，J，then D(A7)≤D(A)．Suppose
further that K∈C and Ip0I≤l黝I]or all{，J，then 7-l(A’)≤咒(A)．

Lemma 2．3．1 converts the computation of P X P sub-matrices to that of l×f

sub-matrices and enables US to avoid computing the rank P，which is equivalent to

solving the system．Proper use of Lemma 2．3．2 further reduces the computation

to one special l X l sub-matrix．To this end，we define two kinds of transformations

on a matfix．

Definition 2．3．3 Let K be a field ol characteristic zero and A=‰(n)]be a

matrix whose entries are polynomials饥K【叫．

A 0-1 augment is the trans]orrnation o／replacing each zero entry oy A with

1．Denote the resulting matrix by A．

Suppose that K∈C．A DH augment is the transformation 0．8 follows：choose
a column，say琥e七一th column，巧the matrix A，replace those entries PO(x)that

satisfy lP巧l<lPikf or deg(po)<deg慨七)with h·∥where h=max(Ipol，慨kI)
and d=max(deg(po)，deg慨膏))，and finally delete the七一th column加m A．We

call this special ch08en column the augmenting column．The resulting matrix is

denoted by A．

Now we are ready to present the degree-height bound algorithm(DHB al-

gorithm in short)．

Input：An l×仇(f<m)matrix M=％(n)】whose entries axe polynomials in

zM．

Output：Two integers d and h．
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√_、

1．Repeat DH augment onM and set M=M until M becomes all f X 1 square

matfix．

2．Do 0-1 augment OilM and set M=M．

3．Return d=lg(M)，h=7-l(M)．

Remark 2．，．彳Notice that the DH augment involves the selection of a special col-

缸撇一the augmenting column．In order to obtain smaller bounds．tt，e might prefer
to an够8mal】姻possible column，e．g．，the one埘冼the minimum height sum or

degree 8urn．

Remark 2．，．5 The 0-1 augment andDH augment car also be de厅ned On the degree

matrix％=(奶)and height matrix Mx=(％)o／the polynomial matrixM with

slight modifications：班J augment involve8 replacing一∞entries协幻刀讥Mn and

replacing zero entries in Mz into 1．and DH augment involves replacing do with

也七矿do<函七and replacing，场埘琥^讯矿b<乜七．Then讯implementation，
we c口n directly take the two numericaf matrix AID and MH a8 input to the DHB

algorithm to save time and space．

The following theorem shows that d and h are upper bounds on the degree

and height of a non-trivial polynomial solution to the system Mx=0．

Theorem 2．3．6 Suppose that M=％(竹)】f×m(z<m)is a matrix t13hose entries

are polynomials in z㈨．Let d and h be冼e integers returned by the DHB 40-
rithm．Then there exists a non—trivial polynomial solution X=p1(n)，z2(n)，⋯，
zm(乱)】T of the system Mx=0 such that deg(x‘(n))≤d and lzt(礼)I S h，07_ojf

i=l，2，⋯，m．

Proof． For convenience，we denote the resulting matrices after step 1 and step

2 in the DHB algorithm by％and M2，respectively．Let A be an arbitrary

2 X m(Z<m)matrix whose entries are polynomials in竹．From the definition of

DH augment，for each square sub-matrix B=％(礼)】of A，there exists a square

sub-matrix C=‰(礼)】of A such that deg(po)≤deg(q0)and IPOl≤1％I．
By Lemma 2．3．2，we have D(B)≤D(G)and 7-／(B)≤冗(C)．Repeating the

discussion，we derive that for each square sub-matrix B of M，there exists a

square sub-matrix C of尬such that D(B)≤刃(C)and n(B)≤H(C)．One
Illore step shows that this also holds for M2．
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Now by Lemma 2．3．1，for each square sub-matrix C of M2，we have v(c)≤

口(％)and咒(C)≤咒(％)．Therefore，for each square sub-matrix B of M，we

finaHy have

口(B)≤V(M2) and 7-／(B)≤咒(％)．

Since there exists a non—trivial solution to the system Mx=0 represented

by the determinants of sub-matrices ofM up to a sign．the theorem follows． _

Sometimes we may need only the bound on part of the unknowns，say奶’S，

歹∈S∈{1，2，⋯，m】．．Then in the DHB algorithm we may use the following

册ni口f DH augment instead：

Choose a coluinn，say the k-th(k∈研column，of the matfix A，replace those

entries PO(n)(J∈S)that．satisfy IPol<I鼽知l or deg(po)<deg(pi知)with h。nd

where h=max(Ip,jl，IA七f)and d=max(deg(po)，deg(p1【k))，and finally delete the

bth column from A．We call the resulting algorithm the partial DHB algorithm．

An extreme case is that蚓=1，which corresponds to the operation that directly

delete the colwnn that S indicates．

Notice that d and h obtained by the partial DHB algorithm are the upper

bounds for the degrees and heights of the对S with J∈S which constitute part

of a non-trivial solution of the system Mx=0．This can be proved by the same

arguments as in Theorem 2．3．6．

2．4 Numerically Solving Symbolic Linear

System of Equations

In this section，we introduce a numerical way to solve the symbolic linear system

of equations．

First recall the classical two steps to find polynomial solutions of linear re-

currences with polynomial coefficients．

1．Compute an upper bound d for the possible degrees of polynomial solutions

of the recurrence．

2．Given d，find polynomial solution(s)with degree(s)no larger than d．

Step 1 Can be performed by Abramov’S[1】and Petkov吞ek’S[52】approaches．
The most common way to perform step 2 is the method of undetermined coefo
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ficients，which has been also used to find non-zero polynomial solutions of first-

order recurrence in Gosper’S algorithm【31】and arbitrary order recurrence in

algorithm Poly【52]．Some more sophisticated methods for this purpose ale also

devised，e．g．，【8】and the interpolation techniques【17，67】．

Inspired by this，we split the problem of solving symbolic linear system of

equations into the following two subproblems：

1．Estimate an overall upper bound d，or a sequence of upper bounds d‘’S for

the possible degrees of polynomial solutions of the system．

2．Given d or dt’8，find all polynomial solution(s)with degree(s)no larger than

d．

In fact，the first problem has been fixed by the(partial)DHB algorithm intro-

duced in Section 2．3，and the method of undetermined coefficients can be used to

solve the second problem as follows，缶st plug generic polynomials of degree d(or

dt’S)for the unknown polynomials z‘(n)’S into the symbolic system，then equate

the coemcients of like powers of几．and solve the resulting linear algebraic equa-

tions for the unknown coe伍cients of甄(死)’S．Note that these equations are linear

since the original system is linear in锄(n)’S．Finally,substitute the coe伍cients

back into the generic polynomials to retrieve the polynomial solutions．

In the following，we walk through a running example to illustrate the general

idea．

Consider s(n)=∑女(：)2，which will be discussed again in example 3．5．2．By

Zeilberger’S algorithm【4s]，we will produce the following linear symbolic system

n2+2竹+1

4n2+lOn+6

6n2+18n+13

2n+3

l

n2+2n+1

2札2+4n+2

，12+2n+1

O

0

n?+2n+1—1

0 —2

0 0

O 0

0 0

—1

竹

2n+3

0

0

一l

2n 4-2

-R2+3

一竹一l

0

eo(n)
ez(n)
e2(n)
xo(n)
Xl(竹)
x2(n)

=0．

(2．4．1)

The DHB algorithm will indicate that the degrees of ei’S and孔’S are no larger



than 7．Thus write ei’s and甄’S in the following generic form：

7

et(n)=∑aikn七，for i=0，1，2，

xi(n)=

k=0

7

∑
k=0

a3+i,kn膏，for i=0，1，2，

(2．4．2)

(2．4．3)

where吼七’s are the undetermined coe伍cients．Substitute them into the system

(2．4．1)，then the equations become polynomials in n with unknown coefficients

aik．Now equating to zero the coe伍cients of each power of n in these polynomials．
we get a linear algebraic system with 47 equations and 48 unknowns(see figure

4．1)，the solution of this system is shown in figure 4．2，where a23，024，a25，a40，a41

are the five free variables．Then substitute the solution back into(2．4．2)and
(2．4．3)，we血mly obtain

eo(佗)=
el(n、=

e2(n)

zo(n)

xl(n、=

0

—4口25n5+(2a2s一4a24)n4+(一4n∞一4a25+2a24)n3
+(2a2s一2a43)n2+(-4a23—4a21—12口25+6口24+n43)n
-24az3—6a21—72a2s+36024+6口43

口}25n5+aun4+a23n3+(2025一凸24+{凸43)n2+a21n
+8a2s+2a21+240as一12024—2aa

-24az3—6a2t一72a2s+36n24+6043

+(一48023—150,21—144a2a+72a2a+12a43)n
+(一24023—12a2a一78a2s+39024+2aa3)n2
+(一3a21—3aa一3a2s一12a2s+6a24)n3
+(一6口船一；a43—6a25)na+(一3口站一3a2s一6a24)礼5
+(一6n_25—3a24)n6—3a25n7
8a2s+2a21+240as一12n24—2a43

+(4a121+12n．23+36口25—18024—3a43)n
+(2a吃强+2a121+80贴一4a2a)n2
-[-a,13n3+(2023+2a25)n4+2a24n5+2a，25∥

Moreover，taking a25=a24=a23=a43=0 and a21 2 1，et’s Can be reduced

6 (2．4．4)

On the other hand，part of the solution of the linear symbolic system(2．4．1)

卜2缸+O—n

=

I|

=
、l，、l，、l，

n

n

n，-～，IL，l、印n彩，●●J、●L
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f eo(n)=0

{e·(佗)=一睾等e。(钆)
L e2(n)=e2(n)

where e2(n)is a free variable．Taking e2(n)=n+2，we obtain the same polyno-
mial solution雒(2．4．4)．

In the above discussion．we applied DHB algorithm to produce an overall

degree upper bound for all the el’S and Xt’s．Alternatively,we can also take

advantage of the partial DHB algorithm to compute the degree bounds of ei’s

and反’s separately．For example，taking S={1)in the partial DHB algorithm
wm return the degree bound of eo(礼)，taking S={2】．will return el(n)’8 degree

bound．etc．T地strategy requires calling the partial DHB algorithm multNtimes，

but will produce smaller degree bounds。

Now we formulate the general steps to numerically solve linear symbolic sys-

tem of equations．

Input：A linear system Mx=0，where matrix M=【p巧(n)】i8 of order 2×仃l

(f<仇)，and p,jCn)’S are polynomials in z[叫．

Output：Polynomial solution(s)of the system．

1．Given symbofic system Mx=0，apply(partial)DHB algorithm to get the

degree bound(s)of戤’S．

2．Write筑’8 in the generic form like(2．4．2)and(2．4．3)with undetermined

coefficients a／k'S，and plug into Mx=0，then the equations become poly-

nomials in n．

3．Equate to zero the coefficients of each power of n in these polynomials to

get a linear algebraic system of equations for the unknown coefficients啦七’S．

4．Solve the linear algebraic system and substitute the solution back into the

expression of轨’S．



--1220+仉∞+a50+n30—aoo一口10。0

口4l一2alo一2a20—n2l+口31一aox一2aoo一口1l+口5l 2 0

-2a2r—a16一n26—2aor一0,06—2n17=0

一口17一口27一口07 2 0

—2am+a32—2all—n02+1142一口00+a52一口12一口22一a20—alo一2a21
2 0

一口14+口“一口24一口22一口04—2a23+1154+a34—2口03—2a13—002—1112=0

口33+a53一a23一a13一口1l一2a02一n21一001—2a12一003—2n22+n43=0

一n23一口15一口03—2口04一口25+n45一口13一a05+1155+口35—2口24—2a14=0

一口06一口26一口24—2aa5一口14一口04+口36+口46一口16+口56—2口∞一2口25=0

口57一015一口27一n07一n17一n05—2a16+a37一a25—2a26+a47—2口∞=0

6口∞+2alo一2aso+2a50=0

10n_∞+2a51+6口01+4axo+2an+2a50+n40—2a31=0

4口06+4n17+2口57+100吣r+2a16+口47=0

2口17+4aor=0

10n01+4口∞+2a52+2ax2+6a02+4口11+2ast+口4l+2alo一2口32=0

2n54+2a12+2a53+2a14+100‘03+a43+4a13—2034+4a02+6004=0

4a12+6口03+10a02+2口13+2an+2口53+4_知1+口42—2口∞+2a52=0

2口15+凯55—2a35+2n13+2a54+口“+4a14+6n05+4幻3+10口04=0
2口14+2口56+口45+60,06+2a18+4ax5+2ass+4n04—2a36+10a05=0

2057+4知5+o拍一2口37+2at5+4016+100∞+6口07+2口∞+2air=0
-130．oo一3aso—a10—3口柏。0

—13口01—18口∞一3a4t一2口40—2aao一口1l一3a51=0

-2aar一180吣r一6口∞一口16+056—2口47=0

—6a07一a17+n57 2 0

—20ll一3a52—2a41—130吣2一口10—18010x+o∞一3口42—6000一口12=0

—3n“一130．04—30“+口52一口12一口14—2d13—18aoa一2a43—6a02=0

—6n01—2a12—3a53—130503一口1l一180吣2+口51—2口42—3口43一n13=0

—18n04—2a14—6n03一a13—130105+口53—3as5—2口“一3口45一口15=0

—2口15—3口56—3口拍一180吣5一口14—2口45一口16—6口04—130,08+口54=0

一n15—2口46一口17—13口07—2ax6—6n05—18口∞+口55—3口47—3n57=0

一口∞+30,oo=0

2口∞+3a01—1151一口50 2 0

-a57士2aor=0

3口02一n5l+2n01—1152 2 0

3a04+2n03—1154一n53=0

2口02一口52一053+3a03=0

3n05一凸54一口55+2a04
2 0

3口06+2n05—1155一o∞=0

3n07一n57一口56+2n06 2 0

口∞=0

口01 2 0

002=0

口04 2 0

n03=0

口05 2 0

o∞=0

口07=0

Figure 4．1：The linear algebraic system for o让
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aoo 2 0

口ol=0

a02 2 0

o,03
2 0

a04
2 0

a0520

d∞2 0

o．0720

a162 0

0,172 0

0,262 0

O,272 0

a472 0

0,502 0

0,51 2 0

0,522 0

0,532 0

0,5420

0,5520

0,5620

0,5720

0,10 2--30,40

an 2—3n4l’+4a40

0,12。-6a23—24a2s+12a24一‰1+4a40
0,132 2a24—40,2s一4口箱

0,142 20,2s—·4a24

0,15 2-4a25

0,20 20,40

a21
2

0,41一差口柏
a22 2吉口41—0,40+20,23+80,25—4a24
a2s2 0,23

a242口24

口拍5口25

0,30 5-3a40

a31=-i0,40一30,41
口32 2—6口23—24a25+12a24一竽n41+9a40
口33；一48a25+24a24—6a4l+孕0,40—15a23
0,34；一12a23—24a25+9a24一≥口4l+3a40
0,35 2-6a24—3a2a一3凸处

口36 5-6a25—3a24

0,37=--3a强

0,4050,40

0,41=a41

0,42 5 2a41—3a40+2口23+8a25—4a24

0,43 5 120,25—6a24+0,41—2a40+4a2s

n“5 2a2s+2a25

0,45；2口24

0,465 2口25

Figure 4．2：Solution to the system in Fig．4．1．
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Chapter 3

Proving Hypergeometric Identities by

Numerical％rifications

In this chapter，we present our approach to proving hypergeometric identities by

numerical verifications．W．e缸st briefly describe the general idea of numerical

verifications ac∞mpanied with a running example．Next we show how to apply

OUr approach based on Sister Celine’S method to estimate nl for hypergeometric

identities．Then we combine OUr method with Zeilberger’8 algorithm to estimate

竹1．The q-analogue is also discussed．Plenty of examples of both ordinary and q

cases are presented at last．

3．1 Overview of the Approach

Before going into details of OUr estimation algorithms，let US first summarize the

general idea of estimating nl and walk through an example．

Suppose that we aim to prove an identity of the form

∑F(n，七)=，(n)，n≥伽， (3．1．1)
七

where no is a non-negative integer，F(n，七)is a proper hypergeometric term over

Q，and f(n)is a hypergeometric term．

Usually,under appropriate hypothesis，there exists polynomial coefficients

recurrence for s(n)=∑七F(礼，k)such that

工

∑毗(n)sm+t)=0， n≥no，
i=o

(3．1．2)



where L is a non-negative integer，ai’s are(not all zero)polynomials depending

only on佗．If aL(n)≠0 when n>礼口，we have

跏Ⅷ=一赤三L-1姒啪(n+ t)， for au礼≥礼：=max(no+1，佗o)一 U u’ u，

Then S(n)is completely determined by its initial values：S(伽)，s(no+1)，⋯，
S(钆：+L一1)．Once proving that f(n)satisfies the same recurrence and s(n)
agrees with，(佗)on these initial values，we immediately have s(n)=，(扎)for all

n≥no．

Given the recurrence(3．1．2)for S(仃)，to venfy that，(n)and g(n)satisfy
the same recurrence is just to show∑墨o ot(n)．厂(n+i)=0，or equally

L

R(n)=∑畎n)帮=。
Notice that since，(n)is hypergeometric，冗(扎)is a rational function of佗．Suppose

that the degree of the numerator polynomial of R(n)is less than or equal to n1．

Then R(佗)is identical to 0 if and only if R(礼)=0 holds for n=no，no+

1，⋯，no+ny，which in turn can be verified by checking S(佗)=．厂(扎)for扎=

no，⋯，no+n，+L．

Now let nl=max(n：+L一1，no+nl+L)，then we can safely claim that

identity(3．1．1)holds for all礼≥no if and only if it holds for n=no，⋯，礼1．

Among the above three numbers L，n口and n，，n口is usually the most diffi-

cult to estimate and in most cases the largest．Yen used the following method

to estimate礼口．First use Sister Celine’S method to obtain a linear system of

equations in some unknowns related to the ai(礼)’S，then apply Cramer’S rule to

the system formally and thus get estimates for the degree d and the height仇of
the coefficients of ai(n)，finally take md as nd by Proposition 3．6 in【73】．

Beyond Sister Cefine’S method，we also explore the techniques due to MO-

hammed and Zeilberger【46】to obtain the linear system of equations．Advantages

of the latter techniques are mainly that the resulting system is directly in the

unknowns印(n)，⋯，aL(n)and has smaller size．In addition，we dig out more in．

formation from the concrete linear system of equations SO that the estimates for

the height become more accurate．Our approach sharply redUCes the estimates of

7／,1 for hypergeometric identities，and is also applicable to the q-hypergeometric

CaSeS．
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Now we take all example to illustrate the general idea of our method．Let US

consider the identity

莩后(力卅¨，创·
By the Theorem in【46]，there exist polynomials aoCn)，口1(n)，跏(哟，Xl(竹)such
that

ao(n)F(n，k)+al(n)F(n+1，k)一C(n，k+1)+c(n，k)=0，n≥0，

where G(n，k)=(xo(n)+z1(佗)忌)(k11)． Simplifying the above equation and

equating to zero the coefficients of each power of k，we get the following linear

system of equations after eliminating the common factor-(n+1)in the third

equation． ．

r 1 0

h h吉1
By Cramer’S rule，we know that

ao

al

X0

Xl

n)]

圳=o．
礼)J

【c‘o(n)，口1(n)，zo(佗)，z1(n)】T

=[I三n吕·；I，l n言·三；l，I n言·n詈·三I，l礼丢t n吕，；1]T
is a non-tri啊al solution to the above system．Instead of computilag these deter-

minants，we estimate their degrees and heights using only the degree and height

of each entry．Theorem 2．1．4 indicates that deg(a,(n))≤1，i=0，1 and their

heights are less than or equal to 5(In fact a【0(n)=2n+2 and al(佗)=一竹)．
Lemma 2．1．1 guarantees that taking竹4=5 is large enough．Noting further that

n，=2 and L=1，we finally get n1=6．

3．2 Estimating nl for Hypergeometric
Identities Based on Sister Celine’S Method

In this section，we try our approach of estimating 7％1 on the system of equations

produced by Sister Celine’S method．

First let US recall Sister Celine’S method．Given bivariate hypergeometric

function F(礼，七)，Sister Celine’S method will find a recurrence for F(n，k)of the

-．．．．．．．．．．。．．。。．．．．．．．L
1●●●●●●J

2仃

．‘叫1

O

2

1
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form
l J

∑∑ai,j(n)F(n-j，k—z)=0．
i=0 j=o

(3．2．1)

The general steps of Sister Celine’S method are as follows：try fixed values

of I and J from，say,I=J=1，take coemcients Oq(n),j as undetermined in the

recurrence formula(3．2．1)．Then divide each term in the sum by F(n，忌)，simplify
each ratio into rational function of n and k，place the entire reduced expression

over a single common denominator，and collect the numerator as a polynomial in

k．Finally,equating to zero the coefficients of each power of k in the numerator

polynomial，we get a system of hnear equations for the unknown coefficients Qt．，．

If the solution exists，we are done．If not，increase I and／or J and try the whole

thing again．

The following well-known fundamental theorem guarantees that Sister Ce-

line’S method will succeed if I，J are large enough．

The Fundamental Theorem(See[54，P．65])．Let F(n，k)be a proper hyper-

geometric term．Then F(n，k)satisfie8 a k-free rex：urFence relation．That is to

say，there exist positive integers I，J and polynomials Oli。j(n)for i=0⋯．，，；J=

0，⋯，J，not all zero，such that

l 3

∑∑Qtj(n)F(n一歹，k—t)=0
i=O j=O

(3．2．2)

holds at every point∽，k)at which F(n，k)≠0 and all D，the values ofF that

occur in(3．2．2)are well defined．

The Fundamental Theorem in the case of one summation variable Was first

proved by Verbaeten【66】．The cases of two and more summation variables and

q and multi-q were proved by Wig and Zeilberger[69J in a constructive Sister

Celine’S method-like way．

Summarizing，by Sister Celine’S method，we Call get a homogeneous linear

system Mx=0 for the unknowns x=【ao，o(n)，Ot0，l(礼)，⋯，Q，，J(礼)]T，whose
degree and height upper bounds Can then be computed by the DHB algorithm

introduced in Section 2．3．However．the objects we actually care are the upper

bounds of the leading coemcient of the recurrence satisfied by the summation of

F(n，k)over k．Before showing the relation between the two groups of coeffi-

cients，we introduce the concept of admissible hypergeometric term that is first
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proposed in【69]for yielding a homogeneous recurrence relation for the summa-

tion from the k-free recurrence for the summand in the case of standard boundary

conditions，wlfich refers to the fact that the summand vanishes outside the range

of suranaation．

For a fixed integer n，let B(n)=【o(n)，6(礼)】denote a maximal interval of

integer values of k for which F(n，k)is well defined and non-zero．Suppose that

there are intervals Q(n)≤七<a(n)and b(n)<k≤卢(n)in which F(n，k)is well

defined and is equal to 0．Then the interval B(n1 is called口natural support of

F(n，七)．

Definition 3．2．1 An admissible hypergeometric terra r(n，k)is one in which，y07’
all su]ficiently large n there is a natural support B(n)such that B(n)is compact

and

B(n)∈S(n-4-1)∈B(n+2)∈⋯， n>伽，

and the intervals D，zero?3alue8 that surround B(哟satisfy

p(佗一jf)≥6(n)+I and Q(钆一J)≤口(n)一J

，Dr 0≤J≤J and n>no，where I and J口佗the orders oy a k-#ee rBcu仃℃nce

that F(n，k)satisfies．

Now we are ready to reveal the relation between the coefficients of the recur-

rences of the sttmmand and the summation．

Theorem 3．2．2 Let F(n，k)be an admissible proper hypergeometric term saris·

fying the k-#e髦returnee relation(3．2．2)．Then S(n)=∑七∈口(。)F(竹，七)satisfie8

知(n)S(n)+aa(n)S(n一1)+⋯+aj(n)S(n—J)=0， (3．2．3)

where

(1)00(n)⋯．，aj(n)∈zM，

(2)ao(n)⋯．，as(n)are not all zero，

(3)叼(n)can be written i礼yorm oy non·negative linear combination oy口玎，s．

Moreover,let Da and风denote纨e maximal degree and maximal height ol

d咕：8l D andH denote the maximal degree and maximal height o|a{：8，then

D≤D口，

日5风·躜<(m：挈产1)+(∞))I
(3．2．4)

(3．2．5)
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where‰=【宁J．

Proo／．First we introduce the concept of linear recurrence operators(see【54]for
details)．Let N and K be the linear recurrence operator such that

NF(n，七)=F(n一1，七)，KF(n，k)=F(n，k一1)，n，k∈z．

Iterating，we have that for r∈Z，

N’F(n，k)=F(n—r，七)，K’F(n，k)=F(n，k—r)，n，k∈z．

Then the recurrence(3．2．2)can be rewritten using the notations of operator as

where

LF(n，k)=0，

l 3

L(佗，Ⅳ，K)=∑∑a幻(礼)舻∥．
i----O j--o

Now we proceed with our proof．Suppose

where

L(n，N，K)=(K一1)ms(n，N，K)，

I-m J

s(竹，Ⅳ，K)=∑∑屈J(礼)ⅣJ∥，
i=O j=o

‘

and S(n，N，1)≠0．Denote口(‘)=a(a一1)⋯(o—i+1)，then

(七)仇L(n，N，K)

=(K一1)

(3．2．6)

m“，(k+1)('n-O(K-1，m_1。‘s①，Ⅳ，K，)+mzscn，Ⅳ，K，．

Because F(n，k)is admissible，we have

b(n)+J 6(n)+，

0=∑k(m)LF(n，七)=∑m!SF(n，七)=m!∑f(n-j)
k=a(n) k=a(n) i=o

／J—m 、

(∑鼬(n))．
I i=0 ／

Then S(n，N，1)≠0 guarantees that％(礼)=∑tl=0--m屈，J(住)are not all zero．

Therefore S(n)satisfies the following non-trivial recurrence relation with integer

coe伍cients．

印(礼)s(佗)+al(n)S(n一1)+⋯+a．r(n)S(n—J)=0．

'l∑渤

／

＼
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In the following we prove assertion(3)．First by comparing equation(3．2．6)
with the equation

∑a{,j(n)NJK‘=∑Q幻(n)∥(K一1+1)‘=∑∑
tJ

we get

S(n，N，K)=

鼬(钆)=∑啦，J(n)∑
f=m+t r=m+i

I

FF●二．—●●o
Ⅵr=m

‘，J r=O (≯如朋K-1)r’

(柚@)NJ(K_1)卜m．

c矿州(三)CIm)=。毫；(。一-i-1)％㈤．
1一m I—m I

aAn)=∑展，An)=∑∑
i---O i----O l=m+i (。二三1)％㈤= (批加，

is a non-negative linear combination of alcj(n)’S，consequently,D≤D口is obvious．

On the other hand，for the second part of assertion(3)，first note that

∑atJ(佗)ⅣJK‘亍(g-1)m∑屈Jm)即K‘

0r

Therefore

甘F
J，一 Qf—i,An)NJ(K一1)‘=

历一叫’J(n)=(一1)m∑

Z,j(n)=(-1)仇

日m i

％(礼)=∑(一1)m∑
i------O I=0

l=m+t

(1一K。1)m∑届i,j(n)NJ(K。1)‘，
J—m—lJ

(。二三1)叽以毗

(m-⋯1+i“)％㈤．

(m-m1一+1i一。)∞Jcn，+

㈠，嘻(叶2一)％㈤+

l—m I

F F
●二．．●‘：．．●

i--酣m+l l=m+i

∑
l=--l'n+口m+1

(。二三1)州n，

(卜Omrn-1)％如卜

∑胁

∑脚
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By the definition of H and巩，we finally get

l Om

H≤I-I．(∑
m+％一f、

m )

，

+F
J：一

l=m+Om+1

=凰((仇：罕，1)+(∞))．
(卜Omm-1))

Summarizing，combining Sister Celine’S method，the DHB algorithm and

Theorem 3．2．2，we are able to get the upper bound of the heights of aj(n)’S．Note
that although印(n)，⋯，aj(?2)are not all zero，we have no guarantee that the

specific leading coefficient n0(礼)is non—zero，thus it is necessary to find the height

upper bound of all the％(仃)’S．Moreover，because口J(n)’S are polynomials with

integer coefficients，we can safely take礼口=r．h．s．of(3．2．5)．

Suppose we want to prove the identity∑_Ic F(n，k)=f(n)for仡≥伽．The
next job is to estimate n1．Actually,ny is given by an upper bound of the degree

of the numerator polynomial of

3

R(礼)=∑
j=0
咖)帮．

Let A(礼)be the
coIn／／lo．n

denominator of帮for J=0⋯．，J，then the degree

of the numerator polynomial of R(n)is bounded by the largest degree of ai(n)

(b。unded by Dn in Theorem 3．2．2)plus the largest degree of A(n)·帮for
J=0，⋯，J，denoted by ds．Hence nl=D口+ds is a safe estimation for

verifying that，(礼)and s(礼)satisfy the same recurrence．

Note that we adopt the descending recurrence in accordance with the con-

ventions of Sister Celine’S method，the formulation of?21 is slightly different from

the discussions in Section 3．1 where the ascending recurrence is used．Given‰
and recurrence(3．2．3)，we have

S(礼)=
1

ao(n) ∑％(n)s(n一歹)，
j=l

for all n≥礼：=max(nd+1，伽+，)．一 u 一 ’o
，

Thus S(n)is completely determined by its initial values：S(伽)，S(no+1)，．．．，s(n／-

1)．

On the other hand，to verify that，(竹)and s(n)satisfy the saIne recurrence
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is equivalent to prove the rational function

脚)：篆J咖)帮冗(n)=∑％(n)嘴裂
J=O

。、7

is identical to zero．Given the degree bound nl of the numerator polynomial of

R(佗)，R(n)兰0 can be verified by checking R(n)=0 for n=no，no+l，⋯，伽+W，
which in turn is equivalent to check S(n)=f(n)for n=no，⋯，伽+唧．

In conclusion，taking n1=m懿(吃一1，no+n1)，we can safely claim that

∑七F(n，k)=f(n)holds for all亿≥no if and only if it holds for n=锄⋯．，n1．
Now we give the complete algorithm to estimate nl for admissible proper hypero

geometric identities based on Sister Celine’8 method．

Sister Celine--DHB Algorithm

Input：An admissible proper hypergeometric term F(n，k)over Q，a hypergeo-

metric term，m)，and伽．

Output：An integer n1 such that∑k F(n，七)=，(礼)holds for n芝no if and

only if it holds for n=伽，⋯，n1．

1．Let Mx=0 be the homogeneous linear system produced by applying Sis-

ter Celine’S method on F(n，惫)，where M=防玎(n)】l×m(z<m)，x=
【咖，o(n)，咖，1(竹)，⋯，QJ，．，(n)】T．Suppose that Sister Celine’method succeeds

at order(I，J)．

2．Apply DHB algorithmto M to get(d，^)，set仇=d，月0=h．

3．By Theorem 3．2．2(3)，let

do=Da，

”巩-器<(m：挈，1)+(瓣)>，
where％=【譬J．

(3．2．7)

(3．2．8)

4．Compute the cOIIIIll011 denominator A(n)of帮，歹=0⋯．，‘，and then

find the largest degree d／0f A(佗)·号铲．Set唧=d口+由．

5．Return n1；maX(n：一1，伽+n，)，where n：=maX(ha+1，no+，)．

37
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3．3 Estimating佗1 for Hypergeometric
一

^
一一 一

Identities Based on Zeilberger’S Algorithm

We follow the notation in【46]to write a proper hypergeometric term over Q as

F(n，％)=POL(n，凫)·日(n，％)，

with POL(n，k)being a polynomial in扎and k，and

咐，=裂A券．券B翳t等

(3．3．1)

where勾，呓，％，6；，勺，c；，dj，嘭are non-negative integers，and z，蟛，蟛，哆，形∈Q．

Let
A D B 。e

L=max(∑叼+∑而，∑％+∑
i=1 j=l J=1 j=l 勺)． (3．3．2)

[46]showed that there exist polynomials eo(n)⋯．，eL(n)in n and a rational

function n(n，k)such that a(n，k)=R(n，k)F(n，k)satisfies

More precisely,let

H(n，k)=

L

ei(n)F(n+i，k)=G(n，七+1)一G(n，七)．

1]L。(《)d；n+叼t n墨。(够)a卜幻七
兀名1(哆)弓(n+L)+eik兀名1、⋯,Jill勺I(n州一由≈

A D

≯，

(3．3．3)

(3．3．4)

u(七)=名Ⅱ(嘭佗+％七+衫)叼n(嘭(佗+L)一djk+d；一奶)由，(3．3．5)
j=l J=1

Let further

C

％七十蟛一bj)b,Ⅱ(弓∽+L)+勺惫+《)勺． (3．3．6)
J=l

m)=驴L妒叫n+i,k)．瓮警 (3．3．7)

and x(k)=∑警o zt(n)后‘，where m=degh—max(deg u，deg")，xi(n)and ei(n)
are unknown polynomials in礼to be determined．Note that h(k1 is a polynomial

∑瑚

n
Ⅳ吖

BⅡ触
=七U
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in k．Then there is a non-trivial solution eo(n)，⋯，eL(n)，zo(n)，⋯，zm(礼)of the

equation

u(k)X(k+1)一v(k一1)X(k)一h(k)=0． (3．3．8)

Moreover，Equation(3．3．3)holds for G(竹，k)=v(k一1)X(k)-H(n，七)．

The results of Mohammed and Zeilberger do not ensure that eo(竹)⋯．，eL(n)
are not all zeros，however，we can prejudge it and this bad situation rarely hap-

pens．Suppose that eo(钆)，⋯，ez(n)are all zeros，then h(k)=0 but x(k)≠0．

By(3．3．8)，we have

等u(k=等X(k． (3．3．9)一=一． I^^V1

) )。
r⋯叫

It is well known that the rational function料has a unique Gopser-Petkov吾ek

representation【52】(GP representation，in short)：
’

v(k一1) a(k)c(k+1)

一：=一一．牡(七) b(k)c(k)。

In most cases，器≠1，which implies that Equati。n(3．3．9)does not hold．Under

this situation，we cau claim that eo(n)，⋯，eL(n)are non-trivial．

Up to now，we have fixed L．It remains to estimate na and唧．

Notice that Equation(3．3．8)is in fact a system of linear equations in the

unknowns eo(他)⋯．，eL(n)and zo(n)⋯．，‰(礼)，which can be written as Mx=

0．By multiplying the common denominators，we may assume that each entry

0f M is a polynomial in ZM．Thus there exists a non-trivial solution whose

entries are all polynomials in z[叫．If ez(n)≠0，then we only need to apply

the partial DHB algorithm on S={三)to get the degree and height bounds of

eL(n)．However，there is no such guarantee，and also we do not know which is

the maximal i that ei(n)≠0．Therefore we have to estimate the degree upper

bound da and height upper bound ha of all the q’S，Which Can be obtained by

applying the partial DHB algorithm(taking S=．【l，．．．，L+1)，note that the

／-th(1≤i≤L+1)column corresponds to白一1)to matrix M．

Now suppo∞that F(钆，k)has finitely supports，i．e．，for each n，there are

only finitely many k∈Z such that F(n，k)≠0．Summing over k on both sides

of Equation(3．3．3)leads to a recurrence satisfied by s(n)=∑七F(n，七)：

(3．3．10)O=
n：、+nSn优

c∑!i



La

et eL,(n)be the last non-zero

polyno，mial readienL，g(礼fr)om≠eDfoo tor竹eL>．Skinc，e eLL,e(衄n)iaspolynomialwith integer coefficients we have 0 Dy
a ， eL，(礼)≠ tor竹>7h D眦Lull凸

2．1．1．Therefore，we may take‰=h口．

Similarly，

polynomial of

n，is given by all upper bound of the degree of the n恤erator

跏)=妻酬帮．t=0
。、’

L0fettbDe(Irun)Ⅱ】beertahte。rco。m01mvn00mn die211no。mfinRa(tno)r isof b。undedfor byi=thoe,。1．ar．,gLest．Tdheegnreethe。fdeegi(rnee)

瓮bound—ed byatd兰rcpo州mputed81abdov黜e plu诘s霉the黑a警r a⋯egree_譬O莉I ‘翟
f 口 ) l g聊 而)。“＼”，～1

In conclusion，We get the following algorithm for estimating nl for prop盯

hypergeometric identities based on Zeilberger’s algorithm·

Zeilberger-DHB Algorithm

Input：A proper hypergeometric term

hypergeometric term，(n)，and no·

F(n，七)over Q with finitely supports，8

output：An龇ger m such that∑k F(他，七)=纳)holds for％≥伽讧缸d

only if it holds for礼=no，⋯，n1·

1．Write F(礼，七)in the form of(3．3．1)·

2．Compute L by(3．3．2)．

3．Compute再(n，七)，钍(七)，口(七)and九(南)by(3．3．4)一(3·3·7)·

4．Compute the GP representation of

t，fj。一11 口(忌)c(七+1)丽2丽百’
If器=1，the alg。rithm fails．Otherwise continue也e如u砷g pro删m镐·

5．Enfqlujnaetearto

zero the

coeffi：cients

of each power

of。k、，in。≤(3i．3s．8)Lto—gQet—aLsnyJs，tueme ∑quationsMx 0 in the u]lknowns e≈tn) a,i1 xj
oflinear 2 'u S o兰L u ＼¨，’u二

J≤m．

6．Apply the partial(taking S=m⋯L+1))DHB algorithm toM t。get

(d，九)，set dD=d and h口=h．

40



7．Compute the coIniIloil denominator D(n)of帮，i=0，．．．，L and then

find the largest degree d／of帮·D(n)．Set n，=厶+如．

8．Return n1=maX(n：+L一1，no+唧+L)，where吃=max(hn+1，no)．

3．4 Estimating nl for q-Hypergeometric
Identities

Estimating竹1 for q-hypergeometric identities can be done just舾the q-aJla]ogue

of the ordinary case．In this thesis，we only discuss estimating nl based on

Zeilberger’S algorithm for the g case．For summation of q-hypergeometric terms，

we have the following q-analogue of linear recurrence(3．3．10)．

L

口‘(矿。，q)S(n+i)=0，n≥no，

where the at(矿，q)’8 are polynomials in qn and q over K．The following lemma

shows that‰can be set to be one plus the degree of aL(qn，g)in q．

Lemma 3．4．1(【74】)Let P(qn，q)be口non-zeFo polynomial in qn and q over K．

Suppose that the degree巧P(qn，g)伽q ism．ThenP(qn，q)≠0for alln≥m+1．

Follow the techniques in【46]，．write a q-proper hypergeometric term F(n，k)
in the following form

Fcn，忌，=P。Lcn，％，{{；A重}篙；n￡詈三j!j三糕B t

q．，七(知一1)／2 z七，c3．4．1，

where POL(n，k)is a Laurent polynomial in qn and q七over K(口)，％，0；，％，6；，白，
c；，dj，吗are non-negative integers，Z，蟛，蟛，哆，蟛∈K(口)and J∈z·

The q-Theorem in【46】states that F(n，k)has a telescoped recurrence

岛(gn，q)F(n+i，k)=G(n，七+1)一G(礼，k)

A e

∑霹，∑
j=l j=l 弓)+max(一J+

41

D 日

∑亏，∑
j=l j=l 鳄)．

(3．4．2)

(3．4．3)

∑瑚

∑硼

+厂

／

＼

缸m

盱

=

m

L

0《
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Moreover，the coefficients eo(矿，g)⋯．，eL(qn，q)together with some extra an-

knowns z—m1(qn，g)，⋯，zm2(矿，q)satisfy a system of linear equations Mx=0，
where the entries ofM are polynomials in矿and q．The deduction is analogous

to the ordinary case in Section 3．3，see【46】for details．

Different from the ordinary case，in the q-case，we need the degree bound in

q of the ei’s for the estimation of n口by Lemma 3．4．1，and their degree bound in

qn for the estimation of nl，while the height does not make any sense in this case．

So we need to introduce the counterpart of DH augment and DHB algorithm for

the q-case．

Definition 3．4．2 Let A=％(z)】be a matrix whose entries are polynomials in

K[z】．Degree augment is the transformation 0．8 follows：

Choose a column．say the k-th columnl o}matrix A。replace those entries PO

that satisfy deg(po)<deg(p伽)with—where d=deg一(p,k)，and．finally
delete the

七一th cDlumn加仇A．Denote the resulting matrix by A．

口-DB Algorithm

Input：An l×m(1<m)matrix M=‰(矿，g)】whose entries are polynomials
in qn and q．

Output：Two integers dq and如．

1．Let M7=M，regard the entries of M7 as polynomials in g，then repeat

degree augment on M1 and set Ml=Mf until M‘becomes an l×l square

matrix．Denote the resulting matrix by坞．

2．Let M7=M，regard the entries of M7 as polynomials in q竹，then repeat

degree augment on M‘and set M1=Mf until Mt becomes an l x l square

matrix．Denote the resulting matrix by Me．．

3．Do 0-1 augment on Mq and Mp respectively,and set Mq=Mq，Mq．=

4．Return dq=D(坞)，咖=D(蜘)．

The counterpart of Theorem 2．3．6 for the q-case，which guarantees that the

output dq and dq．are degree bounds in q and qn，can be deduced in a thorough

similar way,SO does the partial q-DB algorithm，the counterpart of partial DHB

algorithm．Similar to the ordinary case，q-DB Algorithm can also directly accept



Chapter 3．Proving Hypergeometric Identities by Numerical Verifications

as input the q-degree matrix and q--degree matrix，whose entries are the degrees
of q and qn of each corresponding entry in M．

Now we are ready to give the algorithm for estimating nl for the g-case．

qoZeilberger-DB Algorithm

Input：A q-proper hypergeometric term F(n，k)with缸te炒supports，a q-

hypergeometric term，(礼)，and no．

Output：An integer nl such that∑^F(n，k)=，(佗)holds for n≥no if and

only if it holds for n=no，⋯，n1．

1．Write F(n，k)in the form of(3．4．1)．

2．Compute L by(3．4．3)．

3．Compute百(n，％)，缸(矿)，v(q七)and h(q七)as in【46]．

4．Compute the q-analogue of the GP r印r箦entation【42】of

v(q扣1) a(q七)c(q七+1)

u(q七) b(q七)c(q七)‘

If稿=1，the algorithm fails．

dures．

5．By equation(3．4．2)，get a system of linear equations Mx=0 in the un-

knowns％(gn，q)，0≤i≤L and extra％(矿，口)，一ml≤．j『≤m2．

6．Apply the partial q-DB algorithm on the ei’S to M to get the bounds南
and如，and set na=如，d口=d1．

7．Compute the comnlon denominat。r D(qn)of／鼬(-+)0，i=0，．．．，L and then

find the largest degree办of D(q竹)·等等．Set n／=d口+d，．

8．Return钆1=max(吃+L一1，no+唧+L)，where吃=max(n口+1，no)．

3．5 Examples

We have implemented all the algorithms in this thesis in Maple program，see

Appendix for the Maple source codes．Our implementation requires the hsum

and qstm[41]，ZEILBFAGFA and qZEILBERGER【47】as prerequisite packages．
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3．5．1 Examples of the Ordinary Case

Example S．5．1 Estimate nl{or

ple．

莓(凳) =2n， n≥0．

We try both Sister Celine’S method and Zeilberger’S algorithm on this exam-

By Sister Celine’S method，there exists a non-trivial k-free recurrence relation

in the form of(3．2．2)for the summand F(n，k)=(：)when，=J=1，and we

can get the following linear symbolic system for the unknown coefficients oq,j’S．

{二Q。，。+c2n+
(礼2+n)ao，o+(n2+n)ao，1=0

1)ao，1+(一扎)Q1，0+(一亿一1)al，1=0
BOlo，1+口1，1

2 0

1I 2*_(÷1)幢]=o．
By criterion of the least height sum，we choose the third column as the

augmenting column，then the DH augment returns

砑=肫1 H刊0．肚【-3 2譬卜m，D J‘
Sequentially,0-1 augment transforms M into

脚=[潞1书1，1，]．
V(M)=1 and?-／(M)=8，

thus Da=1 and也=8．By(3．2．7)and(3．2．8)，we set da=1，竹口=8×2=16．

To get ds，noting that譬=27，we have df=0，and thus nl=1．Finally,

礼1=max(16，1)=16．
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In the following，we present the process using Zeilberger’S algorithm．

First write the summand F(n，七)=(：)in the form of(3．3．1)，

F(n，k)=
(1)n

(1)n一七(1)七。

A straightforward computation produces that L=1，u(k)=n—k+1 and

口(南)=k+l·Since the GP representation of业uCk尘)is两k而≠1，we are ensured
that eo(死)，el(n)axe not both zeros．Now Equation(3．3．8)becomes

(eo(住)一2xo(n))k+(礼+1)(xo(n)一eo(n)一el(n))=0．

Equating the coefficients of each power of k to 0 yields

三子懒辨
By the partial DHB algorithm in which we take S={1，2)and choose the second

column(with the least height sum)as the augmenting column in DH augment，
We get d口=0 and k=3，together with the fact that ds=0．we finally have

nl=max(4，1)=4．

Note that the bound given by Yen[721 for this example Was 1011．

Example 3．5．2 Estimate nl|or

莩(力2=(习．
For this example，Sister Celine’S method and Zeilberger’S algorithm will pro-

duce results with great differences．

By Sister Celine’S method，there exists a non-trivial七一f}ee recurrence for the

summand F(n，k)=(：)‘when I=2，J=3，and the system for the unknown

coefficients Qi，J’S is of size 1 1(equations)by 12(unknowns)．Sister Celine-DHB

algorithm will return如=40，n。=34804330863895756800 and df=2，and thus

nl=max(n口，da+d，)=死口≈3．5×1019．
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On the other hand，by Zeilberger’S algorithm，we have L=2，m=2 and

arrive at the following 5．by．6 Linear system for e‘’S and翰’S．

仃2+2n+1

4n2+10n+6

6n2+18n+13

2n+3

l

n2+2n+1

2n2+4n+2

n2+2n+1
0

O

n2+2n+1

O

0

0

0

—1 —1

—2 n

0 2n+3

O O

O 0

—1

2n+2

一舻+3

--n—-1

0

eo(n)
e1(n)
e2(n)
xo(n)
Xl(n)
x2(n)

=0

(3．5．1)

Extracting the degrees and heights，we obtain the degree matrix Mn and height

matrix MH，

Mn兰 ， MH=

Take MD and Mu嬲input to the partial DHB algorithm in which we take

S=．[1，2，3】．and choose the third column(with least height sum among the first

three columns)嬲the augmenting column，the DH augment and 0-1 augment
transfotin M D and MH into

MD= ， MH=

Further computation returns da=6 and ha=12089，thus n：=h口+1=12090．
Moreover，we have df=2．Therefore nl=max(n"+L一1，no+da+df+L)=
12091．

Note that the bound given by Yen【72]for this example was 10115．

In the following examples，we show only the results based on Zeilberger’S

algorithm．

Example 3．5．3 The WZ dual identity of∑七(：)=2n脓，P．1ss]

莩c州七(妒乩喇．

1

2

3

1

0

1

1

3

0

0

1

2

0

0

0

2

O

0

0

O

2

4

2

0

O

2加璩3

1

o

1

2

1一

o

1

1=

o

o篡一2毫=耋三一

1

2

3

1

1

1

1

3

1

1

1

2

1

1

1

2

4．2

1

1

2加坞3

1

0

l

2

1

0

O

1

1

0

0

O

O

O

0

0

2

2

2

0

0

2

2

2

1
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The Zeilberger．DHB algorithm produces a 2-by-3 system and L=1，d二=0，

k=3，dl=0，and finally returns nl
2 4，exactly the same to its original case

in Example 3．5．1．

Example 3．5．4 Estimate nl|0r

车(翟)趔．
This identity is obviously a variation of Example 3．5．1，by simply substituting

n with 3n．However，the result returned by the Zeilberger-DHB algorithm is

different．

For this example，the algorithm yields an system 0f垂够5，and L=1，如=4，

hd=2173，ds=0，thus nl=2173，much larger than that of example 3．5．1．

Example 3．5．5 WZ du口z o／E膏(：)2=(哿)僻，p．me]．

驴嘞惜(繁)-o．
The algorithm produces a lO-by-12 system and L兰4，厶=31，k=

2065670500895266682540596470，dl=0，and finally returns nl=，k+4≈

2×1027．much larger than its original case in Example 3．5．2．

；(关)(妒七妒_1)(＼2一n-1尸、≥1
For this identity,the algorithm produces a孓b旷4 system，L=2，也=1，

h口=34，and nl=36．

Example S．5．7 f54．p．iss]

，2k+l(k”+1)一(2n--叫k-2)!．=掣．七
、，- n

-L，二
n!

’

47



Chapter 3．Proving Hypergeometric Identities by Numerical Verifications

For this identity,the algorithm produces a垂by-5 system，L=1，以=4，

h口=569，and礼1=570．

Example 3．5．8{54。P．1n1

莩c叫n以2俨n2¨1)乩七
、 ／ 、 7

For this identity,we have a system of size 7-by-8，L=3，以=26，h口=

5291980686677213848946688，and n1=k+3≈5．3×1024．

Example 3．5．9 Reed-Dawson identities 158，P．毒|

and

驴21'1，七(妒七(警)廿肌(等)， ㈣5埘

篆㈠巾玲“(警)一o． 慨粥，

The Reed-Dawson identities are also usually written in the following more

compact form【54，P．63]．

莩(Z)(砂2r七0'n，：¨if⋯n
is

o～dd； ㈣叫，

For both summands in(3．5．2)and(3．5．3)，the algorithm produces a system of

size 7-b旷9 and L=3，d。=14．For(3．5．2)，hd=606735023907614≈6 x 1014，and

for(3．5．3)，h口=5963877204989859≈6×1015．Therefore，we have n1≈6×1014

for(3．5．2)and n1≈6×1015 for(3．5．3)and(3．5．4)．

Example 3．5．10 The identity that Knuth proposed in the foreword of{54J．

车(2等)(蛩)划
The algorithm yields a system of size 9-by-ll and L=4，比=26，h口=

19915928653228019055415828480，dl=0，and finally returns礼1=hd+4≈

2×102s．



Chapter 3．Proving Hypergeometric Identities by Numerical Verifications

Identity System Size Computing H(M)Overall

∑k(：)=2n 2×3 <0．001 <0．001

∑七(：)2=(2nn) 5×6 0．031 0．047

∑七(一1)叶七(：)2七=1 2×3 <0．001 <0．001

∑七(蛩)=8n 4×5 0．032 0．032

∑七(3k一2n)(：)2(警)=0 10×12 768．079 768．219

∑七(磊)(繁)4七=2-(俨1)(搿) 3×4 <0．001 <0．001

，r，2‘+1(七+1)(2n一七一2)!：I呈型 4×5 <0．001 <0．001厶知(n-k-1)l —nl

∑七(一1)七(n吉1)(加-n2k+1)=1 7×8 0．828 0．984

∑七(一1)膏(警)2“(誓)=2一凯(哿) 7×9 0．797 0．875

∑七(2”n-2k札!(棼)=铲 9×11 71．032 71．407

∑七(一1)七(絮)3=(--1)竹掣 19×20

Table 3．1：Maple CPU Seconds to Estimate nl for hypergeometric identities．

Table 3．1 lists the times that are needed to estimate nl for the above identi-

ties．The experiments are carried out Oil the Maple platform with the same equip-

ment that has been mentioned in the beginning of Section 2．2，i．e．，a Windows

installed PC machine with 2 GHz CPU(AMD Athlon 64 Processor 3200+)and
1 GB memory．

Column System Size indicates the size of the symbolic system of equations
obtained by Zeilberger’S algorithm[46】on each identity．Column Computing

咒(M)indicates the times that are needed to compute 7-／(M)by formula(2．1．5)．
Column Overall in出cat楣the overall times that are needed for estimating n1．

u．D’means that the computation did not terminate after 24 hours．Clearly,the

computation of H(M)is the bottleneck of our approach，it occupies most of the

computation time．
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3．5．2 Examples of the q Case

Example 3．5．1 1 Estimate n1 Ior a finite version吖Jacobi's triple product identity

[15／

[n芝?七]g(：)名七=(-z-：q；q)n(一z；g)n，礼≥。．
The summand can be expressed in the form of

盹七)=而[1帅12n一七qk(M蚴．
By the口-Zeilberge卜DB algorithm，we get L=1 and the following homogeneous
linear system．

『 q旷 。0 ：旷+1 0 1『eo(qn，口)1

I—g(1+q2q2n)一g(q3q“一929‰一q口2”+1)一：一矿矿口(zq矿+1)l·l ze—x。(q(P％，q口))l=o
【 口矿0 0 一z一秽J【x0(q“，口)J

Extracting the q-degree matrix and qn—degree matrix，we have

坞=陋三订l 1一O。一O。 1 l 脚=睢2 4主订脚=l l 1 I．
【_1一。o一。o 1 J

Take Mq and Mp as the input to the partial q-DB algorithm in which we

take S={1，2}and choose the second column for the degree augment，then the

degree augment and 0-1 augment will transform Mq and Mp into

鸩=㈤]’
A straightforward calculation gives

Furthermore'帮=(1+z-lq叶1)(1
that fl'l=如+ds+L=9．

叫㈦1．
d口=5 and dq．=6．Thus礼：=dq+1=6．

+zq几)implies df=2．Finally,we derive

Note that in this example，dq=5<6=如=6
The bound given by Zhang[80]for this identity Was 70．

Example，．5．12 Compute?Z1 yor the g—Chu-Vandermonde identity

y孵嘲， n>0．

(cj．1291)．
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For this identity,the algorithm yields a system of size 5．by-6，and L=2，

dq=23，如=13，d，=6，and finally returns nl=25．

The bounds given by Yen【74]and Zhang【so]for this identity were 2358 and

191，respectively．

Example s．5．13 Estimate nl／or a finite{o帆01 Euler's pentagonal number the-

orem due to L．J．Rogers(cI．／151)．

∑1(_lz)k(广q；qz)．qFk(3k-1)／2：1，n≥o．午(g；g)叶七(口；口)n一七 ‘’一一一

The algorithm produces a 7-by-8 system，and L=3，如=38，de,=15，and
finally returns nl=41．

The bound given by Zhang【so]for this example WaS 209．

Table 3．2 shows the times needed to estimate nl for the above identities．

Identity System Size Time

∑k[捌g(!)≯=(一名一19；q)忭(一石g)n 3×4 0．047

∑七矿2嘲2=留】 5×6 0．078

∑。(一；!娶；口’弓霎箬”胆：1 7×8 0．219—‘I，七 (口；g)n+七(q；口)n一知——

Table 3．2：Maple CPU Seconds to Estimate nl for q-hypergeometric identities．

Remark 3．5．．f彳Note that our approach九‘佗s quickly／or the q c口se，because the

bottleneck o／the ordinary case，the computation巧7．i(M)no longer exists．This

can be viewed 0,8 a consequence o／the non-van妇hing property o／the highest coeI-

ficient stated讥Lemma 3．4．J．
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Appendix

The Maple source codes for the Zeilberger-DHB adgorithm

print(‘Written by Qianghui Guo and Lisa Hui Sun‘)；

print(‘Version of March 2009‘)；

print(‘Prerequisite packages：ZEILBERGER，hsum9．mpl．‘)；

with(combinat，permute)：
vith(S01veT001s)：

read‘ZE工LBERGER‘：

read‘hsum9．ⅢPl‘：

##################################################社#########

#The main procedure for estimating degree and height bound
#for a given hypergeometric term．

##################################################}饼########

esnl：=proc(F)

local res，matD，matH，L，stl，st2；

res：；getDHMatrix(F)；

maiD：=res[1]；

matH：=res[2]：

L：t res[3]；

res：=DHAugment(maiD，matH．[seq(i，iffil．．L)])；

matD：=res[1]；

matH：=res[2]；

matH：2 zeroneAugment(matH)；

print(‘degree and height：‘．LeibnizDHperm(matD，matH))；
end proc：
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###########撑################################

#Compute the degree and height matrix．

############################################

getDHMatrix：2 proc(F)
local i，ii，J，a，b，e，f，g，h，1，8，al，b1．x，

A，B，C，D，L，M，X．F1，F2，H，H1，H2，

Num，Den，Denl，POL，covars，coeqns，rec，

tempcoeqn，tempcoa，tempco l，tempc02，coegcd，elems，

PMmapping，DMatrix，HMatrix，PMatrix，TMatrix，ty；

Num：=1；

Den：=1；

A：=0：

B：=0：

C：=0：

D：；0：

FI：=convert(F，factorial)；

F2：=hafokh(F1，k，n)；#hafokh is from the ZEILBEKGEK package．

1：=nops(F2[1])；

S：=nops(F2【2])；
POL：=F2[3]：

a：=array(i．．1)；

al：=array(1．．1)：

b：=array(i．．s)；
bl：；array(1．．s)；

for i from 1 to 1 do

a[i]：=F2[1，i]；

al[i]：=coeff(a[i]，k，1)；

A：=A+max(al[i]，O)；

B：=B+max(-al[i]，0)；

Num：=Num木a[i]!：

end do：

for j from 1 to S do

b[J]：=F2[2，j]；
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bl[j]：=coeff(b Cj]，k，1)；

C：=C+max(b1[j]，O)；

D：。D+max(-bi[j】，0)；

Den：=Den·b[j]!；
end do；

L：=max(A+D，B+C)；

e：=array(0．．L)；

Denl：t subs(n--n+L，Den)；

H：=Num／Den；

H1：；Num／Denl；

H2：=simpcomb(subs(k=k+1，HI)／H1)；
士：=numer(H2)：

g：=denom(H2)；

h：=simpcomb(sum(e[ii】*subs(n=n+ii。POL)*subs(n=n+ii。H)／H1，ii=O．．L))；

M：=degree(h，k)一max(degree(f，k)，degree(g，k))；

x：=array(0．．M)：
X：一sum(x[ii]幸k‘ii，ii=O．．M)；

rec：=simplify(f,subs(k=k+1．X)一subs(k=k一1．g)奉X—h)；

coeqns：=Ccoeffs(rec，k)]；

DMatrix：=Matrix(nops(coeqns)，L+M+2，0)；

HMatrix：=Matrix(nops(coeqns)．L十M+2)；

covars：=肌L：
for i from 0 to L do

covars：z covars，s Ci]；

end do：

for i from 0 to M do

covars：=covars，x[i】；

end do；

for i from 0 to degree(rec，k)do

tempcol：t coeffs(simplify(coeff(rec，k，i))，{covars})；

if(nops(CtempcoI])t 1)then

coegcd：=tempcol；

else

coegcd：=tempcol[1】；
for S from 2 to hops([tempc01])do



coegcd：=gcd(coegcd，tempcol Cs])；
end do；

end if；

tempcoeqn：=collect(simplify(coeff(rec，k，i)／coegcd)，{covars})；

for j from 1 to L+M+2 do

tempcoa：=coeff(tempcoeqn，covars[j])；

if(tempcoa<>0)then

DMatrix[i+1，J]：=degree(tempcoa，n)；

TMatrix[i+1，j]：=abs(tcoeff(tempcoa，n))；
end if；

tempc02：=[coeffs(tempcoa，n)1；
elems：=NULL：

for 1 from 1 to nops(tempc02)do

elems：=elems，1；

end do；

HMatrix[i+l，j]：=max(op(applyop(abs，{elems}，[op(tempc02)])))；
end do；

end do；

##########################稃##

#0 stands for(-infinity，0)

#C(<>O)stands for(0。c)

PMmapping：=proc(i，j)

if(HMatrix[i，j]=O)then
return 0；

elif(DMatrix[i，j]=O)then
return HMatrix[i，j]；

else

return[DMatrix[i，j]，}{Matrix[i，j]]；
end if；

end proc：

#############################

return[DMatrix，}{Matrix，L+I】；

end proc：



###################嚣#撑##撑#撑####嚣########

#Find the minimum column of a matrix

#among specified columns in’colSet’·

#######撑##################撑######群######

findMinCol：=proc(mat，colSet)

local hsum，col，mc01．reinsure，hs，k；

hsum：=NULL；

for col in colSet do

hsum：z hsum，convert(convert(mat[1．．-1，col】，list)，‘+‘)；

end do；

hsum：一[hsum]；

minSum：；hsum[1]；

mcol：t 1：

for col from 2 to nops(bsum)do
hs：=hsum[c01]：

if(hs<reinsure)then

minSum：=hs：

mcol：=col：

end if：

end do；

return colSet[mc01]；

end proc：

##################################

#Apply DH augment to a matrix·

##################################

DHAugment：=proc(matD，matH．colSet)

local augMatD。augMatH。mcol。rowDim，colDim，

col，row，cols，cslen；

cols：=colSet：

rowDim：=nops(convert(matD[1．．一1，1]，list))；
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colDim：=nops(convert(maid[1，1．．-i]，list))；

augMatD：2 matD；

augMatH：=matH；

while rowDim<colDim do

mcol：=findMinCol(augMatH，cols)；
for col in cols do

for row from 1 to rowDim do

augMatD[row，c01]：=max(augMatD[row，c01]，augMatD[row，mc01])；

augMatH[row，c01]：=max(augMatH[row，c01]，augMatH[row，mc01])；
end do；

end do；

colDim：=colDim一1；

augMatD：=augMatD[i．．一1，[1．．mcol一1，mcol+1．．一i]]；

augMatH：=augMatH[i．．一1，[1．。mcol一1，mcol+1．．一1】】；
cols：=cols[1．．-2]；

end do；

return[augMatD，augMatH]；
end proc：

###############嚣###########################

###Apply 0—1 augment to a matrix．

####################################攫######

zeroneAugment：=proc(mat)

local rowDim。colDim。row，col；

rowDim：=hops(convert(mat[1．．一1，1]，list))；

colDim：=hops(convert(mat【1，1．．-1]，list))；
for row from 1 to rowDim do

for col from 1 to colDim do

if(mat[row，c01]=0)then

mat[roy，c01]：=1；
end if；

end do；

end do；

return mat；

end proc：
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############################择######静####锥####择，}静#静####摊####

#Compute the D(M)and H(M)by their definition formulas，

#i．e．。running over all the permutations．
##########################撑####社########霉#########嚣########

LeibnizDHperm：=proc(DMatrix，HMatrix)

local i，J．V，8j，II，JJ，X，V，V，X，Y，

pi．pj，pk，rho，D，DS，H，d，h，n；

D：=0：

H：=0；

Y：=0：
’

n：=hops(convert(DMatrix[1．．一1，11，list))；

v：=array(1．．n)；
for i from 1 to n do

V[i】：z i：

end do；

DS：=NULL；

d：=0；

h：=1：

for pJ from 1 to n do

DS：=DS，DMatrix[pj，V[pj]】；
end do；

DS：z convert(-l,sort(一1奉[DS])，list)；

d：=DS[1]；

h：=HMatrix[1，v[1]】；

for pk from 2 to n do

h：=h·(min(d，DS[pk])+1)木HMatrix[pk，v[pk]]；

d：=d+DS[pk]；
end do；

D：=max(D，d)；
H：=H+h；

for J from 2 to infinity while Y=0 do

II：=0：

JJ：=0：

for i from 2 to n do

if V[i-i]<V[i]then

II：=max(i．II)；
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end if；

end do；

for i from 1 to n do

if V[II-i]<V[i]then

JJ：=max(JJ，i)；

end if；

end do；

X：=V[II-1]，1

V[II-1]：=V[JJ】；

V[JJ]：=X：

v：=口：
for i from 1 to n do

V：=[op(w)，V[i]]；
end do：

for i from II to n do

V[i]：=v[n+ll-i]：

end do：

DS：=NULL；

d：=0；

h：=1；

for PJ from 1 to n do

DS：=DS．DMatrix[Pj，V[Pj]]，1
end do； ．

DS：=convert(一1*sort(一1·[DS])，list)；

d：=DS[1]：

h：；}{Matrix[1，V[1]]；
for pk from 2 to n do

h：=h掌(min(d，DS[pk])+1)·HMatrix[pk，v[pk]]；
d：=d+DS[pk]；

end do；

D：=max(D，d)；

H：=H+h：

Y：=1；

for i from 2 to n do

if V[i-i]>V[i]then

X：=1：

Y：=Y幸X；

else
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X：=0：

Y：=Y奉X；

end if；

end do；

end do；

return[D，lI]；
end proc：
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