
摘要

在我们的日常生活中，网络无处不在，它们以各种各样应用为背景的形式出现。

通常，当网络中所有的参数，如点的容量和弧的容量都是常数，也不考虑流在运输过

程中所需的时间，这样的网络就被看作静态的。但是这些假设在现实生活中未必成

立。例如，一支舰队，从一个港口出发到达另一个港口，途中所需时间是需要考虑

的，还有航道的容量和泊位的数量也都可能随着时间的变化。若一个网络的参数会随

着时间而变化，则称这样的网络为时变网络。与静态网络相反，目前只有少数几种解

决时变网络最优化问题的方法。

在这篇文章中，我们考虑时变网络的最大流问题。G(Ⅳ，A’6，Z)表示一个时变网

络，Ⅳ是点集，A是弧集，6(t，J，t)是流经弧({，歹)((i，j『)∈A)所需的传输时间，z({，互t)
是弧(t，歹)的容量。6(t，歹，亡)和2(t，J，t)都是弧(1，J)第一个点上流的出发时间亡的函
数，亡=0，1，2，．．．，T，T口>0)是一个给定的数。时变网络最优化问题就是在时间限
制T内，从发点送尽可能多的流到达收点，这个问题已被证明是ⅣP．完备问题。

本文的文章结构如下：首先，基于伪流我们提出一个解决时变最大流问题的算

法，剩余容量收缩算法。然后我们给出时间标号算法使得所求最大流的每个子流到达

终点的时间都是最早(或最晚)的。我们用同样的算法解决了最短间隔路问题，即所

求解中每个子流出发时间和到达时间之间的间隔是最短的。在这篇文章中，我们考虑

两种等待条件，它们分别是零等待时间和任意等待时间，我们证明算法正确性的同时

也列举算例阐明算法如何进行运算，每一种算法都能在伪多项式时间内找到最优解。

关键词：最大流，时变网络，剩余容量收缩算法，时间标号算法，最优化，伪流



Abstract

NetwDrl【s e)dst everywhere in ollr daily uv．鹤． There are a lI巩of印plicatio璐

wbjcb can be modeled as a netWork optinlization problem． Usually’a network

is treated嬲a static model where au attribut鹤，such嬲the node capaucity aIld

the盯c c印acity'are con8tant8，趿d the flow transshipped in it take8 zero tinle．

H帆rever，th鹪e a黯啪ptio璐may not hold in our re越world．A fleet，for饮ample，
should t出【e t洫e矗．om one harbor to龇10ther，踟1d dU situatio璐，suI出the capadty

of the黼r啪y and the nuI】曲er of berth8，may、，a巧0ver time．A netWork而th

tim争va巧ing attribut鹤is caued the t蛔睁va吲．ng netWork．In contr8st with the

static network，there a．re a fbw appro诎l馏for 80lving the the-V踟了ing ne拥砷rk

optilnization problem．

In tllis th鹤is，Ⅵ陀co璐ider the m踊加【uln noW problem iIl a time-、，a巧ing

netWork．A tim争va】啊ng netwDrk is denoted by G(Ⅳ，A，6，1)，whereⅣis the node

set，A is the are set，6(t，歹，亡)i8 the tra瑚it time needed to tra：ver跎龃c(i，j『)∈A

adld z(i，歹，亡)i8 the c印acity 0f arc(i，歹)．B0th 6(i，J，亡)adld z(i，歹，亡)a∽functio璐

of the departure time t at the beginIling node of arc(i，J)，where t=o，1，2’．．．，T

and T>0 i8 a given n姗曲er． The problem is t0∞nd the now鹪much嬲

p嘲ible缸Im the source node to the siIll【node no later than the time li血t T．

The problem i8 known to be NP—complete．

First，we propose an a：IgoritllIIl to 80lVe the tim争Varying ma函m_眦丑0W

problem wIlile adopting pren0W—push strate醪 Then，We present an m90rithm

to丘nd 8uch am嬲inmm aow solution that h嬲the e射li鹤t(or the late8t)删Val
time at the sinl【node．Throughout this thesis，tWo kind8 of waiting co瑚tr8ints

are co瑚idered，they are zer0 waiting and arbitra巧waLiting respectively．Each

algorithm can 6nd the optimal solution ill pseudopobmomial time．

K％佩帕rds：ma函m眦now，time-Varying ne你Ⅺrk，exce鹃scaling aLlgorithm，time

labenng akorithm，0ptimization，pre丑oW
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Main Notations
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the set ofnode8

the set 0f arcs

tra瑚it time of arc(t，歹)at time亡

capaucity 0f arc(i，j『)at time亡

the flow transshiped on arc(i，J)starting at time t

speci勾wllen舭ld how to∞nd aow8矗om the source 8 to

the sink p

the totaLl value of丑ow憾under the sohltion A with the

deadUIle T

a mrect path行om s to z

the departllre time of the now a土Ilode戤
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the w撕ting time of tlle aow at node戤

the capacity ofpath P

the set 0f arcs emanating to node i

the distance la由el of node Z at time t
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Chapter 1

INTRoDUCTIoN

The ma对mum丑ow problem is，in a舀ven network，to send the now from the

80urce node to the 8ink node嬲much as possible without exceeding the c印aucity

c0璐tra毗．U8uaLlly，the problem is described to be static，where the丑ow tm躜

zero tinle to travel arcs and both the arc capacity龇ld the node capacity are con一

8t锄ts．The problem is in a seIlse a complementary model to the shortest path

probleIn．The 8horte8t path problem mod幽situation in which now incurs a c08t

but is not restricted by any capaueiti髑，in contrast，in the ma商mum now problem

a丑ow incurs no costs but is re8tricted by capacity limitatio璐．The ma硒m1姗．

now problem，together而th the shortest path problem，撕ses嬲a 8ubproblem in

algorithI衄for solving the m洫imum cost丑0_w problem．The m踊珊lm flIDw prob
km and the 8hortest path problem co功bine dU the b鹪ic ingredients 0f Iletwork

丑ows．As such，they have become让Le nuclei of ne拥，ork opti血zation．

Con8ider the network G=(Ⅳ，A)吡h a nonnegative capacity％for each

arc({，歹)∈A，where A is the set of a瑚，Ⅳis the set of node8．There are two

special nodes in the network G，口sDt‘舭n伽k s and口sl纠b佗D如p．W|e wi8h

to 6nd the ma撕mum丑ow f如m s to p that sati8fl鹤the arc c印acitie8 and ma部

balance co瑚traints at aU node8．The ma越Imlm flow problem can be formulated

￡Ls fo玎ow苫．

Maximize ”



∞印Cer 1ⅢTROD∞TroⅣ

。j：。赢A，z巧一u：。纛A，％t={三，D：“J)∈A’ U：(j『，i)∈A} I

for i=s

for 8ll z∈Ⅳ＼{s，p)

for t=Jp

0≤z巧≤％，fbr e8ch(t，j『)∈A
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(1．1)

w_e refer to a Vector z={z巧)satis母ing all the constraints嬲a，2伽and

the corresponding vaLlue 0f the 8c81ar v射iable口船the"口Z雠0f the aow．

W．e have noticed tha七in our real Uve8．m08t maxim眦丑ow nlodeb are

tiIne-var妒ng．CoIlsider a transportation network，for eX锄ple，in wllich several

ca．rgo_traLIlsportation∞r讥ce8 aure available among a mmlber of citi圈． E战h of

them may t址【e a certain time to travel f曲m one dty to舡lother，with a Hmited

c盯go_tr粕sporting c印auci劬Moreover，the travel time and the c印acity for each

transportation senrice盯e se鹪on dependent．A question oRen嬲ked is：what i8

the m∞d玎眦m possible cargoes that can be sent be拥，I孢n two speci丑c citi船谢thin

a certain time duratiDn T?T11is is a time-va岍ng ma硒mum aow problem．Its
solution is import踟1t，p叭icIdarly to址Le pla删njng of the netWork．

An e娃eIlsion 0f the cla鹃ical static problem i8 the mn规m以d∥nnm{c月D伽

pmblem which is fomIllated and solved by Ford et aLl(1962)，where the trallsit

tiIne to traver∞an arc i8 taLl【en i11．to c锄dera土ion． AltlloUgh their model stiU
8黯啪e8 that att曲ut髑in the probleIn，including arc capaciti∞adld tra璐it tim髑，
are time independent，it is widely reg盯ded船the缸nd锄eIlt以wDrk on the time-

varying ma函姗坳．flI哪problem．A‰her e)(te璐ion is 8tu凼ed by HaLlpem(1979)，
where眦c印auciti鹤Va巧0ver time aLIld storag筇at intermediate nod朗may be

prohibited at some times．Orlin(1983)co璐ide瑙the problem with an i曲Ilite

tiIIle horizon趾ld the now is to be sent through the network in each period of

time 80 as to sati8勾the upper and 101啪r bound8．He formulate8 the problem鹄

姐i11flIlite integer progr锄．

C越，Sha＆wong(2007)collsider a new嘣en8ion of the m戚m啪aow

problem in wllich all transit time8，盯c c印aueities and node c印acities va巧over
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time．The problem is to send鹪much丑0w嬲p08sibIe丘om the source to the simc

丽tllin a醇ven time limit T．Ak沁，the solution h鹪the property wllich is caued

u11iversalit弘This l【ind of problem is called￡翻ne·抛阿ln9 t‘nlt，e倦越mn觑mt‘m月Dtl，

problem whiCh啪s introduced by Gale(1959)．Note that the solution derived by

Fbrd and FIuU【erson’8 algoritlml doe8 not nece鹃撕ly西ve the uIliversal ma菇m．Llm

n0W．Miniel【a(1973)and Wi飚nson(1971)have independently modi丘ed Ford and

Fmkerson’8 mgoritlun to produce aul埴ver8al m痂aLl丑ow fbr the network8tudied
by Ford and砌erson．In the book of死me一拖叫咖Ⅳe￡加D虺∞统m讹ziDn，C8i，
Sha＆W．ongh鹪b咖proved the problem to be NP—completef4】．Cai at el prop08e
a labeliI培甜goritllⅡ1 which can solve the problem in pseudopolynomi甜tiIIle for

the network studied by them．Also，they consider the 8ituation that waiting at

the internlediate node8 is aUow．ed．

At the sa玎∞t血e，Cai，Sha＆W抽g introduce the concept of the e盯Uest

ar删m∞dmal：Bow and the lat鹄t arriv琶l ma对mal aow no la．ter than a百眦
time limit T． The probk髓also raLises＆om our daily liv鹤． F0r example，in

the market，if some food is going to be sold out，the producer 8hould provide it

to the maurket船e跗ly嬲possible．Sometim朗，we may need to p耻4疆谵e whole

goods again at the interchange station．In order to sa．ve the stora{驴c08t，we hope

that the戤ival t妇e of the now is鹪late鹪possible before a de棚ine．So it i8

meaningful for us to study the problem．

Moreover，one may want to丑nd another l【ind of ma姬nl山n珏ow． Let

us introduce the concept纨e 8九D何e耵如m扰D佗匆佗口m{c弘统丘rst．Suppo∞that

P=(z1，．．．，研)is a dyn锄ic path ft锄z1 to％．Ifthe tiIne duration bet嗍n the
d印龇ure ti：me of a now at node z1 and its黜i、，al time at node zr is minimized，
we cadl 8uch a path鹪the 8hort镪t duration dynamic path．The ma菌删m丑aw

丽th the property that each subnow i8 transshipped along the 8hortest dllration

dynamic path is caued现e s^D疗∞￡d也m兢D竹月D伽．Also，such a丑ow is more

import锄1t in our daLily livles．In a caIgo．tr锄18portation network，when soII瑚ne

Wa-nt to send the putrescible coIn】modity from one plauce to another，he could not
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spend much tiIne 0n the way 0r the commodity wm 90 to bad e鹊ily．That is

to sa弧we need to short the time duration be如Veen the departure time踟1d the

arriv砒time of a flow．

1．1 Algorithms for the MaXimum Flow Problem

Tb inVestigate those mgorith瑚for the static m莉姗lm now probleln丽U benem

u8 for soMng the time_varyiIlg ma菇IIlum flow problem．

There盯e many po蜘∞mial dIgoritllr衄fbr the static ma对m眦aow prob
1em，8uCh嬲shortest augnlenting path 8190ritl皿，capaucity scahng algorithm，

generic prenoW push algorithm，FIFO pre丑oW-pll8h出orithm and so on．Al-

though most of the algorithI璐presented in hterature8 to solve the static ma撕一

姗皿丑ow problem 100k rather di艉rent f如m one another，qllite o危en they 8haure

acommon structure．A large da鹄of mgoritlⅢ1s is 6ha黝虻terized by the fact that

the Value 0f the current now i8 increased at each iteration by adding additional

丑0w茂long aug：Inenting paths，嘣il no augmenting path i8 fbund，s0 obt砒旺ing
a ma妇mum丑ow． It com，erts the feasible丑ows iIlto the optinlal．Another im-

portant cla跚of algorithms is preflow．push algorithm． It f100d the Ile弧rork s0

that some nodes halve exces8e8．The8e algoritllIn8 incrementa坶relieve丑ow行om

nod韶with eXcesses by sen‘iing丑ow矗om the node forward toward the sink node

0r bac妇d t伽吼rd the source node龇1d铲adu砒ly converting these prea伽喝into
a fe硝ible aow．It a丑so mak髑sense for the tim争V龃舛ng netWork．

F0rd and FLllker80n(1962)have developed an e伍cient procedure to丘nd

the optimaLl solution for their model that the tr锄it t洫e to traverse觚盯c is
tdken into co瑚ideration。which矗r8t￡n∈ls the static now f}om the 80urce to the

s谊k，and then develops a set of temporauy r印eated丑ow8，caued ch撕n noWs，to

form the optimal now．It simil盯to丑nding augmenting path8 within T．

In this thesis，we而U propose two algorithms to solve the time-va哪ing

ma菇Inum now problem，one is an e)cce鹋8c出ing allgorithm and the other is a
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labeling algorithm．Both of them are based upon the concept prenow．

1．2 Applications

5

The central theorem in the study 0f netWork aows not only pr硎des us丽th姐

i璐trument for analyzing aJgorithI凹，but also pemits us to model aⅧ血ety 0f

applications．EX锄pl铭0f the m∞d玎眦m aow problem include dete加血ling the

ma越珊瑚now of(1)petroleI皿product8 in a pipehne network，(2)cars in a

road network，(3)messag髑in a telecommunication network，龇1d(4)electricity

in an electricaLl ne椭rork etc．The problem aLs0 aris镪directly in problem8船f缸

readhing as machine schedllling，the as8igrmlent 0f computer moduk8 to锄pute
proc鹊sors，the rollnding of ce璐us data to retain the conf讨entia肛ty of iIldi、，idual

household8 and tam【er scheduling．Sometimes the m∞(i】nl姗now problem occu朋

鹪a subproblem in the solution 0f more d赶cult netWork problems，8uch嬲the

miIli】nIlm cost now problem or the generalized丑ow problem．The m驭蛐丑ow
problem aLlso aris鹤in a mmlber 0f combinatoriaLl appHcatio璐that on the丑瑙t

8ight it doe8 not appear to be a m越mum丑aw problem．As we haVe l【】10帆

that，the maXimun卜丑ow miI卜cut theorem estabhshes an import棚1t corre8pon·

dence between丑ows and cuts in networks． Indeed，as we will 8ee，by solving a

m戚Ⅱmm now problem，we also solve a complementaU m饥tmt正m c优p彻6fem．
The‰t that ma菇Im皿丑ow problems and miIlimum cut problems are e叫v习dent
has practical implication8 as weU．It me踟1s that the nLeory and aLlgoritllIll8 that

we develop fbr the m戚m眦now problem aLIle a180印pHcable to maLIly practical

probkms that盯e Ilaturauy c粕t鹪minimum cut problem8．

In the re8t of t地thesis，We丽U，in Chapter 2 and Ch印ter 3，study

the time-va心ying m嬲mum丑ow problem with zero w越ting time co璐traint and

arbitra哪waiting time co璐tr砒吐respectively．In each ch印ter，Ⅵre而U propose

algorithIn8 and prove their correctness．Tb iuustrate llow the a培orithm work8，

some mlInerical eXampLes are百ven either．



Chapter 2

TIME．VARYING MAXIMUM

FLoW PRoBLEMS WITH

ZERo WAITING TIME

In tlli8 ch印ter，we consider the tim争删I培ma菇mum丑aw problem mlder the
situation that no丑ow can wait at a node at any time eXDept the sou鹏e node．It

mea瑚that the n0W dep盯ts行om the node蠲800n嬲it arri、髑at the node．

2．1 Definitions and F0rmulations for the Time—

Vjarying MaXimum·Flow Problem with Zero

Let G(Ⅳ，A，6，z)be anetwork丽thout p盯adlel arcs and loops，whereⅣi8 the set

of node8，A is the set of arc8，6(i，歹，亡)i8 the trallsit time of甜c({，J)，f(i，歹，t)is

the c印撕ty of arc(i，歹)．Both 6(1，歹，￡)and z(i，歹，亡)甜e functions of the departllre

time亡，where亡=0，1，2⋯．，T，and T>0 is a西ven integer．W|e嬲sume that the

transit time 6 is a positive integer and the capaucity：is a nonnegative integer．

Wb further assume that there aure two p砒icul甜nodes s and p，being the source

6
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node射ld the 8inl【Ilo∈Ie r鹤pectively aLIld waIiting at any node i8 prohibited eXcept

the soIlrce node s．The problem is to send the丑ow as muc[h as po船ible f．rom

the source node to the sink node n0 later than the time liInit T．Let，(入，T)be

the total aow value under the solution入，wllich 8peci丘es when and how to send

aows舶m the source s to the sink p而tllin the time H血t T．The time-Ⅷ岍ng

m羽mum丑ow problem i8 to 6nd a 801ution入such that，(入，T)is m嫡mized．

Let z(t，j『，亡)be the脚tran胬hipped on arc(i，歹)starting at time t．There-
fore we have入={z(t，歹，t)，({，jf)∈A，亡=o，1⋯．，T)．The problem can be p静

sented formaLlly鹪below：

Maximize 钉

s．t．

T一1

∑{ ∑ z(i，歹，t)一 ∑ z0，i，u))="，
t=o D：0J)∈A}{J：O，‘)∈A，“=t一60，l，u))

lbr t=s

∑ z@，歹，t)一 ∑ zG，z，t正)=o，
{J：“J)∈A' {J：U，{)∈A，t‘=t一6U，i，u)}

for adl i∈Ⅳ＼{s，力，t=l，2，．．．，T一1
T

∑{ ∑ z(i，五t)一 ∑ zO，i，乱))=一"，
悟1 D：“J)∈A) U：0，i)∈A，u=t一6U，‘，u))

for i=p

o≤z({，j『，亡)≤z(t，歹，亡)，for au(t，歹)∈A，o≤t≤z

(2．1)

A solution入={z(i，歹，亡)，(i，j『)∈A，亡=o，l，．．．T)is called缸s铀?e if it

8atisfie8 au co瑚traint8．A蹦ution A=扛(i，j『，亡))is called a p哪D∞if it 88ti8丘朗
缸c c印auc玉哆collstraints only．

L00k the folklwing ex眦ple．Given T=9，the capacity adld tr锄it time
of all arcs盯e pre8ented in Table 2．1．1，wmle the capaucity of the舭c or the tr锄it
time of the跗c is negative we use”一’’stands for．

ObViousb，，入={z(s，口，1)=5，z(n，d，3)=5，z(d，九，6)=5，z(^，p，8)=5，

otller z0，歹，亡)equal zeros)i8 a feasible now．入={z(s，o，1)=6，z(s，d，1)=

3，z(o，d，3)=5，z(d，^，6)=5，z(^，p，8)=5，other za，歹，t)equal zeros)is a

p椰Dt￡7．It is e嬲y to 8ee that zero Bow is alwatys a feasible now．
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o

a
o

＼J
j

o

h

Figure 1．EX锄ple 2．1．1

o p

’I'able 2．1．¨({，j『，t)and 6(t，歹，亡)of Figllre 1

亡 (s，口) (s，d) (o，夕) (o，d) (d，九) (夕，d) (夕，p) (九，p)

0 一，1 1，一 1，一 3．一
， ’ ' 0．一

1 6．2 3．1 2．一 4．1 0．一 ’ 0．1 1，一

2 13．3 5．2 3．1 5．2 1，一 0．1 2．2 2．-

3 20．4 7．3 4．2 6．3 2，一 1，2 4．3 3．-

4 27．5 9．4 5．3 7．4 3．_ 2．3 6．4 4．-

5 34．6 11．5 6．4 8．5 4，1 3，4 8．5 5．-

6 41．7 13．6 7．5 9．6 5．2 4．5 10．6 6．-

7 48．8 15．7 8．6 10．7 6．3 5．6 12．7 7，-

8 55．9 17．8 9．7 11．8 7．4 6．7 14．8 8．1

9 62．10 19．9 10．8 12．9 8．5 7．8 16．9 9．2

De丑nition 1三et P(s，z)=(s=z1，．．．，％三z)6e口磁化ct尉粥犰加m s幻z

口佗d∞st‘me铣疵8加t￡J讹口e缁es饶e册饶．眈t 7-@1)=o咖d d筋ne r优钍倦i口e勿

丁(鼢)=7．(鼢一1)+6(zt一1，戤，r(甄一1))， 扣r i=2，．．．，r．

2现e de_∞仃让化ttme巧饥e月D伽以n nDde戤Dn P缸d币n谢∞7-(翰)矿1≤t<r．

AccDr成叼地忱e口仃国nf挽me巧玑e加叫n￡口佗谢e戤口n P妇出加鲥∞

Q(。1)=o； Q(z‘)=7_(zi—1)+6(z‘一1，zi，7-(戤一1))， 如r i=2，⋯，r．
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A directed path P together丽th au transit ti如姻，departure tiInes，and

盯rival tim馏is caued a蛳nmtc册琉．In thi8 chapter，the dep盯ture time of a
nDde如is equ越to the钺．riv8l time ofthe node．

Definition 2三e￡P=01⋯．，研)6e口妇住口mic舯冼加m z1 tD研．2巩e托me D，

P诂d印n以∞Q(研)．A粥忱^∞统me ot mDst t，矿i幻托me诂zess玩nn o，．eg让以

tD t．却ec析∞?地口舯统妇sn纪￡D 1718口e坑me e∞c￡冶t，矿i绐time妇egunf￡D t．

Definition 3厶￡P(s=z1，z2'．．．，斯=可)6e n咖佗nmic舯地加m 8 tD暑，．吼e％
冼e c印ncl冶巧p口玩P(s，戤)话rjec埘Isit7e幻d咖缸∞：

{：{二{：：二：：：二三：l‘c印(P(s'甄-1”√譬≥：’二：：一1)H'
The follo丽ng e)(ample舀V髑a dyna血c path舶m s to p．The 6rst V撕able

ofthebrad【et is the c印acity ofthe arc觚d the second谢able is the tra璐it tiIne．

。 (她t+1)a(t_l，t_2埯化t) d(2t-l，t-2)
o O————+o————+o—————+o—————+o

Figure 2．E)【撇ple 2．1．2

p

Let’s aussume that a flow travers鹄the path P(s，力=(s，n，夕，d，力which is a

directed path丘om s to p．丁(s)=1，then 7-(n)=3，7-(9)=4，7-(d)=8龇ld the

e)(auct time 0f the path is 14 with the d印arture time 0f 8 is 1，becau鼬Q(力=14．

The c印acity of the path is 2．

Adopting the strategy 8彻∞蠲what the most network丑clw algoritllI衄

印plied，We use residuaLl network to me嬲ure arem缸ning丑ow network for c鲫砸ng

the incremental now． H∞陀ver，the concept of the re8idu以network 8hould be

genIeralized here wllile tabng con8ideration of the time factor．

，11D unifo珊our presentation，initiaUy we create an口，．颂ci以n化，denoted

防，司，for eauch arc(z，j『)∈A whne let jD，i，亡】=o and
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6瞄，t，司=
f一6({，．j『，t‘)，
{
【 +oo，

o≤亡=tI+60，J，t1)S Z钍=o，i，⋯Z

otherwi8e．
(2．2)

w．e still denote the netWork蠲G．Note that 6眵，i，胡may take more than

oneVmuefbr some眦8防，司atsometime亡，8incetheremay e幽tmorethanoneu

satis鲈ng心+6(i，j『，t正)=亡．Supposing that尸(s，力=如l，勋，．．。，耳)is a dyn锄ic

path厅0m s to p and厶>o i8 the aow谢ue sent山ng P(s，p)，we update the
球沲wDrk by an t垆dnt舌n夕pmc缸t正他．P8rticul盯l弘for l=1，2⋯．，r一1，do：

Case 1：(zi，zi+1)∈A+．Let

l(a％，zt+l，7．(z‘))：=z(zi，z‘+l，7-(zi))～厶；

zk+1，戤，Q(z‘+1)】：=f陬+1，婉，Q(z件1)】+厶．

Case 2：陋i，z‘+l】∈A一．Let

z(zt+l，如，Q(zi+1))：=z(z{+1，。艮，Q(z{+1))+厶；

zk，戤+1，7-(忍)】：=z陬，zi+l，7-(翰)】一厶，

wrhere A+and A—denote sets《ar馏with positive and喇ive transit time8
r豁pectively(A=A+u A一)．W．e cau 8uch a Iletwork鹪a挽仇e．锄nr忉礼夕他stdu以

竹e咖D施Wb幽o take丘gure 1 for eXample and the capaucity and the transit time

are same as 7[1ahle 2．1．1

S
O

a

h

o p

Figllre 3．EXample 2．1．1(continued)

Suppose that there is a aoW丑a稍along the path P=8一口一d一九一JD，

st础ing from s at time l龇ld arri、，ing at p at time 9．And arrivaI time at node

o，d，^盯e 3，6，8，re8pectively．The value of the now along the path is 5．Then，

after拙g址Le updatiDg procedure，址【e c印撕ty and the tr越1sit垃【ne will be
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chaJlged嬲fbuows(others remaLin8 1mchanged)：

z陋，s，3】=5，6【0，s，3】=～2；z【d，8，6】=5，6p，口，6】=一3；z限，d，8J=5，6限，d，8】=

一2；zp，^，9】=5，6p，|『l，9】=一1；z(s，o，1)=l；z(n，d，3)=1；z(d，危，6)=o；

2(^，p，8)=3．W|e obtain the re8idu以network鹪what in Figure 3．

2．2 A Time·、厂arying Excess Scaling Algorithm

for the MaXimum Flow Problem

2．2．1 Basic Definitions and Properties for the Excess Scal-

ing Algorithm

A dyn锄ic path h嬲the fe鲫饶七if it coIlsists of七射cs．To measllre the len酤h 0f

a山mamic path行om node z∈Ⅳto node p of time eXactly亡，we u_8e a distaIlce

1abel d(z，亡)which is de6ned鹊￡Duow8：

Dennition 4 A巍s￡彻ce扣nc统D竹d埘饶他印ect幻冼e化鲋砒以礼et伽D话诂n

血nc挽D扎歹．rom纳e cDt垆fe se如，现e扎。如se￡Ⅳnnd统e统me set{o，1⋯．，T)，tD饶e

sez盯竹。佗礼凹n挽口e i佗t皇9ers．11仡sny地nt n d妇t口礼ce知让c托D礼豁口口跣d埘忱盯B黟pec￡

幻n加伽矿话s口挽妒es饶e如渤埘叼拗D cD礼以￡tD船：

俐dp，亡)=o，o≤亡≤Ti

矗矽d({，牡)≤dD，砂+1扣r e2肥俘翻℃(i，歹)∈A+如r p，刃∈4一／)i绍丢是e统m争

锄口聊t叼他s{dt正以佗et叫。他砒tfe o≤亡=t正+6“，歹，让)≤T和ro≤t=u+6【i，j『，乱】≤

T)．

W-e refer to d(i，t)嬲the托t彻ce j口6ezofnode l at time t andthe abovetwo

conditio璐as the Fo屁出纫cD”历统D溉F0r a distance label，Ⅵ，e ha舶two properties．

Property 1巧饶e d妇￡nnce缸6eb口化u口托面纨e d诂￡nnce玩6ez d(i，亡)妇o fDt￡『er

6D钍以。珏冼e 2e弼冼巧娩e s幻庀e酣匆珏n戚c弘现．，场粥霸砌e i幻珏以e p疵统me t

讥现e他sidt正口2礼et伽。他．

Proof．Let P(i，力=P0=z1，i2，．．．，i七+l=力be any dyn锄ic path of len昏h
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后在om node i to node p in the tim争Varying r髑idual network丽th岛+1=岛+

6(略，略+1，岛)，for歹=1，2，．．．，七，where如=Q(巧)is the孵ival tiIne at node如0n
this path．The Vallidity c0岫ditio瑚imply that

d0奄，亡Jb)≤d(i七+1，亡七+1)+1=d(p，t奄+1)+1=1，

d0七一1，t知一1)≤d(i七，亡七)+1≤2，

d(i七一2，t七一2)≤d(t七一1，t七一1)+1≤3，

dG，亡1)=d({1，t1)≤d(t2，如)+1≤七．

There￡Dre the claim is true．

Property 2可d(s，亡)≥nT@<T)，现e古打ne·t，n删t叼化sidu以ne拗D话cDntn{珊

nD出他cted册饶．，而m琉e sDt‘化e竹ode幻冼e s伽七佗Dde．

Proof．nom Property 1，since d(s，t)i8 a 10Wer bound on the len酵h of the

shortest dynamic path fbm s to p of time exactly亡in the r馏idual ne弧rork，there

i8 no directed path wllich c衄contaLin more than(7汀’一1)盯cs．Therefore，if

d(s，亡)≥nT，the time_Ⅷrying r髑idual netWork contai璐n0 directed path行om

node s to node JD a七tinle t．

Let B(i)be the∞t of盯cs emanating to node t．For each node i and

each time t，the initial distance labels d(i，t)could be obtained by pe怕眦ing

the backward 8e甜ch starting劬m p in the tim争Ⅷ咖ng re8iduaLl network．F0r

instance，set d(p，亡)=o for o≤t≤T and for each node{such that(i，J)(or

瞄，别)in B(歹)，let

d(i，钍)= mln
扣忙=蚪6“J，t‘)，lGJ，t‘)>O胛 t：u+6FJ，叫，zpJ，川>。){dG，亡)+1)·

Denote d(t，亡)to be nuu if node i can not obtained a distance label at time亡．

Note that t11is proce豁can be performed in D(mT)time．

Definition 5肌sn3『冼nt nn口rc(i，j『) 和r瞄，州夕讥地e匆竹nmic他si如口2佗et叫D话

妇ndm妇鲥6；e矿托sn统妒es饶e cD佗出￡tD佗饶n￡d(1，让)=d0，亡)+1，亡=t正+6(z，J，t正)

和r t=“+6p，歹，“】J，t正『e咖，'tD n盯D饶er n化s ns tnndm括觚6ze． 眠nz80咄r
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tD n d妒口mic pn冼，．rDm舢毗s￡D p cD邶话挽聊e礼t{他幻吖ndm妇鲥6比口化s∞n

d伽口m记n锄i船i6Ze，I口饶．

Suppose that P is a dyll锄ic admissible path，the f0Uowing conditio璐

m_ust be satis丘ed：

(1)z(i，歹，让)>o，6(i，j『，u)>o(or z瞄，j『，叫>o，6瞄，歹，叫>o)，

(2)d(t，t‘)≤d0，t)+1．

It is obviously that the admissible path P nn培t be a 8horte8t dyn锄ic path in

the time-va吣，iI培residuaLl network．

FIor a prenoW z in the netWork G，We de6ne the eXc嘲of each node i∈Ⅳ

at time t嬲be】ow：

e(i，t)= ∑ zU，i，钍)一 ∑ z(t，歹，芒)．
D：U，‘)∈A(D叫歹，司∈A)，t‘=t一60，i，u)(Drt‘=t一6D，l，t4)’ D：(iJ)∈A(Dr卜J】∈A)’

In a preaow，we have e(t，亡)≥o for eaCh i∈Ⅳ＼{s)at each time t．A node

is said to be口ct茹e耐挽仇e亡if e(i，亡)>0．Node s is the only one丽th negative

e蕊e鼹at any tiIne．Th_roughout this chapter，we adopt the conVention that the

80Ilrce and the silll(nodes盯e never active at any time．

2．2．2 A Tim争Vj盯ying Excess Scaling Algorithm

Wb丽U develop an eXce鹃8cading algorithm to s01ve the tiⅡ峥varyiIlg ma妇m岫

丑0wproblemintllis section．Letem∞=maX{e(i，亡)Iti8an active node at time亡，t

<T)，wllich provides 0ne measure 0f the infe嬲ibility of a pr胡aw．The basic

idea of the time-v铷了ing甑ce鹄scaHIlg algorith is to apply an e)∞e8s 8caHng
t枷que【3】that sy8tematicdlly reduces the vaLlue 0f e仃m to 0．
Let△denote an upperbound on em∞．w．e refer to a node丽th e(i，t)≥

△／2≥e仇凹／2 as口n甜e埘历如留e昭∞鹪and嬲a node With smau exce韶other-

wise．The time-va珂ing e)【ce跚8caling algoritl姐always c脚ies out nD邶n玩m统礼夕

p伽^es which pllsh丑ow矗om a node i with a large eXce鹃to a node j『along an

admissible缸c(i，歹)(or【i，歹】)at time t．This choice assure8 that during nonsat—

urating pushe8，the础gorithm sends relatively large eXce鼹closer to the 8ink．In
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order to伽旧ure that the a190rithm permits no韶嬲s to exceed△，it pushe8 6=

mint：u帕(iJ舢){e(i，让)，z(i，j『，t正)，△一e0，t))(0r 6=mint：计6【iJ，川{e(t，t正)，啦，J，t正】，△

一eD，亡)))uIlits of丑ow on arc(i，j『)(0r瞄，州)．During the whole proce鼹of our

a190rithm，We adopt the folloWing node selection rllle：among all node8而th a

laq驴绷at蛐y tinle亡<T，select a node丽th the small髑t distance label．
Denoting U=maX(iJ)∈A，￡<T l(i，歹，亡)，We are noW ready to presle】吐the

algorithm．

Algorithm Tim争va科ing eXcess scaling：

be百n

。pl己pl u忧为芒’

△：=2f蛾们：

while△≥1 do

begin

while there is an e(t，u)≥△do

be酉n

Select a node i丽th the smalkt缸tance label锄ong au nod朗丽th

e(i，钍)≥△；

Perform础s^／rezn6ez(i)while eIlsuring that no e(t，亡)≥6丽th亡<T；

end：

△：=△／2；

end：

end：

(口)prDced让，．e preprocess：

begin

Set z0，j『，t)：=o for each 0，歹)∈A and each亡；

Compute the distaIlc宅labels d(i，t)；

Let z(s，歹，亡)：=z(s，歹，t)for each雎c(s，歹)∈A丽th亡=o，1，2⋯．，T一1；

Callculate e(i，亡)for ea庙．i∈Ⅳand each t；
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end：

(6)∥Dce砒re compute the distance 1abel d({，t)：

begin

hitiaLlization：Set d(p，亡)：=o，亡=o，1，2⋯T；

Let L，盯：={d(p，亡)，亡=o，1，．．．，研；
while LJST≠D do

Select the first labelin己，ST，denoted by d0，亡)；

for aⅡ{∈Ⅳ8uch that(i，J)∈A+(or【t，刃∈A一)do

for each牡such that u=亡一6(i，j『，钍)and z(i，歹，t正)>o(or u=t一6【i，j『，叫

and％J，u】>o)do

begin

ifi≠s then d(i，让)：=min．[dO，t)+1}；

if i=s then

d(t，让)：=max{d0，亡)+1，佗T)；己，ST：=三，sT u{dG，缸))；

end：

LJST：=三，ST＼{d0，亡))

end：

end：

(c)∥Dce抛re push／relabel(t)；

be百n

if o≤u≤T and the netl釉rk contains aIl adIIli鼹ible arc(i，j『)(or p，纠)then

push 6：=min{e(i，u)，z(t，歹，t‘)，△一eD，芒))(0r 6：=min{e(i，u)，zp，歹，叫，△一

eD，t)))uIlits of floⅣ矗om node t to node歹at tirne t正；

else d(i，u)：

=min{@J)∈A(i)，t：t‘+6aJ，u)，l(‘J，u)>o；or pJ】∈A(i)，t：¨6HJ，q，lFJ，硼>o){dO，亡)+1)；

end：

Lemma 1％．e口幻D庀饶m sntt听es饶e如2fD删凹拗D cD佗砒挽D船：

Ⅲ上‰c危佗D邶n￡t‘m托哪pt二就se礼出口t zens￡△／2 t正n伽盯月D伽j
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f矽Ⅳo∞cess e口er馏ceeds△．

Proof．we co璐ider the c嬲e where a nonsaturat岖push ijs印plied on撤(㈣
at time t‘<T(the c蹈e on an arc K，卅can be pD0ved in a ve叮8imilar way)．
Since arc(t，歹)is admissible，d0，D<d(i，t上)．Notice that node t is the node丽th

the smauest拙tance label at time u锄ong au nod伪丽th the large eXce鼹，s0
We have e(t，u)≥△／2 and e0，亡)<△／2．Since tbj8 pllsh遗a nonsaturating，it
8eIld8 min{e(t，t正)，△一e◇，亡))≥△／2皿t8 of ac啊．So the矗r8t part 0f the l呦a
h01ds．MDreover，t11is push 0peration incre鹄es the既cess 0f node，a乞time t

o出The new exces8 of node歹at time泊e0，亡)+min{￡(1，牡)，△一eD，舌))≤
e0，亡)+{△一eD，t))≤△．So an the node exce豁鹤remains l髑s than or equal to

△．This p姗s the second part of the lemma．
Theorem l死me一口口r彬叼∞cess s∞胁够口幻on铣m cD"优玩f cD唧utes口仇凹i．
mum加坩．

Proof：The出gorithIn terminates when the eXce潞resi(垴at the 80urce or at the

sink，imp慨that the cⅥrent prenow i8 a aoW．8ince d(s，t)=灯for姐y time
亡，by Property 2，the tim争va哪ng residual netwDrk contaj璐no path f如m the
source to the 8ink at any time亡．Thi8 condition is the temination criterion of the

augmenting path algorithm，and the e．跹es8 r船iding at the sink is the m砌ml姐
妇ow v划l】e．

2·2·3 Complexity of the Algorithm

IIl what fouoWs，We硝n拙cuss the time c锄p脯ty ofour algorithm．

Lemma 2 A￡n聊s孟叼e D，冼e ezce船s∞溉g n幻D确屁m，∞c九nD如{口t tlme￡戚纳

pDsl扰口e船ce驰妇cD彻；ect甜tD nD如s叻口成r∞t以匆竹口mic pn地力∞m扎Dde i tD
住Dde s盯time e_耽c咖亡伽饶e￡溉e-抛聊叼他si如以net伽D吨
Before proving thi8 lemma，we iIltroduce the now decomp08ition theorem

in a time_va眄ing network．

Theorem 2厨e珂妇佗口删c pn地nnd咖竹口仇lc c秒cje【4】月D伽^口s口t‘佗幻让e r印他．
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sen￡n挽。礼嬲nDnn叼口挽口e n化月D伽．(冶舢erse地e口e阿nDnn留口托t，e口他月D伽∞竹

6e r印化se几￡甜∞n d妒nmlc pn饶帆d d妒omic c∥c?e月。伽mDu咖nD￡necess州幻

让n幻tIe圳谢冼地e如2fD埘叼p唧en剪：历e删疵，'∞t以d妒口mic舯统删饥pD毹兢口e
．肋tD cD竹nBc缸n d印c乱nDde忙(i，牡)<o，to D佗e_欢：e3苫礼Dde向0，亡)>o)t眈ife现e

tlme妇仇口￡c^i竹g

The proof of Theorem 2 is ve珂8imil盯而th that of the theorem for the

static networkl3】．Tb save the 8pace，we omit its proof here． Now，we西ve the

pr00ffbr Lemma 2．

Pr00f．Noti西tht for a prefloW z，we have e(s，t)≤o肌d e(i，t)≥o for adl

l∈Ⅳ＼斜at any time亡．By Theorem 2，we can decompose the preaow z丽th

re8pect to the ori西nd network G into Ilomlegati、re flows along(1)dyn锄ic paths

舶m node s to node p，(2)dynaⅡlic paths矗om node s to龇tive nod鹄，and(3)

aows around dynamic cycl髑．Note that both(1)龇d(3)do Ilot contribute to

the exce鹃f}om node s to node p．So the lemma is true．

Lemm 3 j'D，’∞洗礼砌e i∈Ⅳ肌d∞c，l统me亡国≤t≤驯，d(t，亡)<2礼T．
Proof．The last time the a190rithm relabeled node i at time亡，the node had

a positive exce鹃，80 the time-v哪iI堰r船idual netWork contained a path P 0f

len昏h at most nT一2矗om node i to node s．The‰t that d(s，t)=nT aJld

that d(七，t正)≤d(z，t)+1(t=t正+6(凫，z，钍)or t=u+6啤，f，让】)fbr e哪arc(七，1)
(0r【后，l】)in the path P impues that d(i，u)≤d(s，亡)+lPI<2nT．

Lemma 4可琥e n匆D死铣m化fn6eb口竹暑『佗。如疵mD武七锄7les，饶e￡D￡口l锄竹e印e耐

轨伽幽叼ndm施，曲：e口他s n竹d化fn6e托扎夕冼e nDd∞妇D(七∑诞Ⅳ∑￡<T lA(i)I)=

D(忌mT)，砌．e化A(z)诂现e set盯口化s n彩n傀位幻佗Dde t

Lemma 5觑纨e n幻Dn娩m∞如如t口竹ce玩6e2{nc化0s∞8t mD时2nT times．

CrD粥e弘e礼亡饥纨e幻￡口j舭m6er吖化Zn6ej印em洳粥括口￡mDs￡2扎2铲．

Proof：Each．relabel operation at node i at time t increase the v越ue of d(i，t)by at

least 1 uIlit．After the algorithm h嬲relabeled node l at most 2礼T times，d(i，亡)≥

2庀r．Then the algorithm never again selects node i during an adVance operation
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8iIlce for eve巧node七in the p砒ial admissible p劬，d(七，t1)<d(s，t2)<2灯．
Th岫the algorithm relabel8 a node at m08t 2nT tim够and the total眦mber 0f

relabel 0perations is b沁ded by 2礼2铲．
W|e shau be using the abave re8lllt8 to obt缸n that the total time spent in

矗nding admissible甜cs i8 0(他m严)．

Lemma 6研le az夕Dn饶m s8t牡m￡es nr℃s疵mD鲥nm212统mes．

Proof．BetW髓n七wo consecutive saturation8 of眦arc(1，歹)(0r盯c F，卅)，both

d(i，u)舭ld d0，亡)must incre嬲e by at le鹪t 2 units．Since the algorith incre鹪es

each distance label at most 27汀tim朗，thb r鹤ult would imply that the a190rithm

could saturate any arc at most“T ti删略．Therefore，the tot出n姗曲er of arc

saturatio璐Womd be bouIlded above by礼m铲．

Lemma 7 2现e￡lme．秽口聊叼凹c∞s sc0托哪n幻D庀轨m pe咖册l D(舻铲)礼D船ott‘一

亿统凹p们^es per s∞如哪p^口se n佗d 0(礼2铲109 U)p销^es伽幻￡口1．

Proof．CoIlsider the potential flmction圣=巴∈Ⅳ．t<T e(i，t)d(i，亡)／△．The i吐

tial value of圣at the b孵n11ing of the厶scaling phase i8 bounded by 2n2严

because e(i，亡)is bounded by△and d(i，t)i8 bounded by 2nT． DⅢing the

push／relabel(1，t)0peration，one of the fouo丽ng tWo case8 Inu8t印ply：

C鹊e 1．The algorithm i8 unable to丑nd an admissible arc at time u along

which it can pu8h noW．In thi8 ca8e the distance label of node t，d(z，让)，incre鹪e

by E≥1血ts．Tllis reldbeHng operation incre鹪鹤圣by at most E unit8 beca^lse

e(t，让)≤△．Since for each node l the total increa∞in d(z，“)throughout the

ruIlning of the algoritluIl is bounded by 2何T，the total increase in圣due to the

relabeling of nodes is bounded by 2舻铲．

C嬲e 2．The alg嘶thm is able to ident坶an arc on which it can pu8h丑oW

a七time“，so it perforI璐either a saturating or a non8aturating push．In either

c嬲e，圣decreases．A nonsatllrating push on arc(t，j『)(or p，J】)at tiIne缸seIld8

at least△／2 units of丑oW from node t to node J and since∞，亡)=d(i，u)一1，

亡=让+6@，歹，钍)(or t=t正+6F，』，u】)，a氘er this operation decrease8圣by at le鹪t
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l／2 unit．Since the iIlitial v蛆ue of圣at the be百nning 0f a△-scaHng phase is

8t most 2n2铲and the increase in圣dlu血g thb scaHng phase sIlI衄to at most

2n2铲，the珊瑚ber of玎。玎saturating pushes i8 bounded by 8礼2P．

Lemma 8 2现e口幻Dn￡九m l如nz伽卿夕口nD如埘统冼e m饥{mt|仇d话玩nce fn6ej

口mon夕佗Ddes埘现ezce船mD他纨口n△／2似粥协D(nm212+n2212 log U)．

Proof．Wb use the follo而ng data 8tructure．For each七=l，2⋯．，2们r一1，Ⅵre

ma砒ain the kt LJST(七)={i∈Ⅳ：e(i，t)>△／2 nnd d(i，亡)=七，亡≤T)，

and the variable工that is a low，er bon】nd on the smaUest index忌f．or which

LJST(工)is nonemp何wb ident坶the h嘲t-indeXed nonemp乞y li8t by starting

at三，ST(七)and sequentiauy scadl血g the h培her．ind甑ed list8．Because the algo-
rithm performs D(109 U)8c81ing ph弱髑，eadh ph嬲e the出嘶t虹spends D(灯)
time to scan the list，a如the alg嘶thm pe怕rIIls D(nm铲+n2铲lc悟U)pllshe8

in totaLl wllich wDuld innuence e(z，t)．So the algorithm identi研ng a node而th

the miIliml】Ⅱl distaIlce la．bel a肛10ng nod髑with e)【ce豁more than△／2 rulls in

D(册铲+n2严logu)．

In 8mnm趾y'we ha：ve：

Theorem 3孤e e扰∞s s∞髓唧nj夕D而饶m化邶饥D(礼m铲+n2严log U)￡im巴

2．2．4 A Numerical Example

7I’o mu8trate how the algorithm worl【s，we百ve an example below．NetWork G is

shown in Figllre 4．G如en T=10，both c印aciti髑and tra瑚it tim铝ofall arcs are

listed in，I'able 2．2．4．1，while the c印acity of the aurc or the tr锄it time of the盯c
i8 negative we use”一"stands for．Table 2．2．4．2 shows the蛳tial eXauct池tance

label d(t，亡)for eve巧{∈Ⅳ趿d for each time亡，"一”stands for"oo”．

ARer pm蒯让化pr鼍pr优e∞，we丘nd that e(o，1)=2，e(0，4)=5，e(o，5)=

6，e(夕，4)=7，and other eXcess are equal to o．So nodes o and夕are active nod鹤

and△：2『l09211=32．

尼er口tiDn j．It is easy to 8ee that there is no node with exc瞪s more thaIl
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△=16锄d△=8，so We be勘丽th△=4．Noting that e(夕，4)=7≥△，by
the no￡le selection rule，we dloose node夕do the pu_sh／relabel operation at time

4．Arc 0，m)is the admissible舭c at tiIne 4．After doing the push operation on

壮c(夕，m)，we have e(m，5)=7 and e(夕，4)=o．Now arc(m，，)i8 the adm让粥ible

盯c，姐d e(，，6)=7觚d e(m，5)=0疵er the push operation．Then arc(，，力

becom髑an adIIlissible arc．e(p，7)=7缸d e(，，6)=o砒er the push operaticIn．
■ m f

●

h k

p

Figure 4．Example 2．2．4．1

N囝(t，we吐mo∞node o fbr doing the push／relabel operation，because

e(o，5)=6≥△．Arc(o，m)i8 the admi：粥ible缸c at time 5．ARer the push

operation，e(o，5)=1 and e(m，6)=5．Arc(m，，)become8 an admi髑ible arc

and We have e(m，6)=o and e(六7)=5．心c(，，p)i8 the admissible壮c at time

7，e(，，7)=o and e(p，9)=5．

Node n is the active node at time 4 because e(o，4)=5≥△．Arcs(o，m)

and(m，，)跗e admi鹃ible aurc at time 4 and 5 respectively．After doing push

operations on th08e arcs，we ha他e(n，4)=1，e(m，5)=1 alnd e(，，6)=3．Since

no node eXcess exceeds△=4 now．this itera土ion i8 termina土ed．

矗e化挽Dn力．△：=△／2：=2．缸e(，，6)=3≥△，we ch008e node，d0 the

push／relabel operation．ARer the operation，e(，，6)=1缸d e(p，7)=2．Now，

beca瑕e e(n，1)=2≥△，o is the active node at time 1．After doing the pu8h

operation，we have e(n，1)=1 and e(m，2)=1．At this time，e(n，1)=1，e(n，4)=

1，e(o，5)=1，e(m，2)=1，e(m，5)=1，e(，，6)=1．

凡e化统Dn只Let△=1．，is the auctive node at time 6．Because arc(，，p)

is a saturating arc at time 6，we can not send any丑ow along the缸c．By the
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algorithm，We relabel d(，，6)by letting d(，，6)：=d(m，5)+1：=3．Now【，，m№
the audmissible甜c．ARer doing pllsh operation on arc【，，m】，we have e(m，5)=2．

’工'able 2．2．4．¨(i，j『，t)and 6(1，歹，￡)of Figure 4

t (s，口) (s，夕) (n，m) @，m) (m，，) (，，夕) (夕，i) (z，^) (^，七) (七，JD) (，，JD)
0 2．1 5．一 0．1 0．一 5．1 1，一 0．-

，
0．一 1，一 '

1 3．1 6．1 l，1 2．- 6．1 3．一 1，- ' 1，一 2．一
'

2 4．1 7．2 2．1 4．一 7．1 5．一 2．- 2．一 2．一 3．一 l，一

3 5．1 8．3 3．1 6．一 8．1 7，l 3．一 3．一 3．一 4．一 3．-

4 6．1 9．4 4．1 8．1 9．1 9．2 4．1 4．一 4．一 5．一 5．-

5 7．1 10．5 5．1 10．2 10．1 11．3 5．2 6．1 5．一 6．1 7，-

6 8．1 11．6 6。1 12．3 11．1 13。4 6．3 8．2 6．1 7．2 9．1

7 9．1 12．7 7．1 14．4 12．1 15．5 7．4 10．3 7．2 8．3 11．2

8 10．1 13．8 8．1 16．5 13．1 17．6 8．5 12．4 8．3 9．4 13．3

9 11．1 14．9 9．1 18．6 14．1 19．7 9．6 14．5 9．4 10．5 15．4

10 12．1 15．10 10．1 20．7 15．1 21．8 10．7 16．6 lO．5 11．6 17．5

7IIable 2．2．4．2 IIlitial distance ldbel d(i，亡)of Figure 4

N d(p，t) d(，，t) d(后，t) d(^，t) d(主，亡) d(夕，t) d(m，t) d(n，t) d(s，芒)
t=0 0 90

t=1 0 6

t=2 O 5 90

t=3 O 4 90

t=4 0 3 3 90

亡=5 0 1 3 2 3

亡=6 O 1 1 2 2

t=7 0 1 1

t=8 0

亡=9 0

亡=10 0

№label d(m，5)by letting d(m，5)：=d(g，4)+1：=4．【m，翊becom鹤an admissible

盯c at time 5，aJld e(m，5)=o and e(夕，4)=2疵er the push operation．&label

d(夕，4)by d(i，5)+1=4 and e(9，4)=o and e(t，5)=2毗er doing the pllsh

operation on arc(夕，i)．(t，^)，(九，七)and(七，p)are the admissible aurcs，e(z，5)=o，

e(^，6)=o，e(七，7)=o and e(p，10)=2 a托er push operatio瑚．
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Node口i8 the nex乞active node we have chosen． Ob啊ou_8b，'by the a190．

rithm．the eXce韶ao稍at time 4舭ld 5 must be∞nt back to node s．

m is the auctive node at time 2．(m，，)，(，，夕)，(g，{)，(i，^)，(九，七)，锄d

@，力are the admi鹃fble arcs respectively． ARer the push 0peration，we have

e(m，2)=o，e(，，3)=o，e(g，4)=o，e(i，5)=0，e(七，7)=o舭d e(p，lo)=1．

Finally’we ch008e node o鹪it is an auctive node at time 1．The exc嘲

aow must be∞nt b砌【to node s．Then，the algorithm is ter血nated．

It is cle材that the ma函删瑚丑ow of the network，(A，10)=17．The

solution入c趿be decomp08ed into矗ve dynamic path8 which舭e 1isted beldw：

只=s一夕一m一，一JD which start8劬m s at亡=2趾d reach铭JD at亡=7 with

C印(只)=5；

P2=s—o—m一，一p which st缸ts矗om s at t=4舡m re幽|p at亡=9 with
C印(恳)=5；

局=s—o—m一，一p which st砒8 I如m s at芒=3趿d reauche8 p at亡=7 with

G印(昆)=4；

只=s一夕一i一^一詹一p which starts from s at￡=2 and reache8 p at t=10

with G印(P4)=2；

R=s—o—m一，一9一i—17l一后一p砌ch st盯t8 f幻m s at亡=0 andre如
p at t=10研th Cnp(B)=1．

2．3 A Time Labeling Algorithm for the Time-

W．e have l【nown that the opt妇al solution to send the ma菌ml皿丑0w may not be

u11ique【4】．OnemayUketo矗nd sucham戚m唧now801utionthath嬲thee耻li铝t

(or the latest)arrival time at p，within a舀ven time Umit T．It i8 common in o砒

d2Lily hve8．F0r eX础，in the maLrket，if 80Ine food is 90ing to be sold out，the
producer should seIld their food to the market嬲early粥possible．Sometilne8，
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we may need to pa凼鱼ge whole goods again at the interchange station．In 0rder t0

8a、，e stora皂re c08t8，we hope that the缸Tival time of the丑ow is够late鹪p08sible

before a deadline．Sometim鹤，we may like to丑nd饶e矶Dne鲥dum￡iDn魂momtc

舯跣and we want to 6Ild the solution that the dIlration 0f each subnow is鹪

short船po鼹ible．In this section，Ⅵ陀propose a tiIIle labeling出orithm to solve

the ab0．鸭time-v{叮iI培m喇mum目ow prcIblems．

2．3．1 BaUsic Definitions and Properties for the Time La-

beling Algorithm

De丑nition 6 P=(zl⋯．，坼)诂sn试￡o 6e nn∞施est咖n口mlc册琉加m z1 tD

研埘饥丁(z1)=t矿地e口"幢口口2 time巧P s8既妒es

口(P)2船n(P，)
＆mi2n订纺P妇sn纪幻6e 8 l口ze就d妒nmic p口现歹砀m 2l￡D研删饶7-@1)=t矿

统e口门哺口Ⅱf ttme巧P s口玩班es

Q(P)2罗豁口(P，)

锄^e化P妇冼e set巧nff咖佗nmic妒亡b加m z1幻研删冼丁(。1)=t．

Wb show the foll01防ng figure to麟p1越n the above dennitiIm．The vadables

in brackets盯e capaucity and tra瑚it time 0f arcs．Let T=20．

s(1+l，I+1)a
O_———————●卜O

g

k(2l+2，2I-4)
O——-——————◆O

Figure 5．Ex锄ple 2．3．1．1

只=(s，o，d，七，p)and马=(s，o，夕，七，p)afe two patl墙f}om node s to node

p．W．e鹪sume that the floW st砒s from node s at time 0．Then we can obtain the

甜riv蛆tiIn髑at each node of P1 are Q(o)=1，o(d)=4，a(七)=8，Q(|p)=20 and
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the arri砌times at each node of恳are Q(n)=1，Q(夕)=2，Q(七)=3，a(p)=5．
It is ob访ous that the path岛is an earli髑t arriv蛆dynamic path行om s to p at

time 0 and只is a late8t arrivaLl dyn眦ic pa上h f}om s to p at time 0．

For each node i∈Ⅳand each time o≤￡≤T，let M({，t)denote the

arriv蛆time of Ilode p in a dyn踟皿ic pa土h wllich stans f}om i a．t tinle亡．If there

i8 110 dyn锄ic path矗om t to p with starting time t or tlle arriVal time 0f suI出a

path i8孕eater than T，let M(i，亡)be nuu．Wb de丑ne：

Definition 7上厄6e跆M(i，t)口化抛跣d诚冼他印ect￡D n月D伽矿沈e!，sn加妇矾e

如ffD埘唧cDn出挽D舢：

何M(p，亡)=t，o≤亡≤Tj

一砂M(t，让)=M0，亡)，Dr et7e啊n化(i，j『)和r p，卅J饥珈e ttme一口n删i叼化sl砒nj

礼e咖口他砒i?e芒=t上+6G，歹，乱)pr亡=u+6p，j『，叫J nnd o≤亡≤T．

W．e refer to the above two condition8鹪t，口花d托暑，cD佗出ziD瑚．Obviously，we

have：

Propeny 3 S坳ose冼疵饶e弘琉P=(z1，．．．，％)话现e∞r忧es￡和r f口钯s砂
妇nnmic娜冼，而m z1 tD研谢饶7．(z1)=t，饶e竹，Dr∞c^n砌e戤一=1，2’．．．，r，，

饥e st‘幼口饶P=(如，．．．，珥)m邶蛐e饶e∞施est和r j8￡es砂咖佗n删c妒饶加m

翰tD孙谢饶7．(戤)=a‰)t‘n如r统e化s删c托Dn饶口t如r∞如(巩，劫)∈P，

Q(z1)=口(z奄)+6(z知，zl，下(z蠡))阳r口(z1)=Q(z知)+6陋七，zl，7．(z七)】夕．

Property 4可z口6ezs M(i，t)口化影n托面M(i，t)妇n 2Dt￡『ef．f如卯e一6Du砌巧现e

口rr咖口f挽仇e以舢如p巧执e∞此e前一n￡es砂匆n8mtc pn饶．『而m竹Dde l￡D p饥

饶e化si咖口f ne加D庙埘地7．(1)=亡．

Let B(i)be the set of aDcs emanating to node i．For each node i趿d eaCh

time t，the iIliti以labels M({，亡)could be 0btail崩by performing a bad【w盯d

跎缸ching．In particular，st越ing f而m p in the time-va哪ng r髑idual ne拥帕rk，f10r

t=o，1⋯．，T@=E T一1，．．．，o in case of the late8t ma菌mum丑ow problem)do

～j5lB￡^，(JD，亡)=t口佗d c口踞p tD 6e 2n6e钯d nt统7ne tj
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俐互勉nm协e阢c^286ef甜n以e i．而r

轨BO)，set M(t，u)：=^石U，t)，t砘e他亡

u+6瞄，j『，叫，z【i，J，叫≥o，．

∞如node歹3t‘砒现疵(1，J)和r p，卅夕

=牡+6({，J，t正)，2(i，歹，t‘)≥o和，’亡=

It is e鹊y to see that this proce鹃can be performed in D(mT)time．

Note that，f；Dr some t and some亡，M(i，t)may not be llrLique．That扭

to sa．y’there龇e more than one￡bmamic path行om i to p with starting time t

iIl G．Let LJST({，t)={M(i，亡)；M(t，亡)≠扎uff)for each t∈Ⅳadld each tinle

o≤t≤T whne keeping au labels in L，ST(1，亡)in incre嬲ing order for the earuest

ma砸mum aow case(in decreasing order f6r the lat鹤t ma撕mⅧm aow c鹪e)，肌d

denote驼=U瞧Ⅳ，o<t≤T L，5T(i，t)．

Dennition 8 An nrc(i，歹)加，’瞄，纠／)轨现e d妒册llc他si如以net伽D话妇捌2甜

口dm妇s铀ze矿钇sntt妒es统e cD竹班统D竹沈耐M({，u)=M0，t)，埘ie化t=t正+

6({，j『，牡)和r亡=钍+6F，歹，牡”D矾er她se，让妇∞zzed{住口dm妇s历fe．A妇n口僦c

∞冼．f．rDm礼砸e s幻p cD船诂ti咖en挽他匆盯口加话s伯fe n化s妇∞ZfI掘口匆竹n删c
8dm话s16Ze pn纠1．

Note tha上there is an interesting distinction

im哪丑aw and the problem of earlie8t(or htest)
iuustrated by the foUowing eXample．

between the problem of maX．

ma菇mum now．This can be

Ex锄ple
Consider a time．v孤研ng ne如∞rk G as shI)wn in Fi母lre 6，where T=6．

B0th capaucities z(i，歹，亡)and transit tim髑6(i，歹，亡)are li8ted in 7工'able 2．3．1．1’wMle

the c印acity ofthe arc 0r the tra脚it time ofthe锄is negative We llse"一’’stands

for．

There is ama菇删姗丑ow入1 in G which coIlsist8 of只=s一口一p starting

￡∞m s at t=o and reaclling p at亡=3 with Cqp(尸1)=1，and马=s一6一，一p

st盯ting舶m s at亡=1龇ld reachjng p at亡=5 with a印(马)=1．The total

vaLlue of naw．s under A1 is equal to 2．

Note tha七we can ha：ve another solution A2 which coIlsists of只=s一口一p
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starting舶m s at t=o adld r跳ing p at亡=3而th C印(P1)=1，and马=s一
6一p 8t盯ting f而m s at亡=1趾d reaching p at亡=4丽th e印(马)=1．入2 i8 the

a

Figure 6．Example 2．3．1．2

Table 2．3．1．¨(i，J，t)and 6(t，J，t)of Figu托6

p

亡 (s，o) (s，6) (o，p) (6，p) (6，．厂) (．厂，p) (6，9) (夕，p)
O 1．1 1．1 0，3 ' 0．一 一．5 ’ 0．6

1 2．2 1．2 1．2 ' 1，一 0．4 ' 1．5

2 3．3 1．3 2．1 0．一 2．一 1．3 0．1 2．4

3 4．4 1．4 3．一 1-1 3．1 2．2 1．2 3．3

4 5．5 1．5 4．- 2．2 4．2 3．1 2．3 4．2

5 6．6 1．6 5．一 3．3 5．3 4，一 3．4 5．1

6 7．7 1．7 6．一 4．4 6．4 5．一 4．5 6．-

earliest maxinlum aow in G．

Co瑚ider锄other 80lution沁，which consists of只=s—a一|D staniI培

矗om s at t=o and readhing p at t=3 with C0p(P1)=1，and岛=s一夕一p

8t缸ting￡∞m s at t=1 and reaclling p at t=6 with C印(岛)=1．It i8 the

la七Iest ma函mum丑娟r in G．

2．3．2 A Tim争V打ying Time Labeling Algorithm

NoW we丽ll develop a time-va巧ing labeling a190rithm for solving the earUest

ma菌mal丑ow and the late8t ma斑maLl丑ow problems．

Wb first label each node at each time by the bad【w甜d se盯ch st盯ting at

the sink node．Then set a pre丑ow inⅣand choose an active nDde at a time to

push the now址oI堰aIl adIIlissible触c．The alg；Drithm terminates when跪=仍．
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Dllring the whole prece鼹of our a190rithm，We adopt the foUo丽ng口d仇汹16Ze n化

selec托n9，Ⅵle：

【1】F0r an active node i，if there are n0玎．ar雠cial arc O，J)and art近cial arc

p，纠to be admi鹃批蝴，We choo鼬nonart进cial眦(i，歹)丘rst；
【2】If there are some node8Ⅵrho∞exce跚are not zero on the s舢∞admis8ible

path，We choose the node ne舡∞t to the siIll【node缸st．

NOW，we are ready to百ve the algorithm．

Algorithm LabeliIlg al|驴rithm

begin

preprDcess；

while蹰≠0(10

begin

8et o：=min{M(i，t)fbr au t∈Ⅳ，o≤t≤T)；

if M0，t)=a then

dtloose node歹at time亡do push operation；

begin ，

for each node歹∈Ⅳ1 which i8 the set of nod髑whose 1abels aure equal to

oju8t now；

let三j阳0，亡)：=三，艘O，t)＼{M0，亡)=o，，卯oj2歹∈Ⅳ1，t=o，1，．．．，T)；
if there e)dst some三，STD，t)≠仍then

set 6：=m伽{MG，亡)，J∈Ⅳ1 n砌亡k出mr亡“re time吖e口如nDde

so蜘丘es如丘n纸饥1)；

setⅣ2：=捌MU亡)=6，j『∈Ⅳl}and 8en凼all the eXc嘲on the

node8 inⅣi to the node8 which belon伊toⅣ2；

relabel MO，亡)：=6 for au the nodes wtlich belong toⅣl eXcept the

sink 110de p；

else跪：=跪＼LjST0，t)and send the eXcess of nodes back to the

source node：

LJST(歹，t)：=LJ．ST(歹，亡)＼{M0，￡)=6)for歹∈Ⅳ1一Ⅳ2；
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end：

else rem斑the label of each node the s踟ne as bef6re：

end；

end：

(n)∥Dce砒re compute labels M(∽for the eauruest(1atest)m脚mum problem
begin

Initiahzation：Set M(p，t)：=t，for t=o，1，．．⋯，T(for亡=正T—l，．．．，o in

case of the latest ma函mum now probkm)；

set LJsT(p，t)：={』订(p，t))，and then IHlt all LJST(p，t)in睨，

L，ST(i，亡)=谚G≠力at lir8t；

while搋≠D do

be百n

Select the缶st三，ST in蹰，denoted by三，胭O，芒)；
for all』M0，亡)∈工J盯0，￡)and a脏the i∈Ⅳsuch that G，歹)∈A+(or p，碉
∈A一)do

for each u such that t正=亡一6G，j『，u)and f0，j『，亡)>o(or乱=t一6瞄，歹，胡

8nd z瞳，歹，t】>o)do

』订“，u)：=』订0，亡)；三JST@，让)：=三，ST(i，札)u．[』M(i，牡))；

end：

驼：=跪＼L，5TO，t)；

end：

(6)重矿Dced“re preproc鹤s

begin

Set z(i，歹，t)：=o for each(i，歹)∈A and e砌l o≤亡≤T；

C0mpute labels M(i，t)；

Let z(s，歹，t)：=2(s，歹，t)for e剖出a弛(s，歹)∈A and eac：h time t obtained by

prDoe(轧re(o)；

CaLlculate e(1，舌)for each z∈Ⅳat each 0≤亡≤T；
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end：

be西n

if the network contaLi瑚衄admi8sible arc(i，j『)(or

pus6

瞄，歹】)then

6．_。啦独．、{e(t，让)，地歹，让))t=t‘+60J，u)、、。一⋯’’

(or 6：=mint：缸+6卜J，叫{eG，u)，lp，j『，u】))unit8 of flow仔om node i to node歹

a土time牡，where 0≤让≤T；

ifthe admissible aurc i8瞳，卅uIlder the condition that the label 0f tWo nod鹊

are Ilot relabeled then

set zO，{，亡)：=o；

else f({，歹，u)：=：(i，歹，u)一占；

else remain the eⅨcesses of the node8：

end：

Property 5 P，’Dcedure(口)cD竹印t正tes以f统e礼Ddes埘饶冼e开d印口nt‘他统me现以

c口n n州ue口t t九e瓯n忌礼ode t￡厄t九饥如m挽on T．

Property 6可扎甜e i 0∈Ⅳ＼{力)妇j口6ef以8t time t，饶e化m懈t ez僦nn

口dm妇si6fe舰统加m nD如z以托me t幻地e s伽七犯以e埘饶饥琥e挽仇e砒mt{D佗

Property 7可P诂nn n口fm话s曲2e pn观(i，j『)∈P，工JST0，亡)cD礼缸伽s以ze∞t t啪

z口6efs．可纨e他e施幻Dne M(t，u)饥L，5T(i，t‘)砒ic^sntt妒es朋’(i，“)=^4U，t)，

现e佗三，STG，t正)=工JST◇，亡)．

Theorem 4 2巩e如6e托扎夕8幻。疵饶m cD仃比t冶so勋e冼e time-t}a聊扎9 en施est和r

：otes砂。州口ol m捌m埘『n月D伽pf．D6：e，’L

Proof．The algorithm terminates when the eXce船resides at the source or at the

sink，implying that the current prenow is a丑()w．Since驼=D，by Property 5，

the tim争va珂ing r郎idu8l netWork contains no path from the source to the siIll【
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at锄y time亡，and the e)。ce鼹residing at the sink i8 the ma菇mum now V蛆ue．

AlsD，in each础s九operation，in fact，we dhoose the earliest(or the lat皤t)arrival

dyn踟血c path．

2．3．3 Complexity of the Algorithm

In thi8 subsection，we wiU analyze the time compl嘲ty of the algoritllm．

Lemma 9而r∞如彻de t∈Ⅳ伽d e0眈time o≤亡≤T，M(t，t)<T+l矿

M(z，t)≠扎uff．

Proof．Note that the iIlit试V出ue of label M(i，亡)is le邪than T+1．During the

aLlgoritllIIl，it may be set or changed into a V越ue coming行om aⅡexbting labels

That is to say'the new value 0f label M(i，亡)wiu not eXce鹃T too．Therefore，

the claim is true．

Lemma 10仇纨e口幻D死犰m，∞c^fn沈l inc他∞es pr dec化∞砂nt仇ost T t伽地s．

∞邶e弘e佗￡札统e tD￡耐伽m6er巧他jn6eZ叩em挽D嬲妇o￡mD鲥礼铲．

Proof．In the akrorithm，if we relabel node{at time t，the Value of M(i，t)谢U

incre嬲e(or decre8se iIl the c鹄e 0f the lat瞪t ma硒Ⅱmm aow)by at le嬲t 1．By

Lemma 9，the以gorithm relabels a node at most T tiIIle8．since each node have

T labels，the total nunlber of relabel operatio瑚is bounded aboye by住铲．

Lemma 11觑∞c^i匏m挽Dn，统e幻t口Z协ne如r月扎班叼忱e们t妇e佗Dde埘矾纨e

mi谢mtll帆z86ef i佗sD仇e LJST∈舱括D(nT)．

Proof．It folbw8 the structure 0f LJST directly．

Lemma 12死e 286e2咖n匆D死统m他舢协D(mnP)t溉e．
Proof．F0r each iteration，the eXce韶on each node do D(优T)push朗at most．

There are at most D(r汀)Ilodes，s0 it ru瑚in D(mn212)time in each iteration．

Becau8e there are at Inost D(T)iteratio璐，the aLlgorithm runs in 0(m竹p)time

in total uIltil no eXc铅8 can be sent to the 8ink node．

In summary’we have：
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Theorem 5孤e统me zn6e矗叼n幻D死饶m似瑚i，l D(m礼p)统me．

2．3．4 A Numerical Example

W|e iuustrate how the tiIne labeling aLlgorithm Worlcs．The netwDrk b the same嬲

what in Figure 4．Given T=10，both c印auciti嘴觚d transit times 0f aU arc8眦

listed in Table 2．2．4．1．Table 2．3．4．1 8hows the越tial e)【auct tiIne label M(i，亡)for

eve珂i∈Ⅳadld for each time t，”一”stands for”oo’’．

’IIable 2．3．4．1 IIlitial time label M({，亡)of Figure 4(e盯hest)

三JST(i，t) 亡=0亡=1 t=2 t=3 t=4亡=5 t=6t=7t=8亡=9 t=10

M(|p，t) 0 1 2 3 4 5 6 7 8 9 10

M(，，t) 7．10 7 9

M(忌，t) 6 8 10

M(九，亡) 10

M(z，t) 10

M(夕，t) 7．10

M(m，t) 7．10 7 9

M(o，t) 7．10 7 9

M(s，t) 7．10 7．10 7 9

It is cle盯that the ma证mum now of the ne七work，(入，10)=17．The

solution入c8n be decomp08ed into fhe dyn锄ic patlls wllich are Usted below：

只=s一夕一m一，一p which starts矗om s at t=2 and readh锶p at亡=7丽th

C印(只)=5； 。

马=s一口一m一，一p which 8tan8矗om s at t=3 and readh铭p at亡=7耐th

e印(马)=4；

马=s—a—m一，一p which st砒s丘om s at t=4 and re如p at t=9丽th
∞(尼)=5；
只=s—D—m一，一夕一l一^一七一p which 8tarts ftom s at亡=0踟1d reach镏

p at t=10而th C印(只)=1；

尼=s—g—t一九一％一p which starts f如m s at t=2 and reauehes p at亡=10

with C印(岛)=2．
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A能er p钉DI发垃蜘ne p，印rDcess，we丑nd e(n，1)=1，e(o，4)=5，e(口，5)=6，

e(夕，4)=7 and the other麟ce鹃es are 0．

矗e化tiD住．f．Wb丑nd that the miIli功um label is 7．so we ch008e n()(1e口

趿d node夕嬲active node8 for p哩正s^operation．W．e can obtain three pathes鹪

foU∞喝：P1=s一口一m一，一9一m一，一p wllich start8 f}om s at亡=0趿d

reauches p at亡=7丽th C印(只)=1；恳=8一夕一m一，一p which 8tarts行om s

at t=2 and reaucl瑚p at亡=7耐th C印(B)=4；恳=s—D—m一，一p which

8tarts舶m s at江3 and readle8 JD at亡=7丽th C坳(恳)=4．At tbis time，
e(n，1)=l，e(9，4)=3．L，≤≯T(n，1)，L，sT("l，2)，LJ29T(，，3)and L，sT(夕，4)are

nonempty．跪：=吼{M(i，t)=7)．

见em洳n 2．Naw the active node口丽th the label whicll is equal to 9 is

minimum．W．e choose it for p札s^0peration．(o，m)，(m，，)，(，，p)are admissible

盯cs．Wre obt出the path嬲f龇ows：只=s—n—m一，一p wllich 8t砒s f而m s
at t=4 and reauehes p at t=7丽th C印(只)=5．W．e only leave 1 unit aow on

node n．Becau∞the LISTS of au the node8 whose label8 are equal to 9 ju8t noW

龇e empty’we send the one uIlit丑ow back．跄：=叭{M(i，亡)=9)．

见e化既。住3．Now the active node a and夕而th the miIliInum label8 which

is equal to 10．First，we ch008e node夕for础s^operation．W．e obt撕n the path

嬲foUoW8：尼=s一夕一i一^一后一p which 8tart8行om s at亡=2踟1d re剐炯p
at亡=10而th C印(屁)=3．Because the one uIlit of node n can not be∞nt to

p，we send the lloW back．瓣：=吼{M(i，亡)=10)．

Up to nclw，舱=口，the dlgorithm ternlinat鹧．

NoW we llse the s锄e example to iuustrate the algorithln for the lat髑t．
The既act time label M(i，t)for eveu i∈Ⅳare showed in 7工Iable 2．3．4．2，”一’’

stan凼for’’oo"．

It is clear that the ma硒删姗flow of the netl啪rk，(A，10)=17．The

solution入can be decomposed into矗ve dyn锄ic paths wllich are listed belIDw：

只=s一9一t一^一忌一p which starts from s at t=2 aJld readle8 p at t=10
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丽th C印(P1)=4．

马=8一n—m一，一p which st砒s丘om s at t=4 and reach铭p at亡=9丽th

C印(马)=5．

马=s一口一m一，一p which st砒8行om s at亡=3 and reach髑p at t=7 with

C0p(马)=4．

只=s一夕一m一，一p which st砒s丘om s at亡=2觚d readh鹤p at亡=7 with

a肇(忍)=3．

尼=s一口一m一，一9一m一，一p wllich start8 fbm s at亡=0缸d reauch鹤p

at亡=7 with C印(尼)=1．

7r暑Lble 2．3．4．2 IIlitial time l吞bel朋’(t，亡)of Fi昏u-e 4(1atest)

三』ST(i，t) t=10 ￡=9 ￡=8 t=7亡=6 ￡=5 ￡=4 亡=3 t=2t=1 亡=0

M(JD，t) 10 9 8 7 6 5 4 3 2 1 0

M(，，亡) 9 7 10．7

M(后，亡) 10 8 6

M(^，亡) 10

M(i，t) 10

M(夕，t) 10．7

M(m，t) 9 7 10．7

M(o，t) 9 7 10．7

M(s，t) 9 7 10．7 10．7

ARer p竹Dcedt‘re pr印，撇ss'we矗nd e(o，1)=1，e(口，4)=5，e(o，5)=
6，e@，4)=7 and the other exc髑s髑盯e 0．

凡em统D竹J．The active node 9 and n with the ma硒mum label8 w11idh a舱

equal to 10．First，we ch008e node夕for p札8九operation．W．e obtajn the path鹅

fonI了w胃：B=s一9一i一九一七一p which 8t舭屯s行om s a．t亡=2 and reaclle8 p

at亡=10丽th C卸(R)=4．Second，We chooSe node口．The one山t丑ow i8

stopped at node夕because of the 8attlrating甜c(夕，t)．At thi8 time，三JST(o，1)，

三J船帆2)，三JST(，，3)and三J凹(9，4)are nonemp乞y．驼：=取{掰(渊=10一
见e，-口￡lD住2． Now the acti、re node o with the m∞dmum la，bel which i8

equ矗l to 9，we choose it for工ms^operation。W．e only lea、，e 1 u11it now on node
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口． Becau8e the LISTS of an the nod朗whose labels are equd to 9 just n0W

盯e empt弘we跎nd the one眦it now b醍k．W_e obtain the path蹈foUaws：

B=s一8一m一，一p which 8tarts f}om s at t=4 and reach鹪p at t=9丽th

cnp(尼)=5．驼：=叭{M(t，t)=9)。

忍e化0勿纷舅Nowtheactivenodes8缸d夕withthem妇Ilmlab出which
are equal to 7．First，We c：hoose node n for肚s^operation．Wb 0btajn the path

嬲f6uc'ws：恳=s—n—m一，一p wllich st砒8丘om s at t=3 and reach鹤

J口at￡=7耐th C卸(B)=4．SeCond，We choose node夕for础s^0peration．

Arc(夕，m)，(m，力，(，，p)are adm娃两ble arc8．W．e obtaLin two path鹤as follows：

只=s一夕一m一，一p w11ich 8t叭s‰s at亡=2 and reaches p at t=7丽th
C叩(R)=3；R=s—n—m一，一9一m一，一p which 8tarts抒om s at亡=o

and reach∞p at t=7丽th c印acity 1．驼：=吼{M(t，t)=7)．

Up to n‘)W，驼=仍，the algorit血tenIlinat郫．

2．3．5 The Other Application of the Time—V打ying Time

Labeling A190rithm

Sometimes，We啪．nt to send some putr豁cible commodity行om one place to an一

0ther in the c盯g伊tra瑚portation netWork．Wre collld not spend much time on the

way'other而se the commodity wiu go to bad e鹊蚵Therefore，we need to缸d

8uch a maXimum丑ow that the time durati(m betw傥n the dep甜ture time and the

arrival time of the flow i8鹊8hort鹪pos8ible．we womd like to po砒out that，
the pr喇ou8 tiIne labeling ak．orithm ean鳓ve thi8 problem either。

Dennition 9 P=(z1⋯．，研)妇s戚d幻6e口s^ones￡d钍m抚Dn咖nnmtc p口冼．细m

z1幻番矿眈e既me d2二勉叛D绍沈咖钟珏娩8出脚圮扰me以儿D如z1口绍d统e口州抛Z
统me口t扎优把z，妇mt竹lm娩ed．

Let’s use the麟ample(refer乞o Figure 4)to eXplain the definition．An arc

c印acit油aJld the transit tiIne8 aure the same鹪what in Table 2．2．4．1．W，e can

8ee tha土P=s—d—m一，一p which starts from s at t=3 and re诎les p at
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亡=7 is the short图t du眦ion dyll锄ic path，because the time duration is 4 and

it is the 8hortest one．

wb wollld Hke to point 0ut that，the e村liIest(or late8t)ma菌删皿丑ow

problem is d诳brent行om the short髑t time duration m嬲jmum now problem．One

can丘nd the di珏．erence between these tWo problems by the fo蜥ng ex钺nple．
Ex跏ple
Consider a time-va咖ng network G鹪8h册n in Figllre 7，where T=8，

both c印撕tie8 and transit times 0f adl the aurcs a舱ust in Table 2．3．5．1．

S o

a

Fi91lre 7．Example 2．3．5．1

Table 2．3．5．¨(z，j『，t)and 6(t J，亡)0f Figure 7

芒 (s，夕) (s，o) (s，，) (凸，，) (夕，JD) (，，p)
0 0．一 1．5 0．一 0．一 3．一

’

1 1．一 2．6 l，一 l，一 3．一’

2 0．1 2．一 3．7 2．一 2．一 3．-

3 1．2 3．1 4．8 3．一 3．1 3．一

4 2．3 4．2 5．9 4．1 4．2 3．1

5 3．4 5．3 6．10 5．2 5．3 3．2

6 4．5 6．4 7．1l 6．3 6．4 3．3

7 5．6 7．5 8．12 7．4 7．5 3．4

8 6．7 8．6 9．13 8．5 8．6 3．5

The s01ution 0f the e盯lie8t ma越mal丑ow problem is嬲foll∞噶：

最=s一，一p which starts丘om s at t=O and reaches p at t=7而th

C印(最)=1；

岛=s一口一，一p which st盯ts厅om s at t=3 and reauche8 p at亡=7 with
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C叩(马)=2；

B=s一夕一p which st砒s行om s at亡=3龇ld re幽p at亡=8丽th
∞(恳)=1．
But the solution of the shortest dura七ion m∞dmllIn丑ow problem is a8

follows：

只=s—n一，一p which st曲矗om s at t=3 and reache8 p at t=7砒h
a印(只)=3；

马=s一夕一p which st砒s from s at亡=3 and reach∞P at亡=8丽th

D0p(马)=1．

The tot甜value ofthe丑ow is 4 which is the same嬲the pre、rious om．

Theorem 6而r口∥ue佗￡lme一口n聊叼佗e抛D俸G肌d o抚me如m渤n T，统e他

顿时nn印统m口Z sD缸扰D礼饥耐￡m船{绐现e m捌mt正仃1月D伽．，阳m纨e sD钍r．ce nD如s

tD￡^e s轨七nDde埘砘饶e s九Dnest d缸m统Dn．

The pr00f of this theorem is ve叮8imilar谢th that of Tl啪rem 3．10【4】，we

omit its proof here．

In the above跎ction，we caln see that the time labehng aLlgoritlun can hbel

the删val time of aU the nod鹤at锄y tinle．So it i8 e鹪y to矗nd the flow who∞
duration i8 as short as possible．

w．e also use FigU鹏4 to shaw thijs f砬t．The eXact time label M(i，t)for

eve巧i∈Ⅳand for each time t are the sanle粥what黜in Ta．ble 2．3．4．1．

Wb can see that M(s，3)=7，the time duration betⅥ恍n the departure

tiIne and the删v越time i8 4．it is the shor乞e8t one．So we ch008e this now at丘rst

which丑0Ws山ng path只=s—n—m一，一p starting仔om s at亡=3 and re施hing

p at亡=7 with C印(B)=4．Ne)(t，We choo∞node s丽th the d印aurtllre time 4

and get path最=8一口一m一，一p which staurts f}om s at亡=4 and re配hes p at

亡=9丽th a叩(易)=5．The time dllration i8 the s锄e嬲the preViou8 one．W|e

noW ha、陀B=s一夕一m一，一p whi6h starts丘om s at t=2 and re诎les p 8土

亡=7丽th C叩(B)=3．Then we choose the now whose departIlre time is 2 and

让【e a盯ivaLl time is 10，and Bows along path P4=s一9一i一^一尼一p wllich 8t叭s
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矗om s at亡=2 and reach船p at t=10丽th C印(只)=4．At 1够t，the larg韶t

duration is 10．The corr鹤po础ng path is岛=s—n—m一，一夕一i—17l一七一p
which starts行om s at t=o and re诎硝p at t=lo丽th C印(B)=1．The tot越

vmue of the now i8 17．

The above七Wo section8 discu筠two akorith妇够r馏pectively for the tim争

va巧ing ma函删lIn aow problem而th zero waiting time． It is cleaur that the

compl咖of them are much better than what we haye knoWn。 In the ne吼
chapter，we wiu discus8位Le problem in the c嬲e where waitiI培at龇ly node is

龇bitrarily“owed．



Chapter 3

TIME．VARYING MAXIMUM

FLoW PRoBLEMS WITH

ARBITRARY WAITING TIME

In tMs chapter，we wiU discu88 the tim争Ⅷ晒ng ma菇皿【um flow problems with

arbitra巧waitiI培time c伽鼬raint8，that is，the now can wait at锄y nodes without

the tiIne HⅡlitation．Fi91lre 8 8how8 an eX锄ple where three nunlbers inside each

pair ofbrad【ets associated丽th觚射c are t，f(i，J，t)and 6(t，歹，t)re8pectively．

S
O

a

o

d

p

Figure 8．Ex锄ple 3．1
While the丑oW丑0W8 along锄(s，d)at t妇e 1，it can not now along aurc

(d，^)ifwaiting at any node is forbidden．But ifwait岖at剐ny node is permitted，
the now can w砸t at node d until time 5，then start8 to now aLlong甜c(d，^)．In

generally speal(ing，the ma函nmm aow for the problem With arbitra口waiting
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time丽U not l鹤s than that for the problem而th zero waiting time．

3．1 Definitions and FIormulations for the Time_

V打ying MaXimum Flow Problem with Ar．

bitrary W-aiting Time

M册t de丑nition8 and formulatio邶in this chapter are s锄e嬲Ch印ter 2，∞in
tlli8 8ection，we only酉ve some de611itio璐and fo瑚ulations wllich壮e di妇ferent
fbm Chapter 2．

Let z(t，J，t)be the now tran韶hipped on arc(t，j『)8tarting at tiIlle亡．Let

z(t，亡)be the noW which wait8 at node t during time叭+1)．The maXi舶1瑚B0w
problem丽th arbitra巧w越tiI培time can be pr鹧ented formallly嬲below：

Ma硒mize u

s．t．

善{似吞∈A'z(吲)-晰胁三坛∞)z㈨牡))=臼，t20{j：(iJ)∈A' D：U，t)∈A，五：三￡一6戗‘，t‘)}
”’。 7’ 。

for i=s

似舌叫z(泖)+z(‘，亡)_讹龌A三懈讲z叭牡)一
T
z(‘，亡一1)=o，for all‘∈Ⅳ＼{s’p)，江l，2⋯·，T一1

暑{似舌∈A}z(‘，歹，亡)一D：∞)吼堇t_6㈨讲z◇，‘，u))=一”，t21 D：OJ)∈A}
’

。{J：0，{)∈A，二三t一6伉‘，t．)’
”’’ 7’ ’

for l=p

0≤z0，六亡)≤l“，j，亡)，V“，j『)∈A，0<亡<Z

(3．1)

De丑nition 10 z砒P(s，z)=0=z1，．．．，翰=z)6e口d沈c￡甜弘B冼加m s幻z

册d汹让me眈口￡8加叫讹t，e倦∞纨e册坊．厶打(z1)=O口蒯d印扎e僦乱珊i化匆

丁(甄)=7-(戤一1)+6(戤一l，忍，丁(戤一1))+u@i)， 如r i=2，．．．，7．．

吼e dep口慨他托me盯统e月D加口z o礼Dde瓤Dn P妇d咖甜ns丁(戤)乏厂1≤i<r，
u亿)诂跣e伽n蜘夕挽me巧竹。如戤．AccD砌叼砒饶e口州口以time巧饶e加叫nt
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n他谢e甄口n_P话蛳甜cLs

a◇1)=o；及(露)=r(戤一1)+6(戤一1，戤，7(戤一1))， 如r l=2，．．．，r．

Definition 11厶酣P(s，z)=(s=z1⋯．，研=z)沈口d鲫nmic，一nt‘9men挽，姆

p口堍加仇s幻z·吼e础c砌巧P妇蛳以∞∞(P)=nlink黜P)咖，7-(z))，
陋，黜P)2‰7-(啦删，堍t，<，．∽。(m倒(P)'燃t，>r㈤zM)·

z(z，t)i8 de：丘ned鹊the capacity 0f the node z，wllich represent8 the ma硒Inum

锄ount 0f now that can wait at z during the time period陋，亡+1)．w．e de缸e

z(z，亡)=o。．So the capacity of P i8 d舒ned鹚

G叩(P)=戚n{扣，勰P)2(删，7-(z))，妊，黜P)z‰7．(z)】)·
Since a feasible f．a蝌nting path行om暑，to p of time exauctly亡一1 i8 a

feasible f-augmentiIlg path fI．0m可to p 0f time eXauctly t，namely，when we c姐

label掣with d(秽，亡一1)砒er it is labeled with d(∥，亡)．In f如t，if秒is labeled丽th

d(可，亡)，then，for趿y t，<t，Ⅳcan be龇eled with d(可，∥)．

3．2 A Time—V打ying Excess Scming Algorithm

for the Maximum Flow Problem

3．2．1 Basic Definitions and Properties for the Excess Scal-

ing Algorithm

De丑nition 12 4 d诂tn竹ce知竹c挽Dn d砸地他印ect to饥e他si抛以扎et伽庸妇口

扣住c统Dn加m统e cD叩fe se妈饶e n砒se￡Ⅳ8以地e￡l吸e s以{o，1，．．．，T)，幻跣e
se￡可佗D彻；留口蜘e i扎￡印e昭．肌s叼现疵8 d缸t8nce血佗c统D佗话抛砌砸饶化印ecz
tD口加伽矿让sn￡幻乒e5地e，0踟西叼拗D cD佗啦flD船?

俐d(p，t)=o，0≤亡≤Tj

—jlJ d(i，u)≤min{d0，￡)+1，d(i，t‘+1))如r e口e删。化(i，歹)∈A+和r【i，歹】∈
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A—J讥现e既me一雠咧唧懈i如8f，le拗D他砒zze o≤t=仙+6(1，j『，钍)≤T似

o≤亡=Ⅱ+6F，歹，叫≤驯．

we refer to d(i，t)嬲the始t肌ce fn6ez of node t at time t and the tWo

conditio璐鹪the抛拓垅纫cD佗反叛。粥．The property l wllich is mustrated in section

2．2．1 remains true in this section．

3．2．2 A Tim争V盯ying Excess ScaJing Algorithm

AⅡ8teps a托s舢∞嬲th08e of the越gorithm for the zero w出tiI培time except the

fouowing procedure of computing the distance la由el d(t，t)：
' ●

Degln

Illitializa七ion：Set d(P，t)：=o，t=o，l，2⋯T；

Let LJ凹：={d(J9，亡)，t=o，1⋯．，T)；
while LJST≠D do

Select the first label in．已，ST，denoted by d0，t)；

for au i∈Ⅳsuch that(i，J)∈／r(or一，卅∈A一)do

for each t正sueh that让=亡一6({，歹，牡)>o and z(t，歹，“)>0

(or让=亡一6一，歹，tl】aIld z瞄，歹，叫>o)do

begin

ifi≠s tllen da，u)：=min{dD，t)+1，d(i，钆+1))；

el∞i=s then d(i，t1)：=max{d0，亡)+l，r汀')；

L，ST：=三J．STu{d@，缸))；tl：=心一1；

end：

￡，，ST：=LJ5T＼{d(歹，t))；

end：

end：

The comple菇ty of the exce跚scaHng出gorithm for the ma)(imum flow

probkm耐th arbitr雏y waiting tiIne i8 the sa玎∞as the cause for the problem with

zero waiting time．Thlljs，we o】nit it llere．
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3．2．3 A Numerical Example

W_e use Fi毋lre 4 to mustrate how the exce鼹scaling如orithm worlcs in the case

of the alrbitr踟了waiting time．W．e aJlow the now wait at any node for any t洫e．

The tra瑚it time锄【d the capaucity 0f arcs缸e s卸∞鹪what in皿出le 2．2．4．1．Table

3．2．3．1 shows the池tance label d(i，芒)for eveu i∈Ⅳand for eadh time t，where

"——’’8tand8 fbr’’∞”．

’IIable 3．2．3．1 The di8tance label d(t，t)of Figure 4(arbitrary)

N d(岛t) d(，，￡) d(鬼，t) d碘，t) d(1，￡) d(9，t) d(m，￡) d(n，￡) d(s，t)
t=0 0 90

t=1 0 1 1 2 3 3 2 3 90

t=2 O 1 1 2 3 3 2 3 90

t=3 O l l 2 3 3 2 3 90

t=4 0 1 1 2 3 3 2 3 90

t=5 0 1 l 2 3 2 3

t=6 0 1 1 2 2

t=7 0 l 1

t=8 O

t=9 0

t=10 0

A危er doing p7-DcjB口kr，e p7印，诌oess w．e丑nd that e(o，1)=2，e(口，2)=3，e(n，3)=

4，e(o，4)=5，e(夕，2)=6，e0，4)=7，趿d the删ofother nodes盯e equal to
O。So nodes n and口are active nodes and△=2№211：32．

nem统Dn J．It i8 e勰y to 8ee that there is no node with eXce跚more than

△=16龇ld△=8，so we be舀nⅥrith△=4．N0ting that eb，4)=7≥△，

we cb．oOse node夕do the push／relabel operation at time 4． Arc(夕，m)is the

鲥【mi8sible arc at time 4．ARer doing the push operation on arc(9，m)，we hgve

e(仇，5)=7缸d e0，4)=0．Naw arc(m，，)is the admissible arc，龇ld e(，，6)=7

and e(m，5)=o哦er the pllsh operation．Then arc(，，力becom粥an admissible

arc．e(n 7)=7 and e(，，6)=o after the push operati011．

NeXt，we 8tiu ch008e node夕do the push operation because e(夕，2)=6≥

△．The丑oⅣcan not丑ow along锄y arc at time 2，so it Waits until at time 4．Arc
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(夕，m)is admis8ible，s0 e(m，5)=1，e(夕，4)=5．Then we choo∞node n do the

push operation beca瑚e e(口，4)=5≥△．(口，m)is an adm缸粥ible arc．e(o，4)：1
and e(仇，5)=4+1=5．N0w we ch00se node m do the push operation．∽，，)is

admissible趾c，the re8id伽capacity is 3，so e(m，5)=2 and e(，，6)=3．Be}黜
e(夕，4)=5，we c!h008e node夕do￡he push operation． (夕，z)，(i，^)，(^，克)，(老，p)
aure admissible跗cs，We push the丑ow of 4 ullits and arrives at the 8inl【node at

time 10，o出蛾e‰4)=1．Then we ch008e node 8 d0 the push operation，
e(o，3)=4．(n，m)is an adm话面ble arC．e(m，4)=3，e(o，3)：1．

凡e他托Dn 2．△：=△／2：=2．As e(，，6)=3≥△，we d100se node，do the

pu8h／relabel operation．ARer the operation，e(，，6)=1 and e(p，7)：2．Now，
because e(m，4)=3≥△，m is the auctive node 8t time 4．A允er doing the push

operation，we ha№e(，，5)=3．Because arc(，，p)is saturated at time 6，the
丑oW嘶ts眦il at time 7．At l鹪t，e(，，7)=o and e(p，9)=3．Then we choo∞
node m do the push operation because e(m，5)=2．Because撇(m，，)at tiIne
5 is 5 i8 8atllrated，the丑ow wajt8 until at time 6．(m，，)，(，，p)are admissible

arc氆 e(岛9)=2．17llen we choose Ilode 8 do the push operation at time 2．

(口，m)，(m，，)，(，，力are aud【IIli8sible删．when the now删ve8 at node，at time
4，it must wait until at time 7，it can丑0W along the arc(，，p)．e(o，2)=l is left．

At last，We ch00se node口do the push operation at tiIne 1 because e(口，1)：2．

(n，m)is admissible缸c，e(口，1)=1，e(m，2)=1．

nem挽Dn舅△：=△／2：=1．Wb ch008e node，at time 6，the丑ow而t8
at，untn at time 7，then it a喇V姻at the sinl(node at time 9．Then We choo∞

node m at time 2 do the pu8h operation．The flow arrives at node厂at time 3。it

谳ts mltil at t妇e 7，then it盯riv鹤at the sink node at time 9．Then we choo舶
node吐at time 2 d0 the push operation．At五rst，the丑ow w缸ts at node o until

at time 5，then the丑aw fLows a10ng arcs(o，m)，(m，，)，(，，p)and a耐v鹳at the

8ink node at time 9。At la8t，we choose node 8 at time 3 do the push operation．

The丑ow wait8 until at time 5，then it删ive at the sink node at time 9 along
arc8(n，m)，(m，，)，(，，力．，The eXce8s now must be sent back to node s．Then．
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the alg砸th咀i8 tenninated．

It is cle盯that the m髓m眦丑oW of the network，(入，10)=24．The
80lution入can be decomposed砒o ten dynamic path8 wMch aure listed belIDW：

只=s一9一m一，一p which st毗8矗om s at t=2 and reach髑p at亡=7丽th

仇巾(日)=7 and there is n0 wajting at any node；

马=s一夕一l一九一七一p which st叭s f池s at t=1 and re钺：hes p at t=10
奶th c却(恳)=4 and the丑0W w8its at node夕at time 2 until 8t tinle 4；

恳=s一9一m一，一p which 8ta】吨s丘om s at亡=1 and re刮炳p at t=9 with
C印(岛)=l越d the丑0W waLits at node夕at time 2 until at time 4，a如the flow

诚ts at node，at time 6 until at time 7；
只=s—n—m一，一p which starts行om s at￡=3趿d re诎l髑JD at亡=7 with

Cnp(只)=2 aLIld there is no waiting at any node；

屁=s一口一m一，一p which 8tan8矗om s a上亡=2触ld reach髑p a上亡=9 with

C却假)=3 and the 110W waLits at node，at time 5 until at time 7；

R=s一口一m一，一p which starts行om s at亡=l and础圈p at亡=9而th
a印(玮)=2 and the丑ow waits at node m at time 5 until at time 6；

马=s—o—m一，一p which starts行om s at t=2 and reach晒p at t=9而th

C印(马)=2 and the f10W w缸ts at node，at t蛔e 4 until at time 7；

恳=s—D—m一，一p which starts f如m s at t=0 and re翻出鹧p at亡=9 with

C印(岛)=1 and the IloW w越ts at node，at t妇e 3 mltil at time 7；

焉=8一口一仇一，一p wMch st眦8行om s at亡=1 and reac．1瑚p at亡=9 with

C印(岛)=1 and the丑ow waits at node口at tiIIle 2 until at time 5；

只o=s—o—m一，一p wllich 8tarts行om s at亡=2 and re纵血鹤p at亡=9

而th C印(只o)=1 aJld the丑ow Waits at node，at t血e 3 until at time 5．

It is clear that the total vahle of丑ow留is 24．
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3．3 A Time-V打ying Time Labeling Algorithm

for the Maximum Flow Problem

3．3．1 Basic Dennitions and Properties for the Time La-

beling Algorithm

Definition 13上-06ezs M(t，亡)口他"n琵d谢犰代号pect￡D o加伽矿饶e!，s口坛咖现e

扣2ZD谢叼cDn反抗D粥?

俐M(p，亡)=t，0≤亡≤Tj

fIf砂M(t，u)={MO，t)，M(t，t|+1))如r etJe付8化(i，j『)和，'F，州，)轨现e舌西ne-

t，nr可trw他si砒口f ne￡tt，D他们玩ze亡=t‘+6(i，歹，|l正)和r亡=t‘+6瞄，歹，“抄口仃d o≤

u+1，亡≤T．

W．e re矗er to the above two conmtio璐嬲秽口托d记!『cD礼班tio粥．

3．3．2 A Tim争V打ying Time Labeling Algorithm

AU step8 ar．e s锄e as those in the akorith】m for the c嬲e of the zero waLitiI培time

eXcept the folk而ng procedure of computing the time label M(i，￡)：

begin

Initialization：Set M(p，亡)：=亡，￡Dr亡=o，1，．．⋯，T(for亡=正T一1⋯．，o in

c鹪e of the latest ma对ml瑚naw problem)，∞t LJST(p，亡)：=

{M(p，亡))，and then put au L，sT(p，￡)in搋，L，ST(i，t)=D

@≠力at丘rst；

while跪≠0 do

begin

Sekt the丑rst三JST in驼，denoted by LJ盯0，t)；
for an M(j『，亡)∈LJST(歹，亡)and all the l∈Ⅳ8uch that(i，歹)∈A+(or

瞄，卅∈A一)do

for each u such that仳=t一6(i，J，乞)肌d z(i，j『，t)>o(or牡=t一6K，歹，司

and 2瞄，歹，t】>o)do
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end：

end：

M(i，u)：={MO，亡)，M(i，让+1))；

LJST0，t‘)：=LJST“，u)u{^z(i，让))；

let tl：=tl一1；

跪：=跪＼三，ST0，t)；

end：

The c锄p溉ty of the time labehng甜gorithm for the m嫡删l瑚noW prob-
lem丽th盯bitra珂waitiI培time i8 s卸1e粥the c嬲e of the zero waiting t妇e．So

we oInit it here．

3．3．3 A Numerical Example

W．e妇u8e Fi哪e 4 to eXplain the dgom№．The tiIne l曲e18 are u8ted in妣
3．3．3．1．where”一"stand8 for’’00”．

7I'able 3．3．3．1 The time label M(t，t)of Figure 4(arbitra巧)

三，ST(i，t) 亡=0 ￡=l t=2 亡=3 亡=4 t=5 亡=6 t=7t=8亡=9 亡=10

M(p，亡) 0 1 2 3 4 5 6 7 8 9 10

M(，I￡) 7，9，10 7，9，10 7，9，10 7．9 7．9 7，9 9

M(后，亡) 6，8，10 6，8，10 6，8，10 6，8，10 6，8，10 8．10 10

M(危，t) 8．10 8．10 8．10 8．10 8．10 10

M(i，t) 10 10 10 10 10

M(夕，t) 7，9，10 7，9，10 7，9，10 7，9，10

M(m，亡) 7，9，10 7，9，10 7．9 7．9 7．9 9

M(口，t) 7，9，10 7．9 7．9 7．9 9

M(s，亡) 7，9，10 7，9，10 7，9，10 7．9 9

Afterdoingp彻砒化p即僦ess，Wefindthate(n，1)=2，e(o，2)=3，e(口，3)
=4，e(口，4)=5，e(o，5)=6，e(9，2)=6，e(夕，4)=7 and other exce8s are equal to

0．So node8 8 and夕are aetive nod鹤．

屁emtlDn J．Wb丘Ild that the minimum 1abel i8 7．s0 we choose node口and

node 9船active nodes for p伽^operation．W．e can obt越n five pathe8 as follow8：
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P1=8一n一仇一，一p which st碱s矗om s at t=0 and reauclles p at t=7 with

C印(只)=1 and the noW waits at node，at t妇e 3 until at time 6；

忍=s一口一仇一，一p which starts仃om s at亡=1 and re幽p at t=7而th
C印(马)=1龇ld the naw wait8 at node n at time 1 time until at time 2，wait8

at node，at tiIne 4 until at tiⅡle 7；

B=s—o—m一，一p which 8t吼s行om s at亡=l aLIld reach鹤p at亡=7 with

C却(岛)=l and w面t8 at node，at tiIlle 4 until at time 6；

只=s一口一m一，一p which starts丘om s at亡=1 and reaches p a七t=7

而th C印(只)=2 and waLits at node口at time 2加til at time 3，Ⅵ函t8 at node，

at time 5 mltil at time 6：

R=8一夕一m一，一p which starts丘om s at t=1肌d readl髑p at亡=7 with

C印(忍)=4龇ld waLits at node 9 at time 2 until at time 4．

At this time，e(a，1)=1，e(o，2)=2，e(9，4)=2．Au三J阳S are non哪pty．
舱：=取肌(卅=7)，龇(，，JD)i8 saturated at time 6．
见e他洳n 2．N0w the active node n with the label which is equal to 9 i8

Inini蕊m．we choose it for础娩operation．(口，m)，(m，，)，∽力are adIllissible

arcs．W，e obtain the path嬲follo啪：R=s一8一m一，一p which start8行om

s at亡=2 and reache8 p at￡=9耐th C印(昂)=1 and waits at node，at time

5删【til at time 7．Wb lea怕3 units丑ow on node o．马=s一8一m一，一p

which starts觚m 3 at亡=2 and reache8 p at亡=9丽th C印(P7)=3 and waLits

at node n at time 3 until at time 4，戚ts at node，at time 6 until at time 7．
B=s一夕一m一，一p which starts行0m s at亡=2 and re础le8 p at亡=9而th

C印(B)=3 and w撕ts at node，at tinle 6 until at tiIne 7．W．e leave(4+2=)6

units noW on node夕at t洫e 4．At this time，aurc(m，，)i8 saturated at time 5．

马=s一夕一m一，一p which 8tarts f而m s at舌=2 and reaches p at t=9丽th

C印(岛)=1 and waits at node m at time 5眦il at time 6．Wb 1eave 5 uIlit8
丑ow on llode夕8t time 4．最o=s一8一m一，一p砒ich st砒s from s at舌=3
and reache8 p at t=9丽th a印(只o)=1 aIld瓢西ts at node m at tiIne 5 until

at time 6．W．e leavle 4 u11its丑ow on node口at tiIne 4．Rl=s—o—m一，一p
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w11ich starts from s at t=3 and readl髑p at t=9丽th C印(P11)=2 and waits

a上noiIe o at time 4 until 8t time 5．W．e leave 2 units now on node n at time

4．At thi8 time，盯c(，，p)is 8aturated at time 7．Becal卫粥the LISTS of aH the

node8 whose 1abels are equal to 9just蝴r盯e empty'except those whose labels
aure equal to 10．we∞nd the one unit now back．蹰：=搋＼{M(i，t)=9)．

nern挽Dn，．NOW the auctive node n and夕丽th the mi血num labels which

is eqllal t0 10．Fi碍t，we c_hoose node 9 for础s^operation．W．e obtain the path鹪

foll伽唱：只2=8一g—i一^一七一p which st甜ts行om s at亡=2 and re孤h髑p at

t=10丽th a印(只2)=3．只3=s一夕一i一危一七一p which 8tarts舶m 8 at亡=1

adld reauche8 p at t=10 with C印(只3)=1 and w撕ts at node g at time 2 until

at time 4．At thi8 time，arc(夕，1)i8 8aturated at time 4．Becau8e the one uJlit of

node a can not be 8ent to p，we send the丑ow back．跪：=叭{M(1，t)=10—

Up to nIDW，瓣=口，址屺algoritllⅡl terminate8．

It is clear that the tota】、，出ue of tbe丑ow j8 24．



Chapter 4

CoNCLUSION

In our daily Hves，there are a lot 0f probleI璐are concerned谢th a time linlit

T wllile some par锄ete瑙of the model aure changed 0ver time．In new of this，
in this th朗i8，we study the ma五m山n now problem iIl the time．varyiIlg network，

趾d oIle can丑nd that，8uch a problem耐sts evl哪here．
Fir8t，in Chapter 1，we maLl【e a brief re访ew on the maXimm aow problem，

including its models，a190ri址mls and印plications，and we believe that it can help

us to丑nd 80me common f色atllr髑of the ma菇Inum丑o_w problem．And then，we

simply d髑cribe the problem in a time-v习哪ng ne伽帕rk．In Chapter 2缸ld Chapter

3，we study the time．v锄了iIlg ma越mum now problem with two differen_t w撕ting

time constraints，one i8 caLllIed zero waiting time and the other is甜bitra巧waLiting

time．Fbr each c鹊e，we present tWo algorith工衄：tlle exce鹋scaling algoritllln钺ld

the time 1abeling a190rithm．The龇er one can sol、，e the e盯lie8t and lat髑t arriVal

m∞dII]lum丑ow problem，i．e．，the solu．tion mu8t arrive at the sink node as early as

pos8ible or鹊late鹊p∞sible．Moreover，it can be印plied to s01ve the problem

that the time duration 0f the丑ow i8蠲8hort嬲p08sible．For e疵h algorithm，we

prove the correctne蹈and the comple对ty of the础弘rithm．To iuustrate how the

algorithm works，we舀ve a n哪erical ex锄ple for e诎l algorithm．

0m柚驴rithms presented iIl this thesi8 are developed based on the prenow

techlliqlle．At our b鹊t knowledge，it can improve the time comple对ty 0f the



a190rithm．

Wb noticed that there踟汜manyⅥⅡiatio瑚of the time-Ⅷ岍ng m∞dIIlum

noW problem which can be studied fIlrther．Fbr exaInple，coI塔ider缸屺c潞e where

waiting tinle at a node is mlowed，but should be limited within a gi、，en time

liInitation．
。
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