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F (x, t) =<v(0,t)=v(l,t)=0
a’v, (1- 1) ATe
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(x,1) nz_;nﬂaM (s,z)sin ;- sin I
f(s,7) =bshs
2 _narz(t-7)
” (s, 7)sin 22 sin dsdz
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R(r)=C cos~/Ar + Dsin~/Ar
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{Am (@) =0,A/(b) =0, {B () =0,B,(b) =0,

il A
A((r)=0,n=12,...
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Y X
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|
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LA
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V,(x,t) =a’V, +ub%e "
V. (0,)=0, V(,t)=0

2
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fi: % J,(@X) = 03, (0X) ==, (oX)
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) j x*J_, (X)dx
fift :
IXSJ_Z(X)dX
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Yy =1L-V)(-V)X o (@x)'J, (0X) + (L-V)X o [(0X)' I, (oX)]o

+(2-V)X" 0" (0X) 3, (0X) + X 0" (0X) 7, (0X)@

=v(v=-2)x"J (@X)+(L-V)od,  (0X) + (2 -V, ,(oX) + Xxa&*J,_,(©X)

@5 343,00 =203,0

‘]v—2 (X) = Z(Z);l)

@°xJ, ,(X) =2(v-Dwd, ,(oX)— o’XJ, (@X)

Jya(@x) =3, (@X)

=v(v-)xJ (oX) + L-V)@Jd,_, (@X)+ (2-V)@d,_, (0X)+2(v-D)wd,_ (wX)

—°xJ, (@X)

=v(v-1)x"J, (0X) + @d,_, (@X) — »’XxJ, (@X)

v
v )y

y”—ly'+(a)2+
X

=v(v-)xJ (oX) + ®J,_,(@X)— &*XJ, (wX) —%[(1— V)J, (wX) + oxJ,_, (wX) +

_ 2
(0° +1x—;/)XJV(a)X)

=v(v-1)x"J,(0X) + @d, , (@X)— &°XJ, (wX) - % 1-V)J, (wX) - @d, ,(wX) +

@*xJ,(wX)
=0!

LYy —om— .
X

sy =xJ, (wX) %jﬁiy”—%y "+ (0® +

Tk 2
y =xJ,(@X)

y ' =J,(wX)+ a)xJ; (X)
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y = ZwJ\; (X) + a)sz\’,y (wX)

RANTTHE
1-v
X2

203 (0X)+ X, (@X) =2 3. (@X) + oxJ., (0X) + (& + 120X, (0X)
X

" s 2
=w’xJ, (wX) + @J, (@X) + &I, (wX) —%va(a)x) =0

PEGEIS O | = v AW TS

J,() =

' _ (_1)n E 2n+v 2n+v-1
JV(X)_;; n!F(n+v+1)(2) (2n+V)x

) — (_1)n 1 2n+v . 2n+v-2
JV(X)_nZ:;‘ —n!F(n+v+1)(2) (2n+v)(2n+v-1)x

9. iFH: on X"J,(x)dx =x"J,(X) + (n=1)x"*J,(X) = (n —1)2J'0X X"2J,(x)dx
UL

_[OX X"J, (X)dx
= jox X"d[xJ, (X)] (1 3.2 40)
=x"*xJ,(X) |5 —(n —1)_[0X X"?xJ, (x)dx

:x”Jl(x)—(n—l)joxx”‘l.ll(x)dx
=x"J,(x) - (n-1) jox X", (x)]dx (11 3.1 %)
=x”Jl(x)+(n—1)J'0Xx”‘l\](;(x)dx
=x"3,(0+ (=D x"*d[3,(x)]
=X"J,(X) + (N—1)x"J, (X) - (N—1)° on X"2J, (x)dx
THiE

. \/71 s . s
10. (1) uEM: J,(X) =,|—I[=cos(Xx——)+sin(x——)]

3 X X 2 2

PISCEE
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3
1,0= (U ——5—)" e Ty =D /7
2 0 n!F(n+2+1) 2 2 2
:z ( 1)n 1 (X)2n+g
_ 2y gy 1 . o
B ﬁxzol D @n+1)1(2n+3) [ 4 k-1=n]

e _ \k-1 1 2k
B zlel ) 2k —D)2k+1)

k-1 2k 2k
\/72( & (2k+1)I

k-1 1
Z( D [(Zk)l (2k +1)!

(2 el oa (28 w1
B zlel(l) @2 \/;le(l) 2k+1)1

= i_w (1 x 2K - y 2k 1 _
b X O G MR O g e

]X2k

1 S k 1 2k+1
[ z D) —— (2k)' szz(‘j -1 mx ]

k=0

\/7[ cosx+1smx]
\/7[—cos(x——)+sm(x——)]

S, (X)) = \/z[lcos(x—Z)Jrsin(x—z)] , UERE
3 TX X 2 2

(2) uEHH J§(x) = \/%[gcos(x—fz) + (1—%)sin(x—7z)]

WE: J,,(X)=J,,(X) :Z—ZJV(X)
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3
fv=—
2

J (x)_2J (x)+J,(x)

2

1 /2 1. 2 .
=—,[—[-cosx+=sinx]+,/—sin X
X\ X X X
=‘/£[—lcosx+(1—i2)sinx]
X X X
= [ L cos(x—m) + @—2)sin(x— )]
X X X

N1k
R AGE, UEY] I(x)
JITA

Js(x)=—\r e Gy - —\f i )

3 xdx’ " X X

=—\E&—XCOSX;S"‘ X =P[1cos(x—ﬁ)+sin(x—f)]
r X X X 2 2

[T E J g (x)

2
P76
5 S MR

(D joxJ (x)dx iR d[ X", (X) ] =X"j,, (X)dx, RAHRUSES
| = j:x3JO(x)dx:I;x2xJo(x)dx

—['y2

—on d[xJ; (x)1=x2xJ, ( ‘ —Zj x*J, (x)dx

=x°J,(x)- Zjold[xz\]2 (x)1=x°J,(x)— 2x%J,(x)
2

Elan(x):;Jl(x)—Jo(x)”%c: I:(x3—4x)J1(x)+2x2Jo(x)
@ [0, (x)dx AR, (x)- Jn+1(x):2—;Jn(x)o
340+ 3(x)=0 3, (x)+ 3 () ==23,(x)

AL 3, (X) =23, (%)= 35 (%),
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il =j:x3J_2(x)dx

:J':[szJl(x)—x?’de (x)ldx =2x2J, ( ‘ J'x Jo(

I =2x%3, (%)= x*J,(x)+ 2x*J,(Xx)+c

(8x—x3)J1(x)—4x2J0(x)+c

(®) W5 [ 35 (x)dx

fife BT AR A XN, (%) ] ==X, (X) X B MR
| = j:J3(x)dx = IO XX, (x)dx
1 1 1
=—J'O x2d[x 23, (x)]==x*x2J, () 0" 2J.0 xx 23, (x)dx

=-23,(1)+ 3, (1) —23, (1) +c =3, (1) 43, (1) +¢

11. ?
12. ?

13. ®w,(n=12,3,...) /& J, (X) = O IEMR, #5 f(x)=x,0<x<1 J& It} ILZE/R

fit: ®aw,n=123A%J (X)=0MIEH,

x=> fJ(0,x),0<x<1

n=1

MEsf b f —————jmawxmx
19.(@ )

B o, W2 3, (X) =0, FFLAZES K il A A

NACRVE J( y
FIFH B AE A K
J.:szl(a)nX)dX J- [X 2J (a) X)] L X)‘ J (a)n)

n

1 J,(®,) _ 2

FrLL f, =
1\]22(60“) @, a)n‘]z(a)n)

JITEA

43

B d, (o0, X) 61



o0

2
X=) ———J,(o,X
nz_];a)n\]z(a)n) l( n )

4. % w,(n=123..) 2 Jo(X)=0MiEHR, # f(X)=u,,0<x<1 &I N I IR 5K

Jo (@, X) TIZRHL
fit: %eow,,n=123A%J,(X)=0MIER,
=Y £,30(09)
n=1
M Z=H £,
e
Uyd, (@, x)dX
IU( A

R RTUA T
W(wﬂﬂ J( )

%UFHJQE?E/\J(.
u I xJ, (0, x)dx =u I LX) (@, X)] _[XJl(a)nX)]‘E —u, Jy(@,)
@, @, @,
Jit LA
f = 1 uOJl(a)n): 2u,
1.]12(a)n) @, ,J,(®,)
Jit LA
b=~ 23, ()

n=1 wn‘ll(a)n)

15. ®w,(n=12,3,..) & J,(X) =0 MR, 2 f(x)=>f I (w0,x) N

o200k =23 1132,
n=1

N 2 =1 1
LR, A 1= J ==
Fr 5, A nz-;‘wnJl(wn) @ x) 5 Z;‘w .
fift:
@, 23, (X) HIER



5 3,(X) =0, (n=1,2, )

o 3y (X) L3 AN LA

f(x)—g £ 3, (%)

[0t (xdx = jolxil fnJo(a)nx)g £ 3, (. x)dx

=3 2] % (@ (0 3y (@, X) 7610, 1] 1-AFK x 1E50)
=%2 £202(0,)

1 1 o,
. xJoz(a)nx)dx:FJ'O tJ2(t)dt (w,x=t)

1.1 o 1o : 11 a 1
= SRR -5 [ P03 (k=== [0, 0] = 37 ()

C1-Y 2 (@)

n=1 a)n‘]l(a)n)

> 4
4v=11=) —
n=1 a)n

-1 1

2—27

n=1 a)n

16. CAEIHEHI VUL IR e H 30 00) R BE R R 50N

i J,(X)2",0<|z| < +o0

n=-ow

A R T 5145 2
cos(xsin @) =J,(x)+2[J,(x)cos26 + J,(x)cos4b +......]

S _

sin(xcos @) =2[J,(x)sin &+ J,(x)cos36 +......]
I b b E B -

123,00 +23 3,0 ()

45



sinx=2) (-1)"J,,,4(X)
n=0

cosx=J,(X)+2)(-1)"J,,(X)
n=1
IR0 S C DA/AS W =

1
cos@+ising

5(2xsin6) 5(cos€+isin49—
2 - e2

cos(xsin @) +isin(xsin @) =e**"’ =¢

+00

X -1
=(z-z77)
g2 => 3,0z

n=—o

223 3,(x)(cosO+ising)’

N=—o0

=Y J,(x)(cosng +isinno)

N=—o0

=Y J,(x)cosng+i Y, J,(x)sinng

N=—00 N=—o0

+oo -1 +00 -1
=J,(0)+Y J,(x)cosng+ > J (x)cosnd+iY I (x)sinnd+id I (X)sinng
n=1 1

=J,(x)+2>. J,,(X)cos2n0+2iY I, ,(x)sin(2n-1)0
n=1 n=1

Jit A
cos(xsin @) =J,(x)+2[J,(x)cos26 + J,(x)cos4b +......]

sin(xcos @) =2[J,(x)sin &+ J,(x)cos36 +......]
é’l 9=0 HﬂL

1=3,(x) + 23 1,1 (%)
n=1
2 0="ny,
2

cosx=3y(x)+ 23" (1) J,1 (x)

n=1

sinx = 22 (D" 3,02 (%)
n=0
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17,800 P48 R MRS S AL AR, LN PR FrL N uo FETIHIARIEE A 0, SKIFAE
W FRIELE 3 AT

%u:azAu(r,go,z) 0<r<R

fi#: § u(R,@,z,t)=u, |u] < +o0
u(r,e,z,0)=0

MR, UAFMERT o XK, B @, z 8%, PrLliz e rfefife .

ou ,,0u lou 1 0°u o4
— A gttt
ot or- ror r°op° oz

W T A AR IR, WS
u=v+B(r,t)

o°u 1au
:a2 —_—t—
) (6r2 r 8r)

HB(r,t) =u, fEv(r,t) i 5 4 v(R, 1) =0
oy AT Bk,
V() =R(NT @) =0, e, 15

R (r) +%R (N+AR(N) =0 (FeeireiE)

R(R) =0,|R(r)| < +oo ST (t)+a’AT(t)=0

MR A = B* 20, JWfE R() A
R(r) = AJ,(Sr)+ BN, (pr)
{HH T [R(r)| < +o0 T LA B=0

R() =AJ,(pr)

{1 T RR)=0, W J,(BR) =0, @=BR N J,(X) F% A GE: HH I, (0)=1)
YA

O<oy<w,<.... <@, <.

o, 0<B L <&< ......
R R R

AN E AT By 22227
18. RiEfiEn) @
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Au=0
M0 fuj<o
or
u(r,,0)=r’
u(r,ep,1)=0
I o
fit:
(Z W4t P376 1 2)
Au=0
ou
—1 _,=0 ul<oo,
o !
U|Z:0: fl(r)1 u|z:I: fz(r)’

2 u=R(N®(p)Z(z),

i

r’R"+rR +(Ar*-=m?)R=0
R'(1)=0,|R|<o

" (p)+md=0,

K27 (2)-AZ(z)=0, g1z, =Ce** +D,e**, Z,=C,Z+D,

BA =0 0,=0<w, <..<..
VL[] 17 bR AR
1J,(awr),dy(@,r), ......
ST
U=CoZ+Dy+Y (C,e™* +D,e™*)Jy(w,r)
n=1
FRNL 5
DO +Z (Cn + Dn)‘]o(a)nr) = fl(r)

Col + Dy + Y (C.e™ +D,e™") I (ao,r) = f,(r)

K £.(r), f,(r) 1 3o (@,r) FETT:
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1
D,=2[  f,(r)rdr =1,

Col+Dy=2[ £,(r)rdr=f,,

C,+D,= f,(Nrd,(o,r)dr="f,

J()I

Ce™+De ™= '[ f,(r)rd,(w,r)dr=f,

J()

—a
- flne + f2n
ea)nl _ e—a)nl

—f, +f, e

D,= ea)nl _e—a)nl

n

Y f(r)y=r®, f,(r)=0 (AL 18) .

2 S
flo= 2 )I Jo (@,r)rrdr = 2J' redr = >
f :fzo_fm:_i

S 2l
- 1 1
Fr DO=E,CO=—§

Sar=t= Joziwn) N wi:mo(t)dt =\15(T2n)a);‘ [ ]
=m[t2wla) o= 2?3, (dt]= o ( )[a)J(co) 2t°3,(1)|5"]
=m[a)§\ll(a)n)—2a)ﬁ\]2(wn)]=ﬁ[;ﬂJ( w,)~ 2 >3, (@,)]
:Joziwn)[winJl(a)n)—wi:Jl(wnHw%Jo(wn)]
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2 1 4 2 4
= —(1-—)J(w,)+— I (0,)]=———
‘]Oz(a)n)[a)n( a)r?) 1( n) 0)5 0( n)] a)r?"]o (a)n)
JITEA
N -yl ol
C,= lel flni;l - : me ol
e —e ™ 0 J,(w)e" —e
N ] ;]
Dﬂ: finl—‘r fl—nfl = 2 4 (ule —a,l
e —e ™ 0 J(w,)e"—e"
SU=CyZ+Dy+).
:l_iz +i 4 —en’e ™ e e J, (@)
2 210 4 0l (o) e o

19. BT —F42H R @ H BB, R D T 02 h B R ABREE S,
MR EEA T, LRIy f(r), SR AR AT .
figt-
Au=0
(u, +hu)|,_; =0
u(r,0)=0
u(r,H) = f(r)

5o kx

o0

u(r,z)=>’ (Ahe?Z+Bne_?Z)Jo(%r) , (r<R)

n=11
RNBFH
3 (A+Bn)ao(%r)=o

n=1

@y

(Ae™" +8.e "3, (ZN=1()

NgE

n=1
A’I = _Bn
Aje?nH +BneTnH -1 . jOR £(r)J, (22 ryrdr
3,(%) "
R
1 1

" f(r)Jo(%r)rdr

2 Jo

- a,
2sh(=H @y
R )HJO(R)
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@ _—R(1+ 2)J (@)

J (2
() =3
) o, o,
L=y 2 S Jzz) -, F(r)3,(2 D, (1)
n= 2 n _n
' R*(1+ 2H2) 0 23h(R H)
a, a,
- h(-H) Jo(5-1)
2 1 S R w 0
S ——B [ (03,2 ryrdr—R;
R* = 1+ R sh(“ H) R Jo(@;)
a)ZHZ R

20. %o, (n=1,2,3, A)JE J,(2x) =0 [IIEAR, K eadl

1 O<x<«l
1
f(x)=<= x=1
(X) >
0

I<x<?2
JEFT R M LR e J (o0, X) Ik
fitt: Wa,, n=12,.....02 J,(2X) =0 MIEM, w2 J,(X) =0 HIZE n AN IEAR,

o, =‘;n L R £ (x) R, ( X)} ) Fourier 44

F)=Y fJ(“n

n=1

N 1
i [ 13(u0) 35 ()l

:%xa (2233, (42 0K

oot =249 () =2921(20,)

1 Y7, 1 1
f, = f(x)J ( * X)dX ( x)dx
|96 (@) Pk @l oot 2
1 1 1 @
=, xJ, (@, X)dx = -1J o (Ddt
[30(a)] I 190 I
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=;U (‘t)‘wn Jl(a)n) Jl(wn)

0 o, |3, (e, )|| sz (2w,)

- ®,)
)=2, Za)J (20))J o (@)

n=1

21. UEBH R SRR DI R R ()AL, (x)+
fitvk 1:
I, (x)=1"J,(ix)

WHF J,(X), A
xJ, ()-Vd, (X)=-x3,,,(X)

v, () +x3, (X)=x3,,(x)

A X —> X

ixJ, (ix)—Vvd, (ix) = —ixJ, ., (ix)
vd, (ix) +ixJ, (ix) = ixJ, , (ix)
PR A SR ixJ, (iX)

2vd, (ix) =ix[J, ,(ix)+J,,, (ix)]

Wil it

2V, i, (ix) =i, () +7PI,, (iX)
iX

2V

?Iv (X) = Iv—l(X)_ Iv+1 (X)
FHIE
fifi: 2:

0 X 2k+v-1
I
1 (X) = Z; klr(k V) 2)

2V - \ X\ 2k+v-1
D=y — L 2
X () ; k!F(k+v+1)(2)

I (X) - | ,(X)

S v X\ 2k +v-1
kz [le(k+v) klr(k+v+1)](2)
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=i l[ k+V v 2k+v1 i i (X)2k+v—1

o k!'T'(k+v+1) F(k+v+l) 2 = k!'T (k+v+1) 2
=i i k (£)2k+v—l
o kIT(k+v+1) 2
(n=k-1)
S n+1 X 2n+v+ S 1 X 2n+v+l
— =1,,,(x
nZ; (n+1)'F(n+v+2) 2 HZ:;‘ n! (n+v+2)(2) ()

. v+1(x)+2 I,(x) =1, (x) HiE

2347 #éﬁ RGBS BIREAR, =2 Hy ARSI 0 A0 AR IEN, 5REEN qo,ifT BT
PR DRAFILE A 2, SRIGIAT: N AR BGUE  EE 20 A o
fift:

Au=0

kur |r:R = qO

ul,,=0
ul,.y =0

u(r,0,2) A 5r, 215 &,eéu(r,2)

2 2
Au = a—u+la—u+a— 0 1)
or* ror ozt
Lu=R(r)Z(z) )
R_+1R_+£:0 (3)
R rR YA
r’R +rR —AR=0 (4)

(&) e Aerts, 15

nz., . Nhrz
A =(—)",Z (z)=sin—,(n=1,2,......
V=) Z, (@) =sin= )
ToE M) (B 0 [ Bessel J7#E)
Rn (r) = Cn IO(a)nr) + Dn KO (a)nr)
fHu < 40

SR <400
D=0
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R,(r)=C,l,(a,r)

Miiu(r,z) = cnlo(a)nr)sin%
n=1

Ha?ur(R,z)=q—k°, i

=z C.o, I0 (o, R)SlnE
1 H

x~ |a

~ C,m, on (o,R)
:_I —smEdZ—EHi[l (-D"]

o L 2GA-(-D]

n

kapnzl, (o,R)

0, n=2m
= 4q,H
ke, (2m+1)71, (@,R)

, h=2m+1

0, n=2m
- 4q,H

kz?(2m+1)21 [(Zle)”R]’

n=2m+1

I, [(2n +1)zr

0

]
u(r,z) = 4q0 Z sin (2N D2

(2n+1) | [(2n+1)7rR] H
H

>y

1.
@2n—11!
(1) Pyr(0)=(-1)"" 2nn

_ 1 d® /2 42
Pon(X) | o = mw(x -1) " | vco

-1 4" Z (XZ)i (_1)2n-ici2n »

22" (2n)! dx>" &

22n (2 )l 22n
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(2)P,,(0)=0
P, (X)= 4™ (x2-1)2"

22n (2 ) 1 dX2n+1

_ 1 d2n+l 2n i 2 | i 2n-i
- 22n (Zn)l dX2n+l ; C2n (X ) ( l)

X, 2i<2n+1, i< (2n+D) TN %
2i>2n+1, i>%(2n+1)a¢amﬁyg X

JirBA P, (0)=0

2.5k P (1)
jz P()_ 2I||dl+l( _1)
_ 1 dl+1 | |
oM W()Hl) (x-1)

2'||z C:+1 ((X 1) )((X +1) )|+1' |X1

i=0

=_LCy, L2t

|I| 1+1

(F: LAEAESIL RAE 1HEX )

21 C:+1L
2
_L(L+))
2
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PLO) | gy o [0GD) 0D T |
= 5y Gl (e[ |
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— l L+1 ) " L-1
75 (3) e CLL)L

=(-)-'LCL. 2
. L(L+1)°
=(-1)7"" 2

N1 HAXP L (x)-2x P, ()+L(L+1)P (x)=0 Bl #h il 18

TR, A x=14AN, W P ()= L(L2+1)

3. H(n+1)Pps(X)- (2n+1)XPy(X)+ NP1 (X)=0

- (n +1)Pn+l(x) + nPn-l (X)
Pn(X) (2n+1)x

JITLA

[ X Pr(x) Pa(x) dx

=[ [2”n++1lpn+1 (X) Pm(X) +-— Pr-1 () Prm(x)]dx

=N+l J'_ll Ph+1 (X) Pp(X) dx + d J._ll Pn-1 (X) Pm(X) dx

2n+1 2n+1

m=n+1 i},

~_n+1l 2 ) — n+l 2 — 2n+2
JH::EE_antlj—1 Pla () dx 2n+1 2(n+1)+1  (2n+1)(2n+3)
m=n-1 i,

~_ N 1 5 — N 2 — 2n
JHfLE_anL Pl () dx 2n+12(n-1)+1 (2n-1)(2n+1)
HAR NI
=0
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(1)

P1(X)=x

P3(X)= gxg—%x

g P1(X)+§ Pg(X):§X+%(5X3'3X):X3
(2)

1 20 8
: Po(X)+ = Pz(X)"'g P4(X)

=1+ D(3x2-1y+38 1(35x"-30x%+3)
5 35 "2 2 358

=1 4 30,2 10 ;35,4 30,2,3

5 35 35 35 35 35
=X

5

HIBHEA  (n+1)Phs1(X)- (2n+1)XP, (X)+ nP,.1(X) =0
XT xRS

(N+1)P . (X)- (2n+1)P, (X)- (2n+1)XP’ (X)+nP () =0
R

(n+1)P,, (X) - 2n+1)xP, (X)+nP_, (X) =- (2n+1)P, (X)
NHEAE 2 5

Pn (X)=P ., (x)-2xP, (x)+ P, (X)

2x P, (x)=P,.(X) + P, (X)- Py (x)
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