
布尔矩阵的广义指数

摘要

布尔矩阵的指数理论已经得到了广泛的研究．本文研究布尔矩阵的三种

类型的广义指数．我们着重研究第三种类型的广义本原指数和一般布尔矩阵

的第一种类型的广义幂敛指数．对第三种类型的广义本原指数，我们得到了

n X n布尔矩阵类的这种指数的最大值，刻画了极矩阵．对n×n几乎可约

布尔矩阵类，也得到了类似的结果．对第一种类型的广义幂敛指数，我们得

到了礼X n布尔矩阵类，n×n可约布尔矩阵类，佗X n临界可约布尔矩阵

类的这种指数的最大值，刻画了极矩阵．最后我们对不可约布尔矩阵的弱指

数进行了讨论．



Abstract

There is an extensive literaturc on the index theory of Boolean matrices．

We studied three types of generalized indices of Boolean matrices．We fa—

CU8 Oil the third type of generalized(primitive)exponents of and the first

type of generalized indices of convergence for general Boolean matrices．We

determine the maximum values of the third type of generalized(primitive)

exponents for all n×n Boolean matrices．characterize the extreme matri—

ces，i．e．，those Boolean matrices whose third type of generalized exponents

achieve the maximum values．We also obtain similar results on nearly re—

ducible Boolean matrices．We determine the maximum values of the first

type of indices of convergence of住×扎Boolean matrices．reducible matri—

ces，critically reducible matrices respectively，characterize the corresponding

extreme matrices．Finally we disscuss the weak exponents of irreducible mD：-

trices．

Key words：Boolean matrix，primitive matrix，index，exponent，digraph
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1 Introduction

A Boolean matrix iS a matrix whose entries are 0 and l：the arithmetic

underlying the matrix multiplication and addition is Boolean，that is，it is

the usual integer arithmetic except that 1+1=1．Let B。be the set of all

”x n Boolean matrices．

For a matrix A∈日n，the digraph，D(A)，of A is the digraph on vertices

1，2，⋯，佗such that(i，J)is an arc ifand only o玎=1．The girth of a digraph
D is the length of a shortest cycle of D．Ⅵ7hen A is symmetric，then D(A)is
a symmetric digraph，which corresponds natually to an(undirected)graph

G(A)obtained from D(A)by replacing each pair of arcs(u，V)and("，“)

by an edge“u．For A∈鼠z，if there is a permutation matrix P such that

PAP7=B，then we say A is permutation similar to a matrix B(written

A—B)．Note that A^v B iff D(A)is isomorphic to D(B)．
A matrix A∈Bn is reducible if

A一(AGl A0。)
where A1 and A2 are square，and A is irreducible if it is not reducible．

It is well known that if a matrix A∈B。is reducible，then

曼。)
where A⋯A22，．，A“(t≥2)are irreducible matrices and we call them the

components of A．Clearly,D(An)，．，D(A“)are the strong components of

D(A)．

For a matrix A∈Bn，the sequence of powers Ao=I，A，A2，⋯is a

finite subsernigroup of岛．Thus there is a minimum nonnegative integer
☆=k(A1 such that A2=A2+‘for some t>1，and a minimum positive

integer P=p(A)such that A‘=A¨p．The integers％=k(A)and P=p(A)
are called the index of convergence of A and the period of A respectively．
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A Boolean matrix A∈Bn is primitive if there is a nonnegative integer m
such that A”=厶，the all—ones matrix．Tile rnininmm such m is called the
e。ponent of A，It is well known that A matrix is primitive if and only if it is
irreducible with period 1，the exponent of a primitive Inatrix coincides with
it,s index of convergence and山is the only primitive matrix with exponent
0．

Lemma 1．1(【50】)Suppose S is

integers m≥0，q 2 1，a”=aTM+目

a finite semigroup．For any a∈S and

iI and only ifm≥k(a)andp(口)b

Proof．Suppose m 2 k(a)and P(a)lq．Then仃l=％(＆)+f with l≥0
g=扣(o)witht≥1，Hence

am=aIo^(。)=al。☆(8)+印(。)=。k(n)+¨印(。)=nm+。

On the other hand，suppose o“=n⋯怕．Then m≥☆(＆)．Let m=％(Ⅱ)+f
with f≥0，q=tp(a)+r with 0≤r≤p(a)一1．Choose 8≥0 SUch that
p(u)l(t+s)．Let f+s=hp(a)．Then am+s=am+s+g．

and hence

Thisimpliesthat r=0

ok(口)=I+s=ok(n)+H’s=印(n)+’

ak(o)+岫(。)：o^(4)+(^+咖(n)押

ak(n)：扩(n)竹

Lemma 1．2((50])Suppose A∈毋has the，0m

A=(AGl A0。)
where A1 and A2 are square．Then p∽)=lcm{p(A1)，p(A2))

口



Proof．Write d=lem{p(A1)，p(A2))．From A2(4)=A2(4)+p(4)，we have

』4：‘4)=A：‘4)+9‘4’for i=1，2 Hence p(A；)12)(A)for i=1，2，implying
dip(A)．
By induction we have

A¨1=(∑坠。玺竹。A曼。)
Choose七such that k≥k(A1)+k(A2)．If A‘+4+1=A‘+28“，then P(A)Id．
In the following we prove A‘+。+1=A‘+2d+1．Note that for i=1，2，钟州“=

A；+24+1 since k≥k(A1)and p(Ai)ld．We only need to prove∑譬k+od A；GA：+4～=

∑；k+024如C|A：捌～．
Any term in∑bk+od如GAi+扎2 can be written as

删*t={三辫：《if震Z k(A1)k(A1)
and hence is a term in∑bk+028 AiGA}+2。一．
Similarly any term in∑#k+024鸽GA}+2扣‘can be written as

A；GA：+2d～={三薹AC：A+2。+一2。4～；i，f：；：辜：竿宅fA。，
and hence is a term in∑；k+od冯GA：州～．
It follows that∑扭k+od A；aA}+8～=∑活k+02d 14；GAf+2d叫and hence A‘+。+1=
Ak+2d+1． 口

By Lemma 1．2，one can easily prove the following

Theorem 1．3([41])11A∈B。is irreducible，thenp(A)is the greatest eo?n。

$rzon divisor o／all the distinct cycle lengths in D∽)，玎A∈Bn is reducible

with componentsAll，A22，⋯，A“(t≥2)，thenp(A)=Icm{p(Au)，⋯，p(A“))

Hence the period problem for Boolean matrices has been settled．The

behavior of the sequence of consecutive powers of a Boolean matrix has been
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studied extensively due to its instrinsic importance in graph theory,corn—

binatorics，matrix theory and their applications in commuuication system，

Markov chains，theoretical computer sciences；for more details see[1，4，8，25]
Let M be a class of Boolean matrices．We are interested in the following
three kinds of problems【19，25]：

(i)Maximum value problem：Determine the maximum value k(M)

max{k(A)：A∈M)；

(ii) Extreme matrix problem：Characterize the matrices in i(M)={A∈
M with k(A)=e(M))；

(iii)Index set problem：Determine the set k(M)={k(A)：A∈M)

We use the following notations for the class of Boolean．matrices．

Bn

IB。

IB。，p

RB。

岛

SⅣi

Ⅳ忍

瓦

R

Dn d

n×n Boolean matrices

irreducible matrices in Bn

matrices in I Bn with period P

reducible matrices in取

symmetric matrices in玩

symmetric matrices in IBn，2

nearly reducible matrices in Bn

tournaments in玩

fully indecomposable matrices in Bn

matrices in Bn with exactly d nonzeros OIl the main diagonals

For a Boolean matrix class M，if not every matrix in M is primitive，we
denote the class of primitive matrices in M by P M．

We list the results on these three problems for different classes of Boolean

matrices．

4



1．Schwarz[43]：

k(B。)=k(PB。)=(n一1)2+1，

and A∈i(B。)(=k(PB。))iff A is permutation similar to the Wielandt

matrix 1眠，where

f 0 1 0
1 0 0 l

眠：I!!．．
1 o o o
I 1 1 o i]

k(PBn)is determined by Lewin and Vitek[1r]，Shao[45]and Zhang

[67]．￡(风)is determined by Jiang and Shao[15]．

2，Schwarz[43]，Shao and Li【54]

mc，B。∞={：p2—2r+2’+8：三：
where r=Ln／pJ，s=n—pr．≤(』B。，p)is determined in【54]，while

i(，玩口)is studied in[56]．

3．Shao[48]：k(RB。)=∽一2)2+2
permutation similar to

(譬1
with a=(1，0，⋯，o)．￡(R玩)is determined by Jiang and Shao[15]

4．Holladay and Varga[14]，Shao【46]：％(Psn)=2n一2．％(P品)=
{1，⋯，2n一2)＼o[n，2n一2]，where o[a，6]denotes the set of odd

integers。with a≤z≤b；A∈i(P&)iffG(A)is isomorphic to a path
of order n with a loop attached to one of its end vertex(denoted by

磁)[46]．
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5·Shao and Li[55]：k(s％)^2 n—
isomorphic to a path and k(s％)
n=2．

2(n≥2)，A∈矗(sⅣ。)iff G(A)is

={1，·-·n一2)if礼≥3 and{o)if

6 Brualdi aild Ross[7]：k(PNPh)=n2—4n+6，and A∈￡(PNR。)iff

A^一Zn，where

磊

0 1

O 0

O 0

0 O

1 0

0 1

0 O

1 0

0 O

O 0

O 0

1 1

0 O

O 0

ir礼≥5，and 2I=(i{；；]
k(PNR。1 is determined by Shao and Hu[52]．

7．Shao【49]determined k(IB"n PⅣ忍)．

8．Moon[39]：％(瓦)=礼+2，A∈％(瓦)iff D(A)is the unique tournament

with diameter扎一1 fup to isomorphism)and％(瓦)={3，4，．．，住+2)
(扎≥6)．

9，Liu and Li【26】：k(D。，d)=max{2n-d一1，(n—d一1)2+1)．k(Dn，d)and
￡(巩，d)are determined by Zhou and Liu in[70]and[74]respectively．

2 Generalized exponents of matrices

Let A∈风and D=D(A)．For any O≠X∈V(D)，define eXpD(X)to
be the least integer m such that for each vertex i of D there exists a walk

from some vertex in X to i of length m．If no such m exists，then define

expD∽)=。。．
For“∈V，denote expD(“)=expD({钍})． If we choose to order the

vertices of D in such a way that

expD(u1)S expD(札2)S．．．≤exPD(Un)
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then we call expD(女)the k-th first type of generalized(primitive)exponent
of A，denoted by exp(A，k)．
Let☆be an integer with 1 S％S m Then

．f(A，＆)=min{expD(x)：X∈V(D)and lXI=％)

and

F(A，％)=max{expD(_x)：X∈V(D)and lxl=％)

are called the k-th second type and the k-th third type of generalized expo—

nents A respectively．

We also write exp(D，％)，f(D，k)and F(d，k)for exp(A，％)，f(A，☆)and

F(A，☆)，and call them the kth first，second，and third type of generalized

(primitive)exponents of D if D=D(A)with A∈鼠．
If finite，the k-th first type of generalized．exponent of A is the smallest

power of A for which there is a k×n all 1’s submatrix．the k-th second

type of generalized exponent of A is the smallest power of A for which some

k×n submatrix has no zero column．and the k-th third type of generalized

exponent of A iS the smallest power of A for which any女×n submatrix has

no zero column．

Consider a memoryless communication system，which is represented by a

digraph D【4，8，25]’Suppose that at time t=0，k vertices of D each holds
one bit of information．At time t=1 each vertex with some information

passes the information to each of its neighbors and then forgets its infor-

mation．But it may receive information from another vertex．The system

continues in this wav．

a If k vertices of D each holds one bit of information with no two of

the information bits the same at time t=0，the shortest time to

disseminate all the initial k bits of information is expD(％)．

b If the initial k bits of information are the same．the shortest time it

takes for all vertices to know the initial bit information is．，(D，％)．
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e If we choose the initial A vertices with the same information at ran—

dom，the shortest time it takes for all vertices to know the initial bit

information is F(D，A)．

Let e(A，☆)∈{exp(A，k)，f(A，☆)，F(A，k))be a function of A and M a

Boolean matrix class．Suppose e(A，k)<。。for A∈M．We are interested

the following problems．

(i)Maximum value problem：Determine the maximum value e(M，k)=

max{e(A，k)：A∈M)；

(ii)Extreme matrices problem：Characterize the matrices in i(M，％)=

{A∈M with e(A，k)=e(M，≈)}；

(iii)Index set problem：Determine the set言(M，女)={e(A，％)：4∈M)

2．1 Generalized exponents of primitive matrices

2．1．1 The first type generalized exponents

Suppose that A∈B。is primitive．Let D=D(A)，s be the girth ofD，and％

be an integer with 1曼％≤n．Suppose further that t is the largest outdegree

of vertices of the shortest cycleG．Then{31，40]，exp(A，k)≤s(n—t)+％，
from which it follows that[5]exp(A，k)≤s(n一2)+k．Another inequality

frequently used is[5J exp(A，k)茎exp(A，％一1)+1．
Some results are listed below．

1．Brualdi and Liu[5]：

exp(PB。，k)=n2—3n+k+2，exp(P&，k)=n一2+k

画币(PB。，％)and i昂(尸&，k)are determined by Shao et a1．【57】：A∈

gff-p(PB。，k)iff A一眠，A∈6面(PSn，k)iff G(A)is isomorphic to a
path with a loop attached to one of its end vertex(denoted by磁)if

k≥2，and G(A)is isomorphic to磁，the graph obtained by adding a
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loop to another end vertex of焉or a cycle(when n is odd)if k=1

Shao et a1．[5 7]and Liu and Zhou【31]proved that there exist a system of

gaps in exp(PB。，☆)，Shen【61]determined∈筇(PB。，1)and then Miao

and Zhang【37]determined 4筇(PB。，k)for 2≤％<n．Li and Shao

[18，53]proved that百吊(尸&，七)={1，’一，n一南+2)for 1≤k S孔一l·

2．Let Sn，r be the class of primitive symmetric matrices whose digraph

has odd girth r．Then Brualdi and Shao【9]proved

exp(％，胪n-l+(k-一2
r曼k≤n，

l丁k+lj一1，r一1)1≤☆≤r一1

A∈i两(&．，)册G(A)is isomorphic to G”，which is the graph ob—

rained by adding an edge between a vertex of a cycle of length r and
at

oneofthe end vertices ofapath oforder扎一rififk≥2，orisomorphie

to Gn 1 or the graph adding a loop at the other end vertex of the path

if☆=1．

expc尸兄Ⅳ。，*，={ini2三-i4in三+i5：+E!三i．三z一2
i面(尸R％，k)is chatracterized in Zhou[75]_

4．Let D％be the class of nearly decomposable matrices in Bn．(Note
that D品∈凡．)Liu(20】：exp(DNn，k)=n一1．Zhou[88]：6昂(DⅣn，k)=

{2，3，⋯，礼)．

5．Liu[22]：exp(PT=，k)=％+2．回(PTn，k)is determined by Zhou
and Shen[73]．

6．exp(PD。西％)=max{n一1，n—d一1+i)[34，38]．Miao，Pan and Zhang

【38]characterized partially g'齑p(PD。，d，％)and determined画吊(JP玩，d，☆)
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2．1．2 The second type generalized exponents

D(A1 has a cycle of length s with

，cA，m，≤{：：妥。一。一，，，。s；<。k，≤n，
and if kls，then f(D，女)茎1+s(n一☆一1)／％．

f(PB。，k)has not been determined It is conjectured in[5]that

，(P‰驴·+(2n-k-2)lTn-1j_lTn-1卜
Some results are listed below．

1．Brualdi and Liu 15j：

舻蹦，=卜w l半j]
^Psn，％)is determined by Li and Shao[is]，

2．Shao and Li[53]：Let s0 be the set of all primitive symmetric matrices

in Bn with zero trace．

删，啦旧∞儿铡1⋯k=2，or
4鲥如^

and冗so)={1，⋯，，(砩，纠)．

3．Liu f23]，Liu and Wang[30]：

f 3 南=1，礼≥4，

，(P％，女)={2 k=2，n≥4 or％=3，n≥11，

I 1 七=3，3≤礼≤10 or七≥3，4茎n≤k2‘一1—2．

D忙n

p]诂弱B吼∈r

A

i畔呸巾<一

S
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2．1．3 The third type generalized exponents

Suppose A∈PB。and D=D(A)

8(n一☆一1)+礼Note that F(A，n)=
t,he ease 1<k<n一1 here．

with girth s Then[26]F(A，☆)S
1 for any A∈PBn．we only consider

We list SOIIle known results as follows

1．Liu and Li[26

F(P_B。，女)=∽一％)∽一1)+1

Liu and Zhou【32]and Neufeld and Shen[40])determined F(PB。，☆)：

A∈F(Pjk，^)iff D(A)is isomorphic to D(u，n)if 1≤＆S n一2

and a(n，r)if女=n一1 where G(n，r)denotes a digraph containing a

Hamilton cycle and arcs(81，1)，(82，1)，⋯，(8r，1)，1 S S1<⋯<砖≤

扎一1，r 2 1，m，81，·．r，曲)=1．For F(尸鼠，∞，Liu and Zhou[32]
proved that if 1 S％≤n一4，there is no primitive digraph of order

n with(n一1)(n一％)一(扎一女一2)<F(D，k)<(礼一1)(n—k)and
if≈=n一2，n一1，there is no gap in the set of F(PBn，^)．The case

％=礼一3 was discussed in『771．

2．Brualdi and Liu【5

F(Psn，☆)=2(n—k)

Liu et a1．[28]characterized F(P&，^)．Li and Shao[18]determined
卢(P&，^)．

3．Shao and Li[53

F(Sn，O k)=

and户(尸&，女)={1

ddO．培

∽k参字p

<一

=

>一
南七尼

一

一

，

卜

●

¨功¨

啪

n

一

一

一

0Ⅲ”””僻

2

2

2

F

，●●●●●，、●●●【

．



4．Gao and Shao[10]

F(＆。女)

2f礼一k1

2(n—k)

r=1．

r>3．2七>礼+r一1

r≥3，礼一r+3曼2k

<n+r一2 where if

2『—3n—-_2kr-一r-2]+s，3n一2k—r三2(rood 4)
s=1 otherwise

8=0．

2(n一％)一r+1，r≥3，2k曼n—r+2

Zhou【76]characterized the extreme matrices in F(PRⅣn，％)

6．Liu[20]：F(DⅣ。，％)=n—k．Zhou[88]：F(DN。，％)is{2，3，．．．，n一女)
if 1 S k≤n一2 and{1)if k=礼一1．

7，Liu f23

F(P瓦，m)={nn一-k。++2，3,。k≤=。l’兰’礼
Zhou and Shell[7al determined the sets户(尸咒，女)

2．2 Generalized exponents of not necessarily primitive
matrices

Suppose A∈B。and D=D(A)．The condensation digraph D of D is the

digraph with vertex set

v=f声：Fis a strong component ofG)

l—n
<一

1％

=

<一
％2动一亿6七

一r

—n严

^4

1

一

一护m，●●J(1【
1l≈‰ⅣP

吣

F

2UL5



and there is aIl arc from最to F+2 in西ifand 0111y if日≠F2 and there is at
least one arc from some vertex of B to soine vertex of玛in D，
Let D be nontrival strongly connected digraph with period p(D)=P，let
"be a fixed vertex of D Let

K={“∈V(D)：1wl三i(mod P)for any walk W from V to／t)

(i=1，2，⋯，n)

Then K，K，’’‘，K form a partition of vertex set V(D)．U，K，·一，K are
called the imprimitive sets of D，K u K u⋯u K is called the imprimitive
partition of D【8]Shao and Wu【58]have proved the following important
theorem：

Theorem 2．1(1581)LetD=D(A)withA∈Bn andlet Fl，⋯，Fr be those
★ ★

8。””g。?唧D”ents old such that F1，⋯，Fr are all the vertices with indegree
zero in D．Let Pi be the period of the strongly connected nontrivial subdigraph
只1兰i S r．Then

(0 exp(A，k)<。。if and only矿D satisfies the following three conditions

(n)D has oⅡnig“e strong c。mponent(say，日)sueh thnt磊hns in
degree zero in当．

(b)The subdigraph F1 is a primitive digraph．

(c)lV(F1)I≥k．

(ii)f(A，k)<。o if and only if the strong components日，易，⋯，耳aT"e
nontrivial and k≥∑釜1 Pl

(iii)F(A，％)<。。矿and only妒H，⋯，Fr are all nontrivial and k>

min{IVijI：1≤i兰n1≤J≤Pi)where y(E)=Ⅵl u⋯u 1‰，
拒the imprimitive partitionⅣ最(矿只is nontrivia0．
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For symmetric matrix A∈风，the digraph corresponds to an undirected
graph G=G(A)．Shao and Hwang[51]provided the following simpler
conditions：Let,G1，⋯，Gr be Lhe connected components of G which are

primitive，B1，·一，Bs be the connected components which are not primit!ve

(namely bipartite)，where矿(Bi)=，砭u K is the bipartition ofⅣ(鼠)，1≤
i≤s，r．s≥0 and r+s≥1．Let k be an integer with 1≤％<n一1．

(i)exp(A，％)<00 if and only if G is primitive

(ii)f(A，☆)<。。if and only if k≥r+2s

(iii)F(A，k)<。。ifand only if

佗一k<min{IV(a1)I，·．．，Iv(a，)I，1X，l，·一，Ix。{，lHI，-一，lK|)

A matrix A∈玩is called k-primitive(respectively，k-lower primitive，k～
upper primitive)if exp(A，k)<。。(respectively,f(A，k)<。o，F(A，％)<∞)．
A digraph D is called k-primitive(respectively，k-lower primitive，k-upper

primitive)if D=D(A)and A is k--primitive(respectively，k-lower primitive，

k-upper primitive)．

Let％，k，l(respectively,巩，k，2】％，女，3)be the class of all k-primitive(re—
spectively，k-lower primitive，k-upper primitive)matrices in Bn．

2．2．1 The first type generalized exponets

Theorem 2．2(【58，78])Suppose 7t≥4 and 1 S k≤扎．Then

』．exp(％^1，k)=(n一1)(n一2)+k and A∈画币(％，≈，1，％)谚D(A)is
isomorphic to D(％)．

2．exp(％，＆，l＼P晶，≈)=n2—5n+7+☆and A∈i面(％，％，1＼R，k)谚
D(A1 is isomorphic￡o the digraph obtained by adding a new vertex n

幻D(1％一1)and an are between vertices 1 and n．

Note that there is no non—primitive symmetric matrices in％．≈．1



2．2．2 The second type generalized exporters

Shao and Hwang[51]determined the set for f(D，A)for symmetric matrices

{1，2，·一，n—A)，2曼k S n一1

and tile set for f(D，k)for irreducible symmetric matrices in％，k，2，which is

≈)／l半J]))2曼k≤。一1
2．2．3 The third type generalized exponets

The exponent set for F(A，k)for symmetric matrices in％，k，3 is obtained in

[51]：
{1，2，⋯，2(n一％))，n／2+1≤k≤n一1．

For simplicity，we denote the class of digraphs D such that D=D(A)with

A∈％^3 by UP(n，k)．
In the following we first study F(A，k)in％，咿3
Recall that for a nontrivial strongly connected digraph D，the period of

D，denoted by p(D)，is the greatest common divisor of all cycle lengths of D，

and its vertex set can be partitioned into P imprimitive sets sets K，⋯，K
whose all arcs originating in K enter K+1(K+l is interpreted as H)．Let D。

be the kth power of D．Thus D^has the same vertex set as D and there is

an arc from vertex X to vertex Y in Do if and only if there is a walk of length

％from X to Y in D．It is well known that if D is a strong digraph with period

P then DP is the disjoint union of P primitive subdigraphs with vertex sets

K，⋯，K(see[8])．
The following lemma is a fundamental tool in the stduy of the third tpye

of generalized exponents of k-upper primitive digraphs．

Lemma 2．3 Let D be a digraph o}ordern and let Fl，·一，B be those strong
★ ★

components o!D such that F、?⋯}FT叫e all the vertices with indegree zeFo
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in夺．Let v(Fd=K1 u．．．u％。be the impriraitive partition of只，where
p(只)=pi，1 S i≤r．Let S be the maximumⅣthe lengths ofthe shortest

cycles of F1，·一，—■．巧D∈UP(n，％)，1≤％S n一1，then

F(C，k)≤s(n—k一1)+7z

Proof．Let X∈V(D)with f．xf=k．Let V(最)=vii u···u l{“bc
the imprimitive partition of只(if R is nontrivial)，1 S i S 7’，1≤J S pi．

By Theorem 2．1(iii)，we have％>min{IVOI：1曼i≤r，1≤J S仇)，which

implies that．X n K，≠0 for 1曼i兰r，1≤i S Pi．Let X nⅥ，=XO，

f墨，I=ol』，x’=U：1U銎1五J，k’=∑21∑JP：11觑J．Then X 2 x’and

k≥％’．Suppose D’is the subdigraph induced by the vertices of F1，⋯，Fr
and lv(c’)l=∥．Clearly we have n—n’≥％～∥．

since赢，⋯，声r are all the vertices with indegree zer。in刍，we know
that for any vertex Y in D．there exists a walk from some vertex of some只

(1≤i曼r)to Y．Suppose 8i be the length of a shortest cycle of R．We

have 8t茎s It is easy to see that there exists a vertex，say z，in some cycle

of length S。such that there is a walk of length n一民from o toⅣ．Suppose

Z∈％．
Note that pdst，and耳。is the disjoint union of鼽primitive digraphs with

vertex setsⅥ¨．．，K”Let只，be the compoment of碍’with vertex set％．
Then there is a loop on z in R，．So there exists a vertex卫∈X巧∈X such

that there is awalk oflength 1％I—ko，and hence oflength n一％from

z to。in只j since n—k≥∥一k’=∑麓：1∑器(1％tI—kmt)≥1％I一☆巧，
which implies that there is a walk of length si(n—k1 from z to z in D．We

concludethatthereis awalk oflengthn一8i+sdn一％)=8i(n一％一1)+n，
and hence of length s(n—k一11+n from z to Y in G．It follows that

expG(x)≤s(n—k-1)+n．So we have F(G，k)=max{expD(X)：X￡V(D)，
and IXl=☆)≤s(n—k一1)+竹． 口

Lemlna 2．4([5，32】)For 1≤≈≤n

南)+1 andF(日。，k)#(n一1)(礼一k)

1，we have F(w么，k)=(n一1)(n—
where I-I．is the digraph obtained by



adding an aFc(n，2)to啊L

The following lemma is a generalization of a result in吼where it was
t)roved for a primitive digraph．Here D is not necessarily primitive．

Lemma 2．5 Let D∈UP(n，n一11 be a strongly connected digraph，and let

8 and t(S<t)be，respectively the length of a shortest and the length巧a

longest cycle o}D．Then

F(D，n一1)Smax{st一8，t)

Proof．Letx∈V(D)with f义}=％一1．
Case 1 X contains a cycle C．Suppose the length of C is r，where

s≤r S t，Then every vertex of D is reachable from some vertex of C，and

hence from some vertex in X，by awalk oflength n—S since n—s≥n—r．

Case 2．X contains no cycle．

Let V(D)＼x=扣}．Then n lies on every cycle of G．Take a cycle G
of length t．Then all vertices except n are reachable from some vertex in

V(Q)＼{u)，and hence from some vertex in X，by a walk of length t．

Note that D must contain a cycle with length less than t．Suppose G

contains a cycle C’with length q where s曼q<t．Write t。mq+r，where
r is a integer with 1≤r S q．Clearly，there is a vertex o∈V(G)＼{u)such
that there is a path oflength r from z to n in D．By attaching the cycle
∥m times to this path．we get a walk oflength t from o∈X to n．

Combining cases 1 and 2，every vertex of D can be reachable by a walk of

length max{n—s，t)from some vertex in x，which implies that exPD(X)S
max{n—s，≠)，and hence F(D，n一1)≤max{n一8，≠)． 口

Lemma 2．6 Suppose D is not strongly connected with the only nontrivial

strong component F，and that F is the only strong component whose torte～

印。nding vertex in G+has indegree ZCFO．Let x∈17(G)，X n 17(F)=_Y1，

Ixll=k1≥1．玎F(F)k1)<o。，and d=max{d(只Y)：Y∈V(G)＼V(F))，



wheFe d(F，Y)=min{d(∞，Y)：X∈V(F))for a given venex Y∈V(D)＼y(F)
ThBn

expD(x)≤F(F，％1)+d．

Proof．It is ohvious that each vertex in V(F)can be reachable by a

walk of length r for all r≥F(F．k1)from some vertex in X1∈x．For

any vertex Y∈V(D)＼V(F)，there exists a vertex，say X∈V(F)，such
that d(x，Y)=i，where 1 S i S d．Note that there is a walk of length

FfF k11+d—i from some vertex in X】to X．So there iS a walk of length

F(F k1)+d=[F(F1≈L)+d—i]+ifrom some vertexinXl to”，via。．Hence

expD(x)≤expD(X1)≤F(F，h)+d．

口

Let L(D)denote the set of all the distinct cycle lengths of a digraph D．

Theorem 2．7 Let D∈UP(n，☆)，1茎％曼n．Then F(D，％)茎(n一1)(n～
≈)+1，and this upper bound is best possible．

]Proof．Since D∈UP(n，☆)，it follows from Theorem 2．1(iii)that the

strong components of D corresponding to vertices of D with indegree zero

are all nontrivial．Let S be the nlaximum of the lengths of the shortest cycles

of these components．

If D is not strongly connected，then clearly we have s≤乱一1．

If D is primitive．then 8 is the length of a shortest cycle of D．By the

primitivity，we have S≤礼一1．

If D is strongly connected but not primitive，we also have 8≤n一1；

otherwise D is a cycle of length n，p(D)=n，and it follows from Theorem 2．1

(iii)that n—l>％一min{lKf：l S i≤％)=佗一1，where K u·-·u K is

the imprimitive partition of D，which is a contradiction．

Hence we have 8≤n一1．By Lemma 2．3，

F(a，k)墨s(n—k一1)+n
≤(n一1)(礼一k一1)+n
=f扎一1)(n—k)+1．
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By Lelnlna 2．4，there is a digraph I％∈UP(n，1)∈uP(n，☆)with

j1(w名，k)=(／／,一1)(n—k)+1．So the upper bound is best possible． 口

Let F(n，％)=max{F(D，k)：D∈UP(n，k)>be the maximum value for

the k-th upper generalized exponents of the digraphs in UP(n，k)．It follows

from Theorem 2．7 that F(n，％)=(n一1)(n—A)+1．

Theorem 2．8 LetD∈UP(n，七)，1≤七冬n一2，ThenF(D，k)=F("，七)=

(n一1)(n一＆)+1矿and only玎D is isomorphic to w0．

Proof．IfDisisomorphictol4名，thenF(D，七)=F(w名，k)=(扎一1)(n～
≈1+1 by Leinma 2．4．

Now suppose F(D，k)=(n一1)(n一％)+1 for some k，1≤k墨n一2．Let
s be the maximum of lengths of the shortest cycles of those components of D

whose corresponding vertices in D with indegree zeroj and let虻U％U···U巧

be the imprimitive partition of D，where P=p(D)．As verified in the proof
in Theorem 2 7，we have s曼n一1．

If s<n～2．then by Lemma 2．3，

F(D，k)≤(n一2)(n—k一1)+n
=(n一1)(礼一k)+％+2一n

<(n—1)(n—k)+1，

which is a contradiction．Hence S=n～1．

If D is not strongly connected。then there is exactly one component，say

F，whose corresponding vertex in D with indegree zero．Note that the length

of a shortest cycle of F is n—l and n≥3．We have p(F)=n一1=Iv(r)1．
By Theorem 2．1(iii)again，we have k>n一1，which is also a contradiction．

Hence G is strongly connected．

If D is not primitive．then D has only cycles of length n一1．We have

p(D)=礼一1 and min{Wil：1≤i≤p)=1．By Theorem 2．1(iii)，we still

get to a contradiction．Thus D is primitive and L(D)={n一1，n}．It can be

easily verified that D must be isomorphic to-％or珥I．If D is isomorphic to
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Hn，then by Lelnrila 2．4，we have F(D，k)=F(月j：k)<(n一1)(n一≈)+1，
which is a contradiction．We conclude that D is isomorphic to 1％． 口

Let n。，m(2 S fn S n)be the family of digraphs D=(KE)such that

V={1，2，·一，n)，'El∈E∈E1 U E2 and E≠E1 where E1={(i i+

1)：1茎i墨札一1}u{(m，1))，E2={(i，1)：1兰i茎rH一1)，and let

n。=Q。．2U··-Uf2。m．

Theorem 2．9 Let D∈UP(n，n一1)．Then F(D，n一1)=礼if and only if
D is isomorphic￡。some digraph in Qn．

Proof．If D is isomorphic to some digraph D1 in Qn．m，where 2 S m茎n，

suppose D=D1．Letx={2，·一，州-．
For m+1≤i S n，the only walk from i to礼is of length n—i．For

2≤i≤m，tile length of any walk from i to n is either礼一i or at least

fn—i1+i=n．Then there is no walk of length n一1 from any vertex in

x to n，which implies that F(D，n—1)=F(D1，礼一1)≥expD，(X)≥礼．
Since F(D，礼～1)≤n by Theorem 2．7，we have F(D，佗一1)=n，
Conversely，suppose F(D，n一1)=expD(x)=n，where。Y∈V(D)，

Ixl=n一1 and V(G)＼x={札)．We are going to show that D is isomorphic
to some digraph in‰'m
If there is a cycle C of length r not containing“，then for any V∈V(D)，
there iS a walk of length礼一r from some vertex in X to V，which implies

that F(D，仃一1)<扎，a contradiction．Hence¨is contained in all cycles of

D．

Case 1．D is strongly connected and lL(D)I≥2．Let S and t be，respec—

tively the length of a shortest and the length of a longest cycle of G．By

Lemma 2．5，we have礼=F(D，n一1)≤in&x{n～B，t)．So t=n．Assume

(1，2，·一，n，1)be a cycle of G with u=1．Note that there is no arc(i，J)
for all 2≤i+1<J S n；otherwise there is a walk oflength礼一1 from sonic

vertex in．x to孔，which implies that expD(x)S n一1，a contradiction．Now
silme 1 is contained in all cycles of D，we have D∈QM．



Case 2．D is strongly connected and iL(D){=1 Suppose L(D)=如}
Then p(D)=P．Since u is contained in all cycles of D，there is a set K in the

imprinfitive partition HU···u％ofG such that K={¨)．By Theorem 2．1

(iii)，we have礼一1=1xI>n—min{I巧l：1≤J≤p)=札一1，which is a
contradiction．

Case 3．D is not,strongly connected．Since there is a vertex¨containing

in all cycles of D、D contains exactly one nontrivial strong component F．

By Lemma 1，the indegree of F in D is zero and the indegree of every vertex

of V(D)＼V(F)in D is not zero．If lL(D)l=1，by a similar argument as in

Case 2，we get a contradiction．Suppose f三徊)i=fL(r)f≥2，Iv(K)f=m，
2≤m S n一1，X1=x n v(F)and lXlI=k1．Clearly k1=m一
1 Let d(只Y)=min{d(x，∥)：z∈V(F))for Y∈V(D)＼V(F)，and d=

max{d(F：g)：Y∈V(G)＼V(F))．Then we have d≤n—m．
IfF(F{^1)≤仃a一1，then by Lemma 4．2，we have F(D，付一1)S F(只k1)+

7／,一m S n～1，which is a contradiction．Hence F(E岛)=m．Now it follows

from the proof in Case 1 that F is isomorphic to Solne digraph in nm．m

SupposeF∈nm’m

Note that for any i∈V(F)＼{m)，there are two vertices il，i2∈V(F)
(il≠i2)，such that there are walks of length仇一1 from both il and i2，If
there is a vertex J∈y(D)＼V(F)，such that(i，J)is an arc of D，then any
vertex of D is reachable by walks oflength at most m一1 4-n—m=n一1

from both il and i2，which implies that F(D，n一1)墨n一1，a contradiction，
ttence there is an arc from vertex m to some vertex in y(D)＼V(F)．
We conclude that the vertices of m，m 4-1，⋯，砧induce a path of length
n—m，and there is no arc(i，J)with 1≤i<m，m+1≤J≤礼；otherwise
we have d<佗一”z，and F(D，礼一1)≤F(E”z一1)4-d<m+亿一m=扎by
Lemma 4．2 which is a contradiction．Suppose m，m+1，-一，n induce a path

oflength礼一m with arcs(i，i+1)where m S i≤n一1．Then D∈nn．m．口

It can be easily seen that if2。，mf=2”一1—1 and fQ。f=∑象：2 fQn，。
2”一n一1．We have



Corollary 2．10 The non—isomorphic cTtrcH；C digraphs in UPfn，n一1)诂

2“n一1．The minimum nttrltber of arcs 0，the e2,t,reTite digraphs in UP(n，n一

1)is n+1；among those non—isomorphic digraphs with n+1 arc8，there are

n一1 strongly connected digraphs and妒(n)primitive digraphs，where妒(n)is
the Euler's toitient function．The maximum number of arcs of the extreme

digraphs in UP(n，n一1)i,s 2n～1，and there is only one non—isomorphic
such digraphs．

In the following we will make some discussion about the exponent prob—

lem，that is，these numbers attainable as k-th upper generalized exponents．

Let E(n，k)={F(G，k)：G∈UP(nj％))．It follows from Theorem 1 that

E(n，k)￡{1，2，·一，(礼一1)(n一％)+1)．Since UP(n，k)∈UP(n，k+1)，we
have E(礼，％)∈E(n，k+1)for 1≤☆≤几一1．

Theorem 2．11 For 1≤惫≤n一3，and any integerm with(n一1)(n—k)一

(n一≈一2)S m≤(礼～1)(n一≈)一1，there is no digraphD∈UP(n，％)with

F(D，k)=m andm仁E∽，％)．

Proof．Suppose D∈UP(n，纠．It follows from Theorem 2．1(iii)that
the strong components of G corresponding to vertices of D with indegree

zero are all nontrivial．Let S be the maximum of the lengths of the shortest

cycles of these components．

If D is not strongly connected，then clearly we have S≤礼一2；otherwise

8=n一1 and there is only nontrivial component，say F，of D．So p(F)=1．

By Theorem 2．1(iii)，七>％一l，a contradiction．

If D is strongly connected but not primitive，we also have 8 S n一2；

otherwise P=p(D)=札一1 or n，and it follows from Theorem 2．1(iii)that

n一1>礼一inin{JKJ：1曼i≤p)=n一1，whereⅥU···u K is the

imprimitive partition of D，which is a contradiction．

If D is primitive．then 8 is the length of a shortest cycle of D．By the

primitivity，we have s茎n一1．
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Case 1．s S n～2．By Lemma 2．3

F(D，k)茎s(n—k一

茎(n一2)(竹

=(n一1)∽

11+扎

一k一11+n

—k)+1一(n一≈一1)

Case 2．s=n一1．We have shown that D is isomorphic to％or风．
By Lemma wh，we have F(D，k)≥(n一1)(n一％)．

ByCasesl and 2，F(D，k)is eitherlessthan(n一1)(n一％)一(n—k一2)or
at least(n一1)(n一％)，which implies the desired result． 口

Theorem 2．12盯^=n 1 OT n，then E(n，k)={1，2，⋯，F(n，≈))

Proof．By Theorem 2．7，we have E(n，k)∈{1，2，⋯，F(n，^))It is

proved in[3】that for k=扎～2 or佗一1，and 1 S m S F(扎，七)，there
is a digraph D∈UP(n，1)such that F(D，k)=m．Note that UP(n，1)

∈UP(n，惫)for七≥1．We have{1，2：·一，F(佗，七))c E(n，七)．Hence

for k=n一2 or n一1

E(％k)={l，2，⋯，F(n，七))

口

Let U(n，k)be the class of ministrong digraphs D such that D=D(A)
with A∈％．k．3．Now we turn to study F(D，％)in u(n，≈)．
LetG"bethe digraphwith vertex set{1，2，⋯，n)and arc set{(i，。+1)：

1茎i≤n-2)u{(礼一1，1)，(n，2)，(s，n)}where 2茎s≤n一2．Clearly Gn，n一3
is primitive if n is even．We have by Theorem 2，l(iii)that Gn．Ⅱ一3 is k-upper

primitive if and only if％≥(n+3)／2 when礼is odd．If n j 1(rood 3)，
then by Theorem 2．1(iii)again Gn．n一4 is k-upper primitive if and only if

☆≥(2n+1)／3+1．Let

，(。，☆)：f n，2
【ln

4n+6

1)2一％(n一2)

if k=1．

if 2<南<札



We Say vcl rex“is a t-in vcrtcx of VCI'tCX T，if there is a walk of length t
from"／／t,o zJ，and the set of all t—in vertices of tJ in D is denoted by RD(t：口)．
Then IRD(￡，")I≥n—k+1 for all"∈V(G)implies expD(x)S t for any
X∈V(D)with IXI=k and hence F(D，k)S￡．

Lemma 2．13([76])For 1≤％≤礼，We have F(G。m 2，％)=，(礼，％)

Lemma 2．14 For(n+2)／2墨k墨n一2，Ⅲe have F(Gn,n--3，k)=，(n，％)
fn一南一11．

Proof．Let D=Gn,n 3，t=户(n，k)一(n—k一1)=(n一1)(n一2)一☆(n一3)
and≈=n—r．Then r≤(几一2)／2．As may be verified，We have

RD(￡，1)={礼，1，3，⋯，2r一1)，

Ii：D(t，2)={n一3，n一1，2，4，⋯，2r)，

RD(t，3)={n，1，3，5，⋯，2r+1)，

Rv(t，i)={i一2，i，i+2，．．．，i+2r一2)，4≤i 5 n一2r+1

RD(t，n一2r+J)

{n一2r+J一2，n一2r+J，．．．，n一2，1，3，．．．，J一1)

if礼+J is odd and 2茎J S 2r一2，

{n一2r+J一2，n一2r+J，．．．，n一1，2，4，．．．，J一1)

ifn+J is even and 3≤J曼2r一1，

RD(t，礼)={n一4，n一2，n，1，．．．，2r一3}

Hence【RD(t，i)I≥r+l=n—k+l for all i∈y(D)．This implies F(D，k)≤t．
On the other hand，let X0=V(D)＼{2，4，．．．，2r}．Clearly|X0l=k．
Since／?D(t一1，1)=(2，4，⋯，2r}，there is no walk oflength t一1 from any
vertex in X0 to vertex 1 and hence F(D，k)≥expD(X0)≥t．It follows that

F(D，≈)=t=，(n，k)一(礼一k一1)， 口



Lemma 2．15 For(2n+1)／3+1≤k≤n一2，We have F(C。一4，k)
厂(n，k)一2(n—k 1)．

Proof．Let D=G。，。一4，t=(n一1)(n一3)一k(72—4)．By similar

arguments aS in Lemma 2．14，we have lRD(t，i)l≥n—k+1 for all i∈

V(D)：expD(X0)≥t where X0=V(D)＼{2，5，．．．，3∽一☆)一1)and hence

F(D，k)=t=7(n，k)～2(n—k一1)，as desired． 口

Let巩，5 where 3 S 8 S跑一1 be the digraph with vertex set{l，2，．．．，n}
and arc set{(i，i+1)：1≤i≤n一1)u{(2，1)，(s，2)，(n，3))．Clearly
L(凰，s)={2，8一i，n一2}．If％．s is nOll—primitive，then n is even，8 is odd，
p(巩．。)=2．By Theorem 2．1(iii)，巩，s is k-upper primitive if and only if

k≥n／2+1．Let珥where礼≥5 be the digraph with vertex set{1，2，．．．，n，
and arc set{(i，i+1)：2≤i≤n一1)U((1，3)，(3，1)，(3，2)，(佗，3)}，and let

联where n≥6 be the digraph with vertex set{1，2，⋯，n，and arc set

{(i，i+1)：1≤i茎n一1)U{(3，1)，(n，3)}．

Lemma 2．16可D is one oithe digraph风，。m≥4J，砩m≥5J or霹
m≥6，，then F(D，札一1)=n一2．

Proof．It follows from Lemma 2．5 that F(a，n一1)墨n一2．Conversely，
Since there is 110 walk of length n一3 from any vertex in j，0=y(G)＼f3)to
vertex n，we have F(a，札一1)≥expG(Xo)≥n一2． 口

Lemma 2．17 For any D∈u(几，k)with 1 S k兰n一1，F(D，k)≥2

Proof．Let D∈u(札，☆)．Then there exists a vertex V∈V(D)such that
its indegree(also outdegree)is 1．Let(U，V)be the unique arc incident to u．

Take X0∈V(D)＼{“)with lX0}=k，we have F(D，k)≥expD(X0)兰2． 口

Let g(n，k)={F(D，k)：D∈U(n，％))．Clearly E(n，扎)={1)．Lenlma
2．18 is a generalization of[47，Lemma 2．3]-

Lemma 2．18 E(n，k)∈E(n+1，k+1)



Proof．Let m∈￡(礼，k)．Then there exists a digraph D∈u(礼，南)with

F(D，k)=m．Hence for any subset x∈V(D)with lxl=A we have

exp，J(．Y)曼"z，and there exists a subset X0∈V(D)with lxoI=k such

that exp，)(xo)=m．Adding a new vertex U to D such that u has the same

adjacency relations as some vertex in Xo，we get a digraph D1．Clearly D1

is ministrong．Since D∈u(n，k)，we know that D1∈u(n+1，☆+1)．
Let xl∈V(D1)be any subset of V(D1)with 1x1 I=k+1．Then we have

expD，(x1)S expD(x1＼{u))兰m and expDl(x0 u{u})=eXpD(X0)2 m·It

follows that m=F(D]，k+1)∈￡(n+1，％+1)． 口

Theorem 2．19 Let D∈U(n，％)，1≤％S n．Then F(D，k)茎，(n，^)，and
this upper bound is best possible，

Proof．Let h and t be respectively the smallest and the largest cycle

lengths ofD and p(D)=P．Suppose thatⅥuKu‘·‘uK is the imprimitive

partition of D．

Case 1．k>他一1 or k=i．It is obvious that F(D，n)=1=Y(n，n)．If
A："一1．we have t<n一1 by Theorem 2，1(iii)and hence F(D，n一1)≤

max{n～h，￡)≤n一1=F(礼，礼一1)by Lemma 2．5．The case k=1 is

proved in[7]
Case 2． 2<k<礼一2． First suppose that D is non—primitive． By

Theorem 2．1(iii)，h<n一2．If h=n一2，then佗一1，n仁L(D)since D is

non—primitive and ministrong．Hence P=p(D)=礼一2 and min{IKI：1≤

i≤p)S 2．By Theorem 2．1(iii)，％>n—min{IVil：1≤i≤n一2)2 n一2，
a contradiction．Hence we have h S n一3 if D is non—primitive，Suppose

that D is primitive．Then h≤n一2．If h=扎一2，then it can be easily

checked that D must be isomorphic to Gnm一2．It follows that h≤n一3 or

GisisomorphictoG。2for 2≤☆S n一2．

Case 2．1．h<n一3．By Lemma 2．3，

F(D，k)S n+h(n—k一1)曼n+(％一3)(n一％一1)
S(％一1)2一k(n一2)=．F(n，女)．



Case 2．2．D is isomorphic to G。，2．By Lemma 2．13，we have F(a，A)=

r(a。。2，％)=U(n，☆)．

Combining Cases 1 and 2，we have F(D，☆)≤F(n，≈)for 1茎％≤n．
Note that Gn,n--2∈V(n，1)垦u(n，k)for all 1≤k≤n．By Lemma 2．13，
the upper hound F(n．☆1 is best possible． 口

Since F(D，n1=1 for any ministrong digraph D of order n，we only

consider the case 1≤％≤％一I．Recall that if a non—wimitive D of order n

is k-upper primitive，then we have k≥n／2+1．

Theorem 2．20 Let D∈u(n，％)＼u(n，1)yor n／2+1 S k≤n一2．Then

F(。，☆)≤f(n,k)-(n-k-1)。)玎ifnn拈is eo"dedn,．

Furthermore?equality holds in the above two cases毽and only毽D is iso—

morphic to Gnm_3 Or Gn．n一4 respectively．

Proof．Let h be the smallest cycle length of D．Note that D is non—

primitive．From the proof of Theorem 2．19，we have h曼n一3．

Case 1．h≤n一5．By Lemma 2．3，

F(D，k)茎n+九(礼一克一1)茎佗+(礼一5)(n—k一1)
=厂(n，％)一2(n

墨，(n，％)一2(n

k一1)一(札一☆一2)

k一1)．

Case 2．h=礼一3．Then h≥2 and n≥5．Since D is non—primitive

and ministrong，we have礼一2，n g L(G)．By Theorem 2．1(iii)，we have

L(D)≠n一3)and hence L(D)=n一3，n一1)where礼is odd．It can be

easily checked that D must be isomorphic to Gn．n一3．

Case 3．h=n 4．First suppose礼=6．We have☆≥6／2+1=4，
and SO％=4．Since h=2，it follows that D iS symmetric and hence

F(D，4)≤2(6—4)=4<7=U(6，4)一2(6—4—1)by[51，Lemma 4．1]，
or D is isoInorphie to DO)or_D(”，where V(D(1’)=y(D(2))={i：1≤
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i墨6)，E(D(1’)=E U{(3，6)，(6，3))and E(D(2))=E u{(5，6)，(6，5))with
E={(1，2)，(2，3)，(3，4)，(4，1)，(2，j)，(5，2))，and it can be easily checked

that F(D(“，4)=4，F(D(2】，4)=5 In the following we suppose n≥7．By
Theorem 2．1(iii)，we have IL(D)I≥2．Note that D∈U(n，n一2)＼u(n，1)．
Case 3 1．n—l∈L(D)．We carl readily show that L(D)={n一4，n一1)，
n i 1(mod 3)and D is isomorphic to the digraph Gn，n 4．

Case 3．2 n一1仨L(D)．Then L(D)={n一4，礼一2}and n is even．Take

a cycle C of length n一2．Then there are exactly two vertices，say x and 9，

lying outside C．

Case 3．2．1 G contains one of the arcs(x，Y)or(Y，z)，say(x：Y)Since

n>6，(Y，z)is no an arc of D．Since D is strong，there exist vertices

“and u such that(“，x)and(Y，v)are both ares of D．Note that D is

ministrong and L(D)={扎一4，n一2}．It follows that D is isomorphic the

digraph G with v(c)={l，2，．．．，n)and E(G)={(i，i+1)：1≤i≤
n一3)U{(n一2，1)，(扎～5，n一1)，(n一1，n)，(n，2))．SupposeD=G．It can

be easily seen that lRG(Y(?2，k)一2(n—k一1)一1，i)1≥佗一％一1 for all

i∈y(G)，which implies that F(D，k)≤厂(札，k)一2(n—k一1)一1．
Case 3．2．2 Neither(o，Y)nor(Y，x)is an arc of D．Then here exist vertices

札，"，“’，v’in C such that(u，z)，(z，刨)，(u’，可)，(Y，v’)are all arcs ofD．Let T1
an(1 T。be the distances in C from u to u and from仳’to v’respectively．Note

that L(D)={礼一4，n一2)and D is ministrong．It is easy to see that rl=4

or”2=4．Suppose 72 2 4．Then the subdigraph induced by vertices in

V(G)＼{z)is isomorphic to G1=G(。一1)，(n—1)-3 Suppose G1 is a subdigraph
ofD with V(D)=v(a1)u{n)，z=礼，where(札，n)，(n，u)are arcs ofD with

“，”∈V(G)．Let X∈v(a)with lXl=☆andt=Y(n，k)一2(佗一k一1)一1．
Every vertex i∈V(G)＼{扎)can be reachable from some vertex in x＼b)

by a walk of length expG，瞪＼{扎})and hence of length t．This is because

expG，(x＼{n))≤F(G·，k-1)=(n一2)2一(k-1)(礼一3)一n一2一(k一1))=t．
Let f“，Ⅱ1)be the unique arc in C incident from vertex u．If“≠1，then

vertex n can be reachable from some vertex in x＼{扎))by a walk of length

t．This is because any walk to ul must pass the arc(u，“1)．Suppose u=1．
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Then we inust have u=3 or"=5．If u=3．then it iS easy to see

that RD(t，n)={n，2，4，．．，2(n一^)}；if u=5，then RD(t，n)={m"一

2，4，6，．．．，2(n—k)}．in either case，we have lRD(t，n)I=佗一％+1，implying
that vertex n can be reachable from some vertex in X by a walk of length t．

Hence F(D，k)=expD(x)茎t=Y(n，k)一2(n—k 1)一1．

Combing Cases 1，2 and 3，we have F(D，k)S户(n，☆)一2(n—k一

1)一1<，(礼．k)一2(礼一七一1)or D is isomorphic to G。一一3 or Gnm一4 for

n／2+1≤％S n一3．

Suppose七=n一2．If h S n一6，then F(a，n一2)≤n+h≤2n一

6<Ffn，k)一2(n—k一1)．If h=n一3 or札一4，we have proved in

Cases 2 and 3 that G is isomorphic to Gn n一3 or Gn．n一4．We only need to

consider the case h=n一5．By similar arguments as in Case 3，we have

F(a，扎～2)曼2n一6<．F(n，k)一2(n一≈一1)．
By Lemmas 2 14 and 2．15．the theorem iS proved．

”” 口

Theorem 2．21 Let D∈u(n，k)，1 S k S n一2．Then F(D，k)=．芦(扎，k)

玎and only玎G is isomorphic to GM一2．

Proof．The case k=1 is proved in[7】Suppose％>1．IfD is isomorphic
to G。．。一2，then F(D，％)=F(C。，。一2，k)=7(n，％)by Leinma 2．13．

Suppose F(D，R)=Y(n，≈)．Then G is primitive；otherwise F(D，％)S

F(n，k)一(礼一k一1)<．F(礼，％)by Theorem 2．20，which is a contradiction．

Now it follows from[76，Theorem 2]that G is isomorphic to Gn,n--2． 口

Theorem 2．22 LetD∈U(n，扎一1)，ThenF(D，儿一1)=F(珏，n一1)=n—l
玎and only ifD is isomorphic tD 80盯te digraph Gn，s with 2≤S茎札一2．

Proof．Suppose D is isomorphic to some digraph G"with 2≤s S

n一2．Take X0=V(G)＼{2)．It can be verified a8 in[76]that there does

not,exist any walk of length n一2 from a vertex in X0 to vertex 1，which

implies that F(D，n一1)≥expD(Xo)2礼一1．By Theorem 2．19，we have

F(D，n～1)=n—1．
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Now suppose F(D，n一1)=expD(x)=n 1 with V(D)＼x={u)．If
there is a cycle C of length r not containing U，then for any"∈V(D)，there
iS a walk oflength n—r from a vertex in X to V．Note that r>1．We have

F(D．n一11<n一1．a contradiction．Hence u is contained in a11 cycles of D．

It follows from Theorem 2．1(iii)that lL(D)l≥2．Let h and t be respectively
tile smallest arid the largest cycle lengths of D．By Lelnnla 2 5．we have

n一1=F(D，n一1)曼max{rL—h，t)Sot=n一1．Assume(1，2，．．，礼一1，1)
is a cycle oflcngth礼一1 of D．Since D is strong，there exist V andⅢ(V and

W may be equal)in{l，2，⋯，n一1)such that(V，n)and(扎，W)are arcs of

D．Suppose W=2 and"=S．Then G contains a subdigraph Gn．s．Since

D is ministrong，it is clear that G has no arcs other than those in Gn，s and

s≠1．Note that IL(D)l≥2．We have 8≠札一1．Hence D is isomorphic to

some Gn．s with 2茎S≤％一2． u

Corollary 2．23 The numbers吖non—isomorphic digraphs and primitive di—

graphs of order礼with the(n一1)一th upper generalized exponents equal to

n一1 are n一3 and妒(n一1)一1 respectively，where妒is the Euler's toitient

如netion．

Theorem 2．24 Let D∈U(n，礼一1)，礼≥4．Then F(D，礼一1)=厂(n，礼一

1)一1=n一2矿and only矿D is isomorphic to some digraph风，s with

3 s s≤n一1，碟or联．

Proof．Suppose D is isomorphic to some digraph风．5 with 3≤S≤n一1，
明or碟，we have F(D，佗一1)=n一2 by Lemmas 2．16．

Conversely，suppose F(D，札一1)=expD(x)=n-2 with x=V(G)＼{扎，．

By Theorem 2．1(iii)，we have L(D)≠{n一1)and L(D)≠{n)．If IL(D)I≥2，
then D has no cycles of length n，and D has no cycles of length n一1 by

Theorem 2．22 and thefact F(D．n一11=n一2<n一1．Hence for any cycle

of D with length r，we have 2≤r曼n一2．

Case 1．X contains a cycle C of length r with 2≤r S佗一2．Then

n一2=F(D，n一1)=expG(．x)≤n—r．We have r S 2，and hence r=2．



Suppose v(c)={z1，x2}Let di=max{da(x{，Y)：Y∈1厂(D)＼V(c))for
i=1，2．Then d=rain{d1，d2}茎n一2．We have d=n一2；otherwise we
have d S n一3，and hence F(D，礼一1)=expD(。x)≤expD{z1，X2}≤n～3，
a contradiction It follows that D contains a subdigraph which iS isomorphic

to the digraph D with vertex set{1．2，⋯，n)and arc set{(i，i+1)：1≤
i≤n一1)U{(2，1)}．Suppose D is a subdigraph of D with zl=1，z2=2，

d2=da(2．礼)=n一2．Clearly there is no are from i to J in D with J—i>1．
Ⅵk have 3彰．x；otherwise F(D，n一1)=expD(x)≤expD({1，2，3))S
n一3，a contradiction．Also vertex n is on some cycle with length n～2：

otherwise F(D，礼一1)=expD(x)≤expD({1，2，n})≤扎一3，a contradiction．
Hence there iS an arc frorn vertex佗to vertex 3．To ensure that D iS rain—

istrong，there is also an arc from some vertex S to vertex 2 with 3 S 8 S n一1

and nO other arcs in G．Hence D is isomorphic to some digraph风．s with
3冬S≤n一1，

Case 2．X does not contain any cycle．Then¨is on every cycle of D．

Let t be the length of a longest cycle C of D．As the proof in Theorem 2．22．

we have jL(D)J≥2．Suppose G contains a cycle a of length g<t．Write

t=mq+r where仃l and r are both integers with 1 S r≤q．There exists

a vertex X∈V(G)＼{“)∈X such that there is a path oflength r from z to

¨in the cycle C．Attaching the cycle C1 to this path m times．we obtain a

walk of length t from z to u．Clearly any vertex except“of D is reachable

from itself by a walk of length t．Hence n一2=F(D，n一1)≤t．Note
that t S祀一2．We have t=佗一2．It follows that D contains a subdigraph
which is isomorphic to the digraph G’with vertex set{1，2，⋯，佗)and arc

set{(i，i+1)：3≤i≤n一1}U{(n，3))．Suppose D’is a subdigraph of G
withⅡ=3，

If vertices 1 and 2 are on a cycle，then vertices 1，2 and 3 forms a cycle

of length 3，D is isomorphic to碟；otherwise vertices 1 and 3，2 and 3 form
two cycles of length 2，D is isomorphic to霹． 口

LetⅢn be the family of digraphs

(扎≥6)．Let／(n)={毋。f and g(n)=
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风，(n≥4)，职m≥5)and瑶
f皿。n矿∞，1)f．It can be easily seen



that f(4)=1，．f(5)=3，，(礼)=礼 3+2=n一1 for n≥6，9(4)=0

g(5)=3 and for n≥6

9(n)=

佗一l

扎

(n

(n

2

2)／2

4)／2

if n is odd and％≠2(rood 3)：
ifnis odd and礼；2(rood 3)，
ifn is even and n≠2(mod 3)
ifn is even and n i 2(rood 3)

Corollary 2．25 The numbers of non—isomorphic digraphs and primitive di—

graphs o／order n with the(n一11一th upper generalized exponents equal to

n一2 are，(礼)and g(n)respectively．

By Theorems 2．22 and 2．24．we have the following

Theorem 2．26盯D∈U(n，n—1)＼u(n，1)，0r n≥4，then

F(D,n-1，≤{：二：／～fn-1溉is．删州me，
Equality in the above two cases holds遗and only ifD is respectively isomor-

phic to

(1)80me G。．。with 2≤s S n一2 and gcd(s，n一1)>1j

(2)some巩，。(n≥4)with 3茎s曼n一1 where s is odd，珥(n 2 5)or碟
∽三2(rood 3)and n≥8)．
The numbers of such digraphs in(1)and(2)are n～2一妒(n一1)and

f(n)一g(n)respectively．

We consider the case 1 S k≤n一1

Theorem 2．27 For 1 S k茎n一4，and any integer m with I(n，％)一(n一

七一2)+1 S m S j。(n，k)一1，we have m岳E(礼，七)．

Proof．Let D∈u(n，☆1 and let h be the length of a shortest cycle of

D．By the proof of Theorem 2．19，F(D，％)=F(n，k)(D is isomorphic to
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Gn，n一2)OI"h≤rl 3．Suppose h≤rl～3．If☆=1，by a result of[42]，we have

F(D，1)≤n+h(n一3)S n2—5n+9=F(n，1)～(n～1—2)．If 2 S☆≤n一4，
then by Lemma 2．3，F(D，k)≤n+h(n 女 1)≤，(n，k)一(n—k一2)．
Hence for any D∈UP(n，％)，we have either F(D，k)=F(礼，％)or
F(D，k)S，(n，^)一(n一％一2)． 口

Theorem 2．28 E(4，1)={6)，E(8，2)={4，5，6，10}．For n≥5，3n一5∈
s(n，扎一3)，3n一6掣￡(礼，n一3)．

Proof．If D∈U(4，1)，then it caD．be easily checked that D is isomorphic
to G4，2．Hence￡(4，1)={F(G4，2，1)>={6)．
Suppose D∈u(5，2)．Since 2<s／2+1，D is primitive．As is proved
in[76]，D is isomorphic to G5，3，D1，_D2 or Da，where V(D1)=V(D2)=

V(Da)={1，2，3，4，5)，E(D，)=E(G4，z)U{(2，5)，(5，2))，E(D2)=E(G4，2)u

{(1，5)，(5，1))and E(Da)=E(G4，2)U{(4，5)，(5，4))．It can checked readily
that,F(D1，2)=4，F(D2，2)=5 and F(Da，2)=6．Note that F(G叩，2)=
10．We have s(5，2)={4，5，6，10}．
Now suppose n 2 6 Let D∈U(n，k)and let h be the smallest cycle
length of D．Then h S扎一2，If h=n一2，then D is isomorphic to Gnm一2

and F(D，n一3)=厂(n，n一3)=3n一5∈S(n，佗一3)．If h 5礼一4，by
Lemma 2．3，F(D，k)S n+2h S n+2(n一4)=3n一8．We are left with the
ease h=n一3．By Theorem 2，l(iii)，L(D)≠{n一3)．Hence lL(D)l≥2．
Case 1．n一1∈工(D)．As is proved in[76]，G is isomorphic to GM_3
By Lemma 2．4，we have F(D，n一3)=3n一7．
Case 2．礼一1彰三(D)．As is proved in[76]，D is isomorphic the digraph

D：一3 with vertex set{1，2，．．．，n)and arc set{(i，i+1)：1≤i S n一

3)U{(n一2，1)，(n一4，n一1)，(礼一1，n)，(n，2))where礼≥6 or D contains
a subdigraph which is isomorphic G1=G(孔一1)，(n-1)一2．In the former case，

suppose D=G：-3 It caB．be checked 58 in f76]that{RD(3n～7，i)J 2 4
for all i．Hence F(D，n一3)≤3n一7．Now suppose D1 is a subdigraph
of D and V(D)=V(D1)U{n}．Let X∈V(D)with lXI=礼一3．Every
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vertex i∈V(D)＼伽)cail be reachable from some vertex in x＼枷)by a
walk of length exp肌(x＼b))and hence of length 3n一8．This is because

expD，(x＼{n})≤F(D1，礼一4)=(n一2)2一(n一4)(n一3)=3n 8．Itfollows
that every vertex of D earl be reachable from SOllle vertex ill x＼b)by a

walk oflength 3n～8+1=3n一7，which implies F(D：n一3)S exp，J，(X)

≤expG、(x＼{n})S 3n 7．

Now it follows that for any D∈UP(n，"一3)with F(D，n一3)≠3n一5，
we have F(D，n一3)S 3n一7． 口

By Theorems 2．27 and 2．28，there are gaps in the set E(n，☆)for 1≤≈≤
n一3。

Theorem 2．29 For n≥4，￡(礼，n一1)={2，3，．．．，n一1)

Proof．By Lemma 2．17 and Theorem 2．i9，we have 8(n，礼～1)∈

{2，3，⋯，n一1)
By Theorems 2．22 and 2．24，we have i一2，i一1∈E(i，i一1)for i=

4，5，．．．。孔．Using Lemma 2．18，we have{2，3，．．．，n一1}c￡(礼，礼一1)． 口

Theorem 2．30 For n 2 4，We have g(4，2)={5)，E(5，3)={4，5，7)and
．厂Dr n≥6，E(n，n一2)={2，3，．．．，2礼一3}．

Proof．If D∈u(4，2)，then D is primitive by Theorem 2．1(iii)．Hence

E(4，2)={F(G4，2，2)}={5}．By similar arguments as in Theorem 2．28，we
have E(5，3)={4，5，7}since F(D1，3)=4，F(D2，3)=5，F(D3，3)=4 and

F(cs,3，3)=7．
Now suppose n 2 6．By Lemma 2．17 and Theorem 2．19，we have

E(n，n一2)∈{2，3，．．，2n一3}．We only needto provethe reverseinclusion．

By[51，Theorem 2．27]，we have{2，3，4)∈c(n，礼一2)．
Let Dbetiledigraph with vertex set{i：1茎i茎6)and are set{0，i+1)：
2≤i≤5}U{(1，3)，(3，2)，(4，1)，(6，4))．Clearly G∈u(6，1)∈UP(6，4)．
It can be easily seen that lRD(6，i)l≥4 for all i∈V(D)，which implies



that F(D，4)≤6．Notc that there is no walk of length 5 from any vertex

in{1，2，5，6，to vertex 6 Hence F(D，4)2 expG({l，2，5，6"≥6．We have

6=F(D，4)∈￡(6，4)．Note also that 5∈￡(4，2)and by Lemmas 2．13 and
2 14．we have 2i一4∈E(i，i一2)for i>6 and 2i一3∈E(i，i一2)for i>5
Henee we have by Lemma 2．18 that{5．6．⋯2礼～3}C￡nt．n一21．
It follows that{2，3，．．．，2n一3}C￡(n，n 21． 口
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3 Generalized indices of convergence

Suppose that A∈￡k，D=D(A)．with period P=p(D)：and X∈V．
Let,^D(x)be the minimum integer such that for all TTL≥kD(x)，足n(x)=
见叶t(x)for some positive integer t=￡(x)，where Rm(x)denotes those
vertices reachable by walks of length m from SOflle vertex in X．Then kp(x)
is a generalization of expD(x)．
If u is a vertex of G，then the index ofⅡis kD(U)=kD({“})．We choose
Lo order the vertices of D in such a way that

kD(u1)≤☆D(u2)曼⋯≤kD(u。)

then we call kD(i)the i-th first type of generalized index of D，denoted by
k(A，i)．That is，k(A，i)is the minimum nonegative integer m such that A”
and A”州have i equal rows for sonic positive integer t．

Let i be an integer with 1≤i≤n．The i-th second type generalized

index．f(A，i)and the i-th third type generalized index F(A，i)are defined to
be

+

f(A，i)=min{kD(X)：X∈V and fxf=i}

and

F(A，i)=max{kD(X)：X互V and lXI=i)

respectively．Clearly the three types of generalized indices is a generalization

of three types of generalized exponents．

We are mainly interested in tile first type generalized indices，

Theorem 3．1(【33】)Let A∈—巩with 1≤i≤礼．Then k(A，i)≤(n一
1)(n～2)+i矿A is irreducible and k(A，i)≤(n一2)(礼一3)+i otherwise
and these bounds are best possible．

We establish some lemmas that will be used 1ater



Lemma 3．2(【3])Let G be。stron9 digraph盯order n with．qirth s and
period P．Then

郴)≤。+。f⋯一21
＼L刊 ／

Lemma 3．3([33])％r 1≤i≤礼叫e have七(w么，i)=(礼一1)(n一2)+i

Lemma 3．4 Let D be a strong digraph of order n．Then

k(D，i)5 A(D，i一1)+1，2≤i≤礼

ProoL Suppose k(D，J)=ko(vi)，J=1，2，．．，i-1．Let H={玑，"2，．．．，
忱～1)．Since D is strong，there exists a vertex，say V，in y(D)＼K，such
that there is an arc from"to some vertex vj。in M，which implies that

％D(")S kD(Vj。)4-1．Note that kD(Vj。)S k(D，i一1)．We get the desired
result． 口

It is proved in[48](also see[15】)that k(A)S n 4-S0(佗。一2)where so and
“o are respectively the maximum of all the girths and the maximum of all

the orders of the strong components of D(A)．Suppose A∈风is reducible
and D(A)has no strong component of order 1．Then 80≤礼o≤n一2 and
hence k(A)S礼4-(n一2)(礼～2—2)=n2—5礼+8．This proves the following
1emma．

Lemma 3．5 Suppose A∈Bn is reducible，and G(A)has no strong eompo
nent of order 1，then k(A)S n2—5n+8．

Theorem 3．6 Let A∈玩with n≥3．Then

k(A，i)≤(竹一1)(n一2)4-i

and equality holds矿and only ifA一砜

Proof．It follows from Theorem 3．1 that k(A，i)茎(n一1)(n一2)+i
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IfA一％，then k(A，i)=(n一1)(扎一
k(A，i)=(n 1)(n一2)+i．Denote D

A一％，i．e．，G is isomorphic to D(眠)

21+i by LemIna 3．3．Now suppose

DfAl．We are going to prove that

We claim that A is irreducible；otherwise k(A，i)<(n一1)(n～2)+i by
Theorem 3．1、which is a contradiction．Let,S be the girth of G．

We also claim that A is primitive；otherwise p(A)≥2，and by Lemma 3．2，

k(A，i)=k(D，i)

≤k(c，n)=k(D)

曼n+s(；一2)
≤n+竹(；～2)
舻--2n

<礼2—3n+3 S m

which is also a contradiction．

Since A is primitive，we have p(A)=1 and 8≤n一1
If 5茎n一2，then by Lemma 3．2，

k(A，i)=k(D，i)
≤k(D)S n+s(n～2)

≤礼+(n一2)(扎一2)
<(礼一1)(礼一2)+i，

which iS a contradiction．Hence 8 2 n一1．It can be easily verified that

there are only two primitive digraphs of order n with girth 8=n一1 up to

isomorphism．They are D(眠)and风，where风is the digraph obtained
from D(％。)by adding the arc(n一1，1)．
In巩，every vertex“lies on a cycle of length 8=n一1 and hence
there is a walk of length(n一1)(n～2)from 1 toⅡ．If G is isomorphic to

巩，then k(D，1)=％(Hn，1)≤kH．(1)≤(n一1)(n一2)．By Lemma 3．4，
k(A，i)=k(a，i)≤^(G，1)+i一1墨(n—1)(礼一2)-t-i一1<(札一1)(n一2)+i
for 1≤i茎n，which is a contradiction．

Hence D nmst be isomorphic to D(％)and the proof is completed 口



If A∈J鼠∽then by Lemma 3．4 and The()rem 3．6，one may esaily prove
that for 1≤i≤礼，

％(A，i)≤尘L掣+p+i一1
Theorem 3．7 For o 1×(n一1)vectorn，deftne

脚，=(譬1 o)
Let
ej
denote the 1 X(n一1)vector whose J—th entry is 1 and other entries

are zeros．Let A∈Bn with扎2 4．Suppose 14 ia reducible．

1．玎3≤i S n，then k(A，i)=k(nB。，i)玎and only矿A—M(Q)Ior
some ot∈{e1，e2，⋯，en-i+l}orAr—M(e1)j

2．巧i=1，then k(A，i)=k(nB．，i)／orn≥5 ifand only i]A—M(o)扣r
80nce o∈el，e2，．．．，en 1，el+en～1，el+e2}，while k(A，i)=☆冗n，i)
扣rn=4矿and onlyffA—M(。)／or someo∈el，e2，e3，el+e3，el+

e2}or the matrix obtained by replacing the(4，4)一entry吖M(et)or
M(e2)by 1i

3．可i=2，then k(A，i)=k(RBn，i)il and only玎A—M(a)Ior some

Q∈e1，e2，⋯，en-1，el+en—l}orA7一M(e1)．

Proof．It follows from Theorem 3．1 that k(A，i)S(n一2)(礼一3)+i．
If A satisfies the conditions in the theorem．it can be readily checked that

k(A，i)=(n一2)(n一3)+i．

Suppose k(A，i)=(n一2)(n一3)+i．We are goingto show that A satisfies

the conditions in the theorem．

Claim 1：G=G(A1 must contain a strong component of order 1

Proof of Claim 1：Otherwise．G has no strong component of order 1．By

Lelnnla 3 5，we have k(A，i)S k(A)≤n2—5n+8<(n一2)(礼～3)+i
for all 3≤i≤n，which iS a contradiction．Suppose i=1 or 2．Since
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G is non-strong,A(CE舄)wkre G ana。are s岬are matrices wi恤
orders at most n一2．Denote by t tile order of C．By Theorem 3 1．we have

七(A，i)≤七(G，i)≤(t～1)(z一2)+i<(n一2)(n一3)+i for i=1 or 2，which
iS also a contradiction

Case 1：4一(X。
Thns Claim 1 holds．
o 1 where x is。f(n
a／

、 1)×(礼一1)and a∈{o，1)

Then
， 、

∥一(Q驴，+三∑淞o)
Note that k(A，i)is the minimum nonnegative integer k such that i rows of

A‘and A‘+p(^)are equal．By Theorem 3．1，we have(礼一2)(礼一3)+i=

k(A，i)≤k(x，i)≤(n一2)(n一3)+i，and hence k(x，i)=(n一2)(n一3)+i．
It now follows from Theorem 3．6 that there is a permutation matrix 0 such

that QXQ_1=●“一1．We assume without loss of generality that X=}％一1．
We have

(1)Q≠o；otherwise k(A，1)墨1 and k(A，i)兰k(x，i一1)=(n一2)(n一
3)+i一1 for i≥2，a contradiction．

(2)a=0 for扎≥5；otherwise k(A，1)茎％一1<(n一2)(n一3)+1 and

k(A：i)S(n一2)(n一3)+i～1，a contradiction．

Case 1．1：n=4 and a=1．We have血∈el，e2)；otherwise k(A，i)≤

1十i<(几一2)(礼一3)+i for 1≤i≤3，which is a contradiction．Futhermore，
We have i=1；otherwise k(A，i)=i+1 for 2 S i冬4，which is also a

contradiction，Hence i=1 and a∈{el，e2}．
Case 1．2：n 2 4 and a=0．Since k(A，i)=k(x，i)=(札一2)(n一3)+i，
we know that nO i rows of A(n一2)(n一3)+i一1 and A(n一2)(n一3)+4 are equal But

i一1 rows of Xm一2)m一3)+{一1 and Xm一2)m一3)却are equal．Hence we have

aX(“一2)(“一3)+。一2王aX(“一2)(“一3)+‘一1



Note that
0 1 1

0 0 1

1 1 0

1 1 1

1 1 1

1 0

1 1

1 1

O 1

1 O

f 0⋯0 1：：：1。1。1
’。‘”一2““一3’2【i 1i 1}：!：’}’0；J’

forl≤i曼乱一3 and 1≤J S住一2一ithe entries(n一1一i，1)，0，J+i+1)
of X(n一2)(n一3)托are 0 and all other entries of X(”一2)(“一3)“are 1，while the

entrv(1，1)of X(n一2)(n 2)十n一2 is 0 and all other entries of X(“一2)(”一3)+“一2

are 1．It foilows from tIle powers of X and the inequality aX(“一2)("3)却一2≠

f{e1，．．．，勺+1) ifi=n—J with o≤j≤n一3，

o∈{{el，e2，．．．，en l，e1+en-1，el+e2} ifi=1，
【{el，e2，．．，en 1，el+en-1) ifi=2．

case 2：A一(手：)where x is。f m一1)×(扎一1)and。∈{o，1)·
Then

、 ’

、

Al。f x 2(1一Ⅱ)x卜1卢+。(∑JI-=1。x’)卢1．
＼0 o ／

Note that the n—th rOW of the above matrix is independent of f，We have

k(A，1)墨1，and hence i≥2．For f≥max{k(X，i一1)+1，n一1)，we
have

∑Jl-：10 XJ=∑jn：-02 Xj，and hence

∥。卜。(1一。)x
＼0

1卢+。(∑倒n-2列)卢＼
a ／



By the definition of k(A，i)and Theorem 3．1，We have(n一2)(％～3)+i=

k(A，i)曼max{k(X，i一1)+1，他一1}≤(n一2)(n一3)+i，and hence

k(x，i一1)=(札一2)(n一3)+i—1．By Theorem 3．6 again，we may assume

thatX=w0 1 We have a=o；otherwise k(A，i)≤n一1<(n一2)(n一3)+i
or k(A，i)=k(x，i一1)=(n一2)(n一3)+i一1，a contradiction．Note that

exactlv the last j rows of X(n一2)(f卜3)+’and X【“一2)(n--3)+J+1 are equal fbr

1<j<礼一1．It follows that the(几一i+1)一th entries of xm 21(n 3)+2—2卢

and x(n 2)m一3)+卜一1口are not equal．This implies that月=ef．
Note that there is a permutation matrix Q such that

(j吕)嘿(。1驴0)=‰．
By combining Cases 1 and 2．the proof is now completed．

口

We also consider some other classes of matrices in玩，see[83，84】

Theorem 3．8 Suppose A∈Bn is reducible and every component ol A is

nearly reducible，n≥2，Then

*cA，习≤n2-7n+13+i荨il：<ni<一，n-。，2礼,，
and equality holds when n≥5玎and only矿

A一(等m盼
where

f{e1，．．．，en 1，el+en_1，e,1+en--2，en一3+en-2)矿i=1，
l el，．，e。1，el+％一1，en-3+en-2) ifi=2，

a(i)∈{{el，．．．，en-{一l，en_2，e。～1，q+en_1) 矿3≤i≤n一3

I{e1，e。2，en—l，e1+en一1) 矿i=礼一1，

【e。一2) 矿i=n，



玎1≤i≤n with i≠n一2 or

A一(≮1。0)
玎i≠1．

Ⅵk list the known results aS follows．

1．Liu，Zhou，Li and Shen[33]：

k(岛，i)=礼一2+i．

It is easy to see[81]that％(又，i)=k(P&)，which is known．

2．Zhou[81]

3．Liu，Zhou and Li[34

f n
l

k(D州，i)={n
I
【(孔

k(SN。∽=l等≯

1．

d——1+i．

d一1)(n

1<i<d

d+1 S i茎礼，L。≤d S礼

d一21一d+i，d+1≤i茎n，1≤d≤L。

where L。=(2n一3一以f而习)／2．Zhou[82]have characterized par—
tially the extreme case of k(A，i)of the class Dn，d．



4 Some other indices or exponents

Let r be an integer with--?2<r<礼A matrix A∈Bn is 7"-indecomposable

ifit contains no kXf zero submatrixwit,hl≤k．f≤n and k+l=n—r+1．In

particular，A is(1 n)一indecomposable if and only if A≠0，while A is(n一1)一

indecomposable ifand only ifA=矗，the all一1’S matrix．A 1-indecomposable

matrix is also said to be fnlly indecomposable，and a 0-indecomposable matrix

is also called a Hall matrix By the definition of r—indecomposability,a

matrix A∈Bn is r—indecomposable if and only if，for each k such that

inax{l，1-r】≤k≤min{n，n—r}，every％XTt submatrix ofAhasatleast k+r
columns with nonzero entries．Equivalently,A∈Bn is r—indecomposable if

and only if，for each X∈V(D(A))with max{1，1一r)茎lXI墨min{n，n—r)，
lRl(A，X)I≥lXl+r For A∈B。and X∈V(D(A))，by Rt(A，x)，we denote

the set of all vertices reachable from a vertex in X via a walk of length t．

Clearly，R1(A。，X)=Ri(A，x)．
Let J鼠be the set of allirreducible matrices in Bn．It iS well known that

A+A2+⋯+A“=厶

for any A∈IB。．Note that厶is r—indecomposable for any r with—n<r<

n Hence，for any A∈J风and any integer r with—n<r<％，there exists a

minimum positive integer P such that A+A2+⋯+AP is r-indecomposable；
such an integer P is called the weak exponent of r—indecomposablity of A，

and is denoted by叫，(A)．Brualdi and Liu[6]use厶(A)，^。(A)for Wl(A)
and Wo(A)and call them the weak fully indecomposable exponent and weak

Hall exponent of A respectively．Liu[24]has proved that厶(，鼠)=引+1
and h。(IB。)=『；]for any A∈IB。．
We need the following lemma，which has appeared in【24]，for complete—
hess．however．a proof is included here．

Lemma 4．1(【24】)Suppose that A∈IBn，X∈V(D(A))，and 1≤t S n



￡

，，R1(∑A2，x)≠y(D(A))，then
0=1

t l

R1(∑A。，X)l≥【R。(A，X)I+t一1

Proof．The case t=1 is trivial．Suppose t>1_Let H=R1(∑A2，x)，

比=1厂(D(且))＼Ⅵ．Since K≠V(D∽))，We have％≠0．Note that K=

U Rl(A，x)．
t=l

f一1

Suppose局∽，x)n K=口．Then R(A，x)∈H=R1(∑44，x)．Since

以∈J玩，D(A)is strongly connected．Hence there is a vertex X∈K
and a vertex Y∈u such that(Y，z)∈E(D(4))，which implies that X∈

兄1(∑t A‘，x)．N。te that z隹Rl(t∑-i一，x)
l=1 z=1

a contradiction．Thus Rt(A，X)n K≠0，

say：∈Rt(A，x)but Z《K．We have

which implies the desired result

We have z∈R￡∽，x)，which is

and there iS at least one vertex

口

Theorem 4．2 For any matrix A∈』玩，and any integer r with--?2<r<礼，
we have 州邮l掣jI
and this bound is best possible．

Proof．Let X￡V(D(A))with IXl=k，and max{1，1一r)≤k≤
min{n，n—r)．
Case 1，—n-rr+l<^≤min{n，n—r)．
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Note that Rl(A2，x)=尼(A，x)，and IxI=k．Since D(A)is strongly
connected，any vertex in V(_D(A))is reachable from a vertex in X by a walk

oflength atmost n—k+1．Hence

n—k+1

R·(∑
n—b4-1

U咒(A，X)=V(D(A))
0=l

Since n一南十1≤n一生二笋童+1=警<旦二％盟，we have

【(nTr+1)／2J l

Rl( ∑ 4i，x)f=iV(D(A))l=n≥k+r
0=1 l

Case 2．max{1，1一r}s ks坐专丝．
k4-’

Case 2．1．R1(∑Ai，X)=y(D(A))．
z=1

Since k+r s堡专坐+r=坐唔盟，we have

l lm+r+1)／2J l

lRI( ∑ A2，x)J=JV(D(A))J=札≥k+r
l i=1 l
k+r

Case 2．2．R1(∑A‘，X)≠V(D(A))．
It follows from Lemma 4．1 that

t+r l

R1(∑A‘，x)J=fRI(A，x)f+(七+r)一1
l=l l

Note that D(A)is strongly connected．We havelRl(A，X)1≥1．Thus

>
——

>

Combining Cases 1 and 2，we have

√_+r+1)／2Ji=l∑Ai'X)≥k+r=吲+rR1( ≥ +r=Ixl+r

=

X

～黔"
吼

+

LjXA
胆

H∑尚

n

R



which implies that

In the fbllowing we show the bound iS best possible．

Let Ao∈IBn with D(Ao)=D，where V(D)={1，2⋯，扎)and E(D)=

{(i。l堡弓盟j+1)：1 s i≤【坐专盟J)u{(i，i+1)：【丁n--r+1J+1≤i≤n)u
№i)：1≤i≤l旦==产抄If t s l坐}斗it caIl be easily seen that all
columns except columns I鼍产J+1，⋯，j Tn r+l I+t are zero in rows 1，2，
⋯，l Tn-r+1 1 of A0十A3+···+A6；hence Ao+A：+．．．+A6 contains a
lTn--r+l J×∽一t)zero submatrix with
l—n--r+l№一t)≥lTn r+lh—l掣J

≥n+l堕号盟一Tn+r-1I=％一r+1，
which implies that A0+Ai+···+A5 is not r—indecomposable．By the
definition of weak exponent of indecomposability，we have

W，(Ao)
n+r +·=I掣j

0n the other hand，Ⅲ，(A。)≤l鲥予且J．Thus we have proved

This completes the proof

州㈨=l掣j
口

Theorem 4．3 For any symmetric mat"ix A∈』巩with n>2，and any
integer r with—n<r<n．we have

Wl一。(4)=W2一。∽)=1

叫，(4)茎{；：；；二<佗r三<，n≤-。1
and this bound is best possible．
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Proof．Ⅵk consider the following three cases．

Case 1．r=1一n，2一n．For any syinmetric A∈IBn，A has neither zero

rows nor zero columns．implying that A is r—indecomposable．So?』Jr(A)=1．
Case 2．2≤r≤礼～1．Suppose that A+A2+···+A’is not r—

indecomposable．Then it contains a k×{zero submatrix with 1≤≈，l茎n

and A+f=札一r+】．Let D=D(A)．Then there are subsetsⅥ，K≤V(D)
with lKI=％，l屹I=z such that for any integer m with 1≤m≤r，there
is no walk of length rn from any vertex in u to any vertex in K．Since A

is symmetric，K n K=0．On the other hand，by the strong connectivity of

D：there is a vertex u∈Ⅵand a vertex刨∈K such that the distance from

“to"is at most n—fKf—fI互f+l=扎一(72一r+1)+1=r，which is a
contradiction．So A+A2+．．·+A’is r～indecomposable and训，(A)<r．

Take a symmetric Ao∈，风where a(Ao)is the path on n vertices

1，2，．．，n with edges i(i+1)，i=1，2，．．．，n一1．It is easy to see that

the 1×(礼～r+1)submatrix indexed by the first row and the last n—r

columns in Ao+A；+···+A；一1 is zero．This implies that Wr(Ao)≥r．Hence
W，(Ao)=r．
Case 3 3一礼≤r S 1．Note that an r—indecomposable matrix is also

(r—1)一indecomposable．In this case，w，(A)S wl(A)≤w2(A)≤2．
Take a symmetie Ao∈SIBn，where G(Ao)is the star KI．n一1．Clearly

"，(A)=2． 口

Theorem 4．4 Let叫，(菇。)={W，(A)：A∈IB。，A is symmetric)with
n>2．孤e礼

{1)
{1，2)
{1，2，

i，r=l一佗，2一札

if 3一礼≤r茎1，
i，2<r<n一1．

Proof．Note that W，(厶)=1 for all 1—72≤r≤n～1．The case

1一札≤r≤2 follows from Theorem 1．Note also that Wr(Ao)=2 for all

3≤r S n一1，where Da(Ao)is the star K1．n一1．Suppose 3≤r S n一1．



By Theorem 4．3 we need only to show that{3，．，r 1)C"，(sm。)for
3 S r茎72一i．

For any integer 3≤≈≤r一1{take a symmetric Al∈J取．where
G(A1)=G is a graph on vertices 1，2，．，n with edges i(72一％+1)．i=

1，2，．．．，n一％and i(i+1)，i=n一％+1，．．．，n．It is easy to see that

Al+A}+···+Af_1 contains an(72一％)X 1 zero submatrix，SO Al is not
k—and hence r—indecornposable．But Ai+A；+···+A}=厶．We have

“_(41)=七，and hence{3，．．．，r 1)∈叫，(sm。)for 3≤r茎n一1． 口

Theorem 4．5 Let叫，(I—B—。)={叫，(A)：A∈，玩}with—n<r<礼．Then

{1’2’⋯，【掣J)
Proof．By Theorem 4．2，"，(A)≤‘L(n+r+1)／2J for any A∈，取．The
case r=1一n，2一竹is trivial．Suppose in the following 3一扎≤r茎n一1．

We need only to show that

{1，2，．．．，l(札+r+1)／2J}∈w，(西。)

For integer a with max{1～r，1)墨a≤l n—r+1)／2J，take Ao∈』风
with D(A)=D，where V(D)={1，2，⋯，n)and E(D)={({，a+1)：

1≤i曼a}U{(i，i+1)：a+1 s i茎扎一1}U{(n，i)：1≤i≤o)．It can be

easily seen that all columns except columns a+1，，．．，2。+r一1 are zero in

rows 1，2，．．．，a ofAo+A02+·-·+A3押一1；hence Ao+Ag+⋯+A；押一1 contains
a a x(n—a—r+1)zero submatrix with a十(n—a—r+1)=n—r+1，which

implies that Wr(Ao)≥a+r．It can be checked that for each X∈V(D)with
max{1：1一r’≤fXf≤min{n，n—r)，

RI(Ao，x)l≥lXl—a+1

and hence，by Lemma 4．1，lRI(Ao+A8+·t·+Ag+r，x)l≥lRl(A0，．x)l+口十
r一1≥lXl+r．ThisimpliesthatAo+A3+···+A：打is r—indecomposable．
We haveⅢr(Ao)=a+r．



Case 1．3一九≤r≤一1．We take血=1～r，2一r：．．．，【(n—r+1)／2J t；o

obtain{1，2．．．．，l(n+r+1)／2J}∈w，(iu。)．
Case 2．1≤r S札一1．We first take a=1，2，．．．，l(礼一r+1)／2J to

obtain{r+1：r1+2， ．，【(n+r+1)／2J)∈W，(IB。)．Next by Theorem 4．4，
we have{1，2，⋯，r}∈W，(IU。)．
In either case，{1，2，．．．，l(n+r+1)／2J)∈W，(IB。)．It completes the

proof． 口

Let A=(A1，．．．，A女)denote a k-tuple n×n Boolean matrices and o=

(Ⅱ1，．．．，a女)denote a k-tuple of nonnegative integers．A is irreducible if

Al+．．．Ak is irreducible．Ao denotes the sum of all∑坠1 a；matrices in
which each product contains o，factors equal to Aj for 1冬J≤％．A is

primitive if there is a k-tuples(il，⋯，ik)of nonnegative integers such that

Ao=厶；the minimum ofil+．．．+ik is calledthe exponent ofA．For results

on this exponent，see『6 5]
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