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1. Ã = (A, b)

Ù¥

A =


1 1 2 2

2 1 3 −1

1 −1 1 4

 , b =


1

3

5


Ïdk 

1 1 2 2

2 1 3 −1

1 −1 1 4




x1

x2

x3

 =


1

3

5


�¤�5�§|�/ª 

x1 + x2 + 2x3 + 2x4 = 1,

2x1 + x2 + 3x3 − x4 = 3,

x1 − x2 + x3 + 4x4 = 5.

2. (
1 2

a b

)
+

(
x y

3 4

)
=

(
3 −4

7 1

)
(

1 + x 2 + y

a+ 3 b+ 4

)
=

(
3 −4

7 1

)

�� 
1 + x = 3

2 + y = −4

a+ 3 = 7

b+ 4 = 1

¤±kx = 2, y = −6, a = 4, b = −3.

3.

1



(1)

A+ 2B =

(
3 −1 2

2 1 −2

)
+ 2

(
1 5 1

−2 −1 0

)

=

(
3 + 2 −1 + 10 2 + 2

2− 4 1− 2 −2

)

=

(
5 9 4

−2 −1 −2

)

3A−B = 3

(
3 −1 2

2 1 −2

)
−

(
1 5 1

−2 −1 0

)

=

(
9− 1 −3− 5 6− 1

6 + 2 3 + 1 −6

)

=

(
8 −8 5

8 4 −6

)

(2)

ABT =

(
3 −1 2

2 1 −2

)
1 −2

5 −1

1 0


=

(
3− 5 + 2 −6 + 1

2 + 5− 2 −4− 1

)

=

(
0 −5

5 −5

)

ATB =


3 2

−1 1

2 −2


(

1 5 1

−2 −1 0

)

=


3− 4 15− 2 3

−1− 2 −5− 1 −1

2 + 4 10 + 2 2



=


−1 13 3

−3 −6 −1

6 12 2


2



4.

(A+B)(A−B) =

((
1 −3

1 2

)
+

(
2 0

3 −1

))((
1 −3

1 2

)
−

(
2 0

3 −1

))

=

(
3 −3

4 1

)(
−1 −3

−2 3

)

=

(
−3 + 6 −9− 9

−4− 2 −12 + 3

)

=

(
3 −18

−6 9

)

5.

A2 + 3A− 2B =


1 0 0

0 1 2

0 2 1


2

+ 3


1 0 0

0 1 2

0 2 1

− 2


1 0 0

0 2 5

0 5 2



=


1 0 0

0 5 4

0 4 5

+


3 0 0

0 3 6

0 6 3

+


−2 0 0

0 −4 −10

0 −10 −4



=


1 + 3− 2 0 0

0 5 + 3− 4 4 + 6− 10

0 4 + 6− 10 5 + 3− 4



=


2 0 0

0 4 0

0 0 4


6. (1) 

1

2

3

( 3 −2 1
)

=


3 −2 1

6 −4 2

9 −6 3


(2)

(
2 3 1

)
1

−1

2

 = 2− 3 + 2 = 1

3



(3)

(
x y z

)
1 1 −1

1 2 1

−1 1 0




x

y

z

 =
(
x+ y − z x+ 2y + z −x+ y

)
x

y

z


= (x2 + xy − xz) + (xy + 2y2 + yz) + (−xz + yz)

= x2 + 2y2 + 2xy − 2xz + 2yz

(4)

�

B =


0 1 0

0 0 1

0 0 0


K

A = I +B =


1 1 0

0 1 1

0 0 1


�k > 2�,Bk = 0

An = (I +B)n = I + nB +
n(n− 1)

2
B2 + 0

=


1 0 0

0 1 0

0 0 1

+


0 n 0

0 0 n

0 0 0

+


0 0 n(n−1)

2

0 0 0

0 0 0



=


1 n n(n−1)

2

0 1 n

0 0 1


7. �A����Ý
B÷vAB = BA,

�

B =

(
a b

c d

)

4



=k (
1 1

0 1

)(
a b

c d

)
=

(
a b

c d

)(
1 1

0 1

)
(
a+ c b+ d

c d

)
=

(
a a+ b

c c+ d

)

Ïd


a+ c = a

b+ d = a+ b

c = c

d = c+ d

⇒

{
c = 0

a = d

�A����Ý
�

B =

(
a b

0 a

)
,

Ù¥a, b�?¿ê.

8.

y²µ

(AT +A)T = A+AT = AT +A

(AT −A)T = A−AT = −(AT −A)

¤±AT +A´é¡Ý
,AT −A´�é¡Ý
.

9.

An =


λ1

λ2
. . .

λn


n

=


λn1

λn2
. . .

λnn


SK1-2

1.

A =


3 1 0 0

2 1 0 0

0 0 1 4

0 0 2 5

 =

(
A1 O

O A2

)

5



B =


−1 0 1 0

0 −1 0 1

3 0 2 1

1 −1 1 2

 =

(
B1 B2

B3 B4

)

C =


2 4 0 0

1 3 0 0

0 0 3 1

0 0 0 2

 =

(
C1 O

O C2

)

AC =

(
A1 O

O A2

)(
C1 O

O C2

)
=

(
A1C1 O

O A2C2

)




A1C1 =

(
3 1

2 1

)(
2 4

1 3

)
=

(
7 15

5 11

)
, A2C2 =

(
1 4

2 5

)(
3 1

0 2

)
=

(
3 9

6 12

)

¤±

AC =


7 15 0 0

5 11 0 0

0 0 3 9

0 0 6 12



AB −BTA =

(
A1 O

O A2

)(
B1 B2

B3 B4

)
−

(
BT

1 BT
3

BT
2 BT

4

)(
A1 O

O A2

)

=

(
A1B1 A1B2

A2B3 A2B4

)
−

(
BT

1 A1 BT
3 A2

BT
2 A1 BT

4 A2

)

=

(
A1B1 −BT

1 A1 A1B2 −BT
3 A2

A2B3 −BT
2 A1 A2B4 −BT

4 A2

)

6






A1B1 −BT
1 A1 =

(
3 1

2 1

)(
−1 0

0 −1

)
−

(
−1 0

0 −1

)(
3 1

2 1

)

=

(
−3 −1

−2 −1

)
−

(
−3 −1

−2 −1

)

=

(
0 0

0 0

)

A1B2 −BT
3 A2 =

(
3 1

2 1

)(
1 0

0 1

)
−

(
3 1

0 −1

)(
1 4

2 5

)

=

(
3 1

2 1

)
−

(
5 17

−2 −5

)

=

(
−2 −16

4 6

)

A2B3 −BT
2 A1 =

(
1 4

2 5

)(
3 0

1 −1

)
−

(
1 0

0 1

)(
3 1

2 1

)

=

(
7 −4

11 −5

)
−

(
3 1

2 1

)

=

(
4 −5

9 −6

)

A2B4 −BT
4 A2 =

(
1 4

2 5

)(
2 1

1 2

)
−

(
2 1

1 2

)(
1 4

2 5

)

=

(
6 9

9 12

)
−

(
4 13

5 14

)

=

(
2 −4

4 −2

)

¤±

AB −BTA =


0 0 −2 −16

0 0 4 6

4 −5 2 −4

9 −6 4 −2


7



2.

A =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 =
(
A1 A2 A3

)

B =


λ1

λ2

λ3

 =
(

Λ1 Λ2 Λ3

)

AB =
(
A1 A2 A3

)(
Λ1 Λ2 Λ3

)
= A1Λ1 +A2Λ2 +A3Λ3

=


λ1a11 λ2a12 λ3a13

λ1a21 λ2a22 λ3a23

λ1a31 λ2a32 λ3a33


3. A =

(
en e1 e2 · · · en−1

)
duAek�uA�1k�, ¤±�k 6= 1�,Aek = ek−1,¿�Ae1 = en.

�i > k�,Akei = Ak−1ei−1 = · · · = Aei−k+1 = ei−k,

�i ≤ k�,Akei = Ak−i+1Ai−1ei = Ak−i+1e1 = Ak−iAe1 = Ak−ien = en−k+i.

Ïd

Ak = AkE = Ak
(
e1 · · · ek ek+1 · · · en

)
=
(
Ake1 · · · Akek Akek+1 · · · Aken

)
=
(
en−k+1 · · · en e1 · · · en−k

)
=

(
0 En−k

Ek 0

)
.

4.

Dk =


A1 O · · · O

O A2 · · · O
...

...
. . .

...

O O · · · As


k

=


Ak1 O · · · O

O Ak2 · · · O
...

...
. . .

...

O O · · · Aks


SK1-3
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1. (1) ^Ð�1C�òÝ
z�1�{/Ý
µ


2 2 0 2

0 1 1 −1

1 2 1 0

2 5 3 −1


1
2
r1−−−−−−→

r3+(−1)r1
r4+(−2)r1


1 1 0 1

0 1 1 −1

0 1 1 −1

0 3 3 −3


r3+(−1)r2−−−−−−→
r4+(−1)r2


1 1 0 1

0 1 1 −1

0 0 0 0

0 0 0 0



r1+(−1)r2−−−−−−→


1 0 −1 2

0 1 1 −1

0 0 0 0

0 0 0 0



(2) ^Ð�1C�òÝ
z�1�{/Ý
µ


0 1 1 −1

0 2 −3 1

0 4 −7 −1

0 3 −4 3


r2+(−2)r1−−−−−−→
r3+(−4)r1
r4+(−3)r1


0 1 1 −1

0 0 −5 3

0 0 −11 3

0 0 −7 6


− 1

5
r2−−−−−−→

r1+(−1)r2
r3+11r2
r4+7r2


0 1 0 2

5

0 0 1 −3
5

0 0 0 −18
5

0 0 0 −9
5



− 5
18
r3−−−−−−−→

r1+(− 2
5
)r3

r2+
3
5
r3

r4+
9
5
r3


0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0



(3) ^Ð�1C�òÝ
z�1�{/Ý
µ


3 1 1

1 −1 3

0 2 −4

2 −1 4


1
3
r1−−−−−−→

r2+(−1)r1
r4+(−2)r1


1 1

3
1
3

0 −4
3

8
3

0 2 −4

0 −5
3

10
3


− 3

4
r2−−−−−−−→

r1+(− 1
3
)r2

r3+(−2)r2
r4+

5
3
r2


1 0 1

0 1 −2

0 0 0

0 0 0



2. (1)

éT�5�§|�XêÝ
¢�Ð�1C�,�
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
1 1 −1

3 1 4

1 −2 3

 r2+(−3)r1−−−−−−→
r3+(−1)r1


1 1 −1

0 −2 7

0 −3 4

 − 1
2
r2−−−−−−→

r1+(−1)r2
r3+3r2


1 0 5

2

0 1 −7
2

0 0 −13
2


2
13
r3−−−−−−−→

r1+(− 5
2
)r3

r2+
7
2
r3


1 0 0

0 1 0

0 0 1


l
��§�du 

x1 = 0

x2 = 0

x3 = 0

=���§�)

(2)

éT�5�§|�XêÝ
¢�Ð�1C�,�


1 −5 2 −3

2 4 2 1

5 3 6 −1

 r2+(−2)r1−−−−−−→
r3+(−5)r1


1 −5 2 −3

0 14 −2 7

0 28 −4 14

 1
14
r2−−−−−−−→

r1+5r2
r3+(−28)r2


1 0 9

7 −1
2

0 1 −1
7

1
2

0 0 0 0


l
��§�du {

x1 + 9
7x3 −

1
2x4 = 0

x2 − 1
7x3 + 1

2x4 = 0

£�,���§�)� 
x1 = −9

7C1 + 1
2C2

x2 = 1
7C1 − 1

2C2

x3 = C1

x4 = C2

,

Ù¥C1, C2�?¿~ê

(3)

éT�5�§|�XêÝ
¢�Ð�1C�,�
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
1 2 3 1

2 4 0 −1

1 2 −9 −5

−1 −2 3 2


r2+(−2)r1−−−−−−→
r3+(−1)r1
r4+r1


1 2 3 1

0 0 −6 −3

0 0 −12 −6

0 0 6 3


− 1

6
r2−−−−−−→

r1+(−3)r2
r3+12r2
r4+(−6)r2


1 2 0 −1

2

0 0 1 1
2

0 0 0 0

0 0 0 0


l
��§�du {

x1 + 2x2 − 1
2x4 = 0

x3 + 1
2x4 = 0

£�,���§�)� 
x1 = −2C1 + 1

2C2

x2 = C1

x3 = −1
2C2

x4 = C2

,

Ù¥C1, C2�?¿~ê

3.(1)

éT�5�§|�O2Ý
¢�Ð�1C�


1 −2 4 −5

2 3 1 4

3 8 −2 13

 r2+(−2)r1−−−−−−→
r3+(−3)r1


1 −2 4 −5

0 7 −7 14

0 14 −14 28

 − 1
7
r2−−−−−−−→

r1+2r2
r3+(−14)r2


1 0 2 −1

0 1 −1 2

0 0 0 0


l
��§�du {

x1 + 2x3 = −1

x2 − x3 = 2

-x3 = c,£�,���§�)�
x1 = −1− 2c

x2 = 2 + c

x3 = c

,

Ù¥c�?¿~ê

(2)

éT�5�§|�O2Ý
¢�Ð�1C�
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
2 3 0 −1 0

3 1 5 −4 2

0 7 −10 5 −4

3 −6 15 −9 1


1
2
r1−−−−−−→

r2+(−3)r1
r4+(−3)r1


1 3

2 0 −1
2 0

0 −7
2 5 −5

2 2

0 7 −10 5 −4

0 −21
2 15 −15

2 1


− 2

7
r2−−−−−−−→

r1+(− 3
2
)r2

r3+(−7)r2
r4+

21
2
r2

1 0 15
7 −11

7
6
7

0 1 −10
7

5
7 −4

7

0 0 0 0 0

0 0 0 0 −5


r3↔r4−−−−→


1 0 15

7 −11
7

6
7

0 1 −10
7

5
7 −4

7

0 0 0 0 −5

0 0 0 0 0


− 1

5
r3−−−−−−−→

r1+(− 6
7
)r3

r2+
4
7
r3


1 0 15

7 −11
7 0

0 1 −10
7

5
7 0

0 0 0 0 1

0 0 0 0 0



l
��§�du 
x1 + 15

7 x3 −
11
7 x4 = 0

x2 − 10
7 x3 + 5

7x4 = 0

0 = 1

,

¤±T�§|Ã).

(3) éT�5�§|�O2Ý
¢�Ð�1C�


1 2 −1 0

3 −2 1 4

1 −1 −1 6

 r2+(−3)r1−−−−−−→
r3+(−1)r1


1 2 −1 0

0 −8 4 4

0 −3 0 6

 − 1
8
r2−−−−−−→

r1+(−2)r2
r3+3r2


1 0 0 1

0 1 −1
2 −1

2

0 0 −3
2

9
2


− 2

3
r3−−−−−→

r2+
1
2
r3


1 0 0 1

0 1 0 −2

0 0 1 −3



l
��§�du 
x1 = 1

x2 = −2

x3 = −3

,

=���§�).

(4) éT�5�§|�O2Ý
¢�Ð�1C�

12




1 −1 2 −1 1

2 −2 1 0 1

1 1 −2 −1 −1

1 −1 1 1 2


r2+(−2)r1−−−−−−→
r3+(−1)r1
r4+(−1)r1


1 −1 2 −1 1

0 0 −3 2 −1

0 2 −4 0 −2

0 0 −1 2 1


r2↔r3−−−−→


1 −1 2 −1 1

0 2 −4 0 −2

0 0 −3 2 −1

0 0 −1 2 1


1
2
r2−−−−→

r1+r2


1 0 0 −1 0

0 1 −2 0 −1

0 0 −3 2 −1

0 0 −1 2 1


1
3
r3−−−−→

r2+2r3
r4+r3


1 0 0 −1 0

0 1 0 −4
3 −1

3

0 0 1 −2
3

1
3

0 0 0 4
3

4
3


3
4
r4−−−−−→

r1+r4
r2+

4
3
r4

r3+
2
3
r4


1 0 0 0 1

0 1 0 0 1

0 0 1 0 1

0 0 0 1 1


l
��§�du 

x1 = 1

x2 = 1

x3 = 1

x4 = 1

,

=���§�).

4.

éT�5�§|�XêÝ
¢�Ð�1C�,�


1 1 λ

1 λ 1

λ 1 1

 r2+(−1)r1−−−−−−→
r3+(−λ)r1


1 1 λ

0 λ− 1 1− λ
0 1− λ 1− λ2

 1
λ−1

r2
−−−−−−−→
r1+(−1)r2
r3−(1−λ)r2


1 0 λ+ 1

0 1 −1

0 0 −λ2 − λ+ 2


λ 6= −2�λ 6= 1��k"), λ = −2½λ = 1�k�");

�λ = −2�, 
1 1 −2

1 −2 1

−2 1 1

 −→


1 0 −1

0 1 −1

0 0 0

 ,

�")� 
x1 = c

x2 = c

x3 = c

,

Ù¥c�?¿~ê.
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�λ = 1�, 
1 1 1

1 1 1

1 1 1

 −→


1 1 1

0 0 0

0 0 0

 ,

�")� 
x1 = −c1 − c2
x2 = c1

x3 = c2

,

Ù¥c1, c2�?¿~ê.

5.

éT�5�§|�O2Ý
¢�Ð�1C�


1 1 −2 3 0

2 1 −6 4 −1

3 2 p 7 −1

1 −1 −6 −1 t


r2+(−2)r1−−−−−−→
r3+(−3)r1
r4+(−1)r1


1 1 −2 3 0

0 −1 −2 −2 −1

0 −1 6 + p −2 −1

0 −2 −4 −4 t


(−1)r2−−−−−−→

r1+(−1)r2
r3+r2
r4+2r2


1 0 −4 1 −1

0 1 2 2 1

0 0 8 + p 0 0

0 0 0 0 t+ 2


�t 6= −2�,�§|Ã)¶

�t = −2�,�§kÃ¡õ)¶

�t = −2, p 6= −8�,��§�du
x1 − 4x3 + x4 = −1

x2 + 2x3 + 2x4 = 1

(8 + p)x3 = 0

£�,���§�)� 
x1 = −1− c
x2 = 1− 2c

x3 = 0

x4 = c

Ù¥c�?¿~ê.

�t = −2, p = −8�,��§�du{
x1 − 4x3 + x4 = −1

x2 + 2x3 + 2x4 = 1

14



£�,���§�)� 
x1 = −1 + 4c1 − c2
x2 = 1− 2c1 − 2c2

x3 = c1

x4 = c2

Ù¥c1, c2�?¿~ê

SK1-4

1. ��A�11�Ú13���Ý
B��u3Ý
Am�¦±

Q1 =


0 0 1

0 1 0

1 0 0

 ,

rB�11�¦±�"êk\�B�12���u3Ý
Bm�¦±

Q2 =


1 k 0

0 1 0

0 0 1

 .

Ïd

Q = Q1Q2 =


0 0 1

0 1 0

1 0 0




1 k 0

0 1 0

0 0 1



=


0 0 1

0 1 0

1 k 0


2. (

1 2 1 0

1 3 0 1

)
r2+(−1)r1−−−−−−→

(
1 2 1 0

0 1 −1 1

)
r1+(−2)r2−−−−−−→

(
1 0 3 −2

0 1 −1 1

)

(1)

P−1 =

(
3 −2

−1 1

)

15



(2)

P−1AP =

(
3 −2

−1 1

)(
5 −2

3 0

)(
1 2

1 3

)

=

(
9 −6

−2 2

)(
1 2

1 3

)

=

(
3 0

0 2

)

(3) �B = P−1AP ,KA = PBP−1

A10 = (PBP−1)10

= PB10P−1

=

(
1 2

1 3

)(
310 0

0 210

)(
3 −2

−1 1

)

=

(
310 211

310 3 · 210

)(
3 −2

−1 1

)

=

(
311 − 211 211 − 2 · 310

311 − 3 · 210 3 · 210 − 2 · 310

)

3.(1)
1 1 −1 1 0 0

1 −1 1 0 1 0

−1 1 1 0 0 1

 r2+(−1)r1−−−−−−→
r3+r1


1 1 −1 1 0 0

0 −2 2 −1 1 0

0 2 0 1 0 1

 (− 1
2
)r2−−−−−−→

r1+(−1)r2
r3+(−2)r2

1 0 0 1
2

1
2 0

0 1 −1 1
2 −1

2 0

0 0 2 0 1 1

 ( 1
2
)r3−−−−→

r2+r3


1 0 0 1

2
1
2 0

0 1 0 1
2 0 1

2

0 0 1 0 1
2

1
2


¤±_Ý
�


1
2

1
2 0

1
2 0 1

2

0 1
2

1
2


(2)

16




2 2 1 1 0 0

3 4 3 0 1 0

1 2 3 0 0 1

 1
2
r1−−−−−−→

r2+(−3)r1
r3+(−1)r1


1 1 1

2
1
2 0 0

0 1 3
2 −3

2 1 0

0 1 5
2 −1

2 0 1

 r1+(−1)r2−−−−−−→
r3+(−1)r2

1 0 −1 2 −1 0

0 1 3
2 −3

2 1 0

0 0 1 1 −1 1

 r1+r3−−−−−−−→
r2+(− 3

2
)r3


1 0 0 3 −2 1

0 1 0 −3 5
2 −3

2

0 0 1 1 −1 1



¤±_Ý
�


3 −2 1

−3 5
2 −3

2

1 −1 1



(3)


1 −1 0 1 0 0

−1 2 1 0 1 0

2 2 3 0 0 1

 r2+r1−−−−→
r3+2r1


1 −1 0 1 0 0

0 1 1 1 1 0

0 4 3 −2 0 1

 r1+r2−−−−−−→
r3+(−4)r2

1 0 1 2 1 0

0 1 1 1 1 0

0 0 −1 −6 −4 1

 (−1)r3−−−−−−→
r1+(−1)r3
r2+(−1)r3


1 0 0 −4 −3 1

0 1 0 −5 −3 1

0 0 1 6 4 −1



¤±_Ý
�


−4 −3 1

−5 −3 1

6 4 −1



(4)
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
1 3 1 6 1 0 0 0

2 1 0 0 0 1 0 0

3 2 0 0 0 0 1 0

5 7 1 8 0 0 0 1


r2+(−2)r1−−−−−−→
r3+(−3)r1
r4+(−5)r1


1 3 1 6 1 0 0 0

0 −5 −2 −12 −2 1 0 0

0 −7 −3 −18 −3 0 1 0

0 −8 −4 −22 −5 0 0 1


(− 1

5
)r2−−−−−−→

r1+(−3)r2
r3+7r2
r4+8r2

1 0 −1
5 −6

5 −1
5

3
5 0 0

0 1 2
5

12
5

2
5 −1

5 0 0

0 0 −1
5 −6

5 −1
5 −7

5 1 0

0 0 −4
5 −14

5 −9
5 −8

5 0 1


(−5)r3−−−−−−−→
r1+5r3

r2+(− 2
5
)r3

r4+
4
5
r3


1 0 0 0 0 2 −1 0

0 1 0 0 0 −3 2 0

0 0 1 6 1 7 −5 0

0 0 0 2 −1 4 −4 1


1
2
r4−−−−−−→

r3+(−6)r4


1 0 0 0 0 2 −1 0

0 1 0 0 0 −3 2 0

0 0 1 0 4 −5 7 −3

0 0 0 1 −1
2 2 −2 1

2


¤±_Ý
�


0 2 −1 0

0 −3 2 0

4 −5 7 −3

−1
2 2 −2 1

2


4. (1)


1 1 −1 1 0 0

2 5 −4 0 1 0

2 4 −5 0 0 1

 r2+(−2)r1−−−−−−→
r3+(−2)r1


1 1 −1 1 0 0

0 3 −2 −2 1 0

0 2 −3 −2 0 1

 1
3
r2−−−−−−→

r1+(−1)r2
r3+(−2)r2

1 0 −1
3

5
3 −1

3 0

0 1 −2
3 −2

3
1
3 0

0 0 −5
3 −2

3 −2
3 1

 − 3
5
r3−−−−−→

r1+
1
3
r3

r2+
2
3
r3


1 0 0 9

5 −1
5 −1

5

0 1 0 −2
5

3
5 −2

5

0 0 0 2
5

2
5 −3

5


Ïd_Ý
� 

9
5 −1

5 −1
5

−2
5

3
5 −2

5
2
5

2
5 −3

5


18



¤±

X =


9
5 −1

5 −1
5

−2
5

3
5 −2

5
2
5

2
5 −3

5




0 3

4 8

1 9



=


−1 2

2 0

1 −1



(2)


1 −1 1 1 0 0

2 1 0 0 1 0

2 1 −1 0 0 1

 r2+(−2)r1−−−−−−→
r3+(−2)r1


1 −1 1 1 0 0

0 3 −2 −2 1 0

0 3 −3 −2 0 1

 1
3
r2−−−−−−→

r1+r2
r3+(−3)r2

1 0 1
3

1
3

1
3 0

0 1 −2
3 −2

3
1
3 0

0 0 −1 0 −1 1

 −r3−−−−−→
r1+

1
3
r3

r2+
2
3
r3


1 0 0 1

3 0 1
3

0 1 0 −2
3 1 −2

3

0 0 1 0 1 −1



Ïd_Ý
� 
1
3 0 1

3

−2
3 1 −2

3

0 1 −1



¤±

X =


1
3 0 1

3

−2
3 1 −2

3

0 1 −1


(

1 −1 3

2 1 4

)

=

(
1 2 −2

0 5 −4

)

(3)
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
−1 1 1 1 0 0

1 −1 1 0 1 0

1 1 −1 0 0 1

 −1r1−−−−−−→
r2+(−1)r1
r3+(−1)r1


1 −1 −1 −1 0 0

0 0 2 1 1 0

0 2 0 1 0 1

 r2↔r3−−−−→


1 −1 −1 −1 0 0

0 2 0 1 0 1

0 0 2 1 1 0

 1
2
r2−−−−→

r1+r2


1 0 −1 −1

2 0 1
2

0 1 0 1
2 0 1

2

0 0 2 1 1 0

 1
2
r3−−−−→

r1+r3


1 0 0 0 1

2
1
2

0 1 0 1
2 0 1

2

0 0 1 1
2

1
2 0


Ïd_Ý
� 

0 1
2

1
2

1
2 0 1

2
1
2

1
2 0


¤±

X =


0 1

2
1
2

1
2 0 1

2
1
2

1
2 0




1 2

1 0

−1 2



=


−5 2

−10 4

−2 1



ÿÁK�

�!W�K

1.

(A+B)(A−B) = A2 −AB +BA−B2,Ïd�¦(A+B)(A−B) = A2 −B2�¿©7�

^�´AB = BA.

2.
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αβT − E =

(
2

2

)(
2 3

)
−

(
1 0

0 1

)

=

(
4 6

4 6

)
−

(
1 0

0 1

)

=

(
3 6

4 5

)

3.

A = αβT

=


1

2

1

( 1 1 1
)

=


1 1 1

2 2 2

1 1 1



A ·A =


1 1 1

2 2 2

1 1 1




1 1 1

2 2 2

1 1 1



= 4


1 1 1

2 2 2

1 1 1



A8 = 47


1 1 1

2 2 2

1 1 1


4.

(A− 2E) =


4 0 0

1 3 0

0 0 4

− 2


1 0 0

0 1 0

0 0 1

 =


2 0 0

1 1 0

0 0 2


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
2 0 0 1 0 0

1 1 0 0 1 0

0 0 2 0 0 1

 1
2
r1−−−−−−→

r2+(−1)r1


1 0 0 1

2 0 0

0 1 0 −1
2 1 0

0 0 2 0 0 1

 1
2
r3−−→


1 0 0 1

2 0 0

0 1 0 −1
2 1 0

0 0 1 0 0 1
2


Ïd

(A− 2E)−1 =


1
2 0 0

−1
2 1 0

0 0 1
2


5.

Ý
P��uÐ�C�µò1n1¦±£-2¤\�1�1þ,

Ïd

P =


1 0 0

0 1 −2

0 0 1


�!ÀJK

1.éuÀ�A,

�

A =

(
1 0

0 1

)
, B =

(
0 0

1 0

)
, C =

(
0 0

0 0

)

d�B 6= C.

éuÀ�B,

�

B =

(
1 0

0 1

)
, C =

(
0 1

1 0

)
.

éuÀ�C,�¦A,B�ê�Ó.

2.(ABT )−1 = (BT )−1A−1

4. (
1 λ 1

−2 1 0

)
−→

(
1 λ 1

0 1 + 2λ 2

)

e�5�§|Ã)§�λ = −1
2 .

5.

A3 − E = (A− E)(A2 +A+ E) = (A2 +A+ E)(A− E) = −E
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A3 + E = (A+ E)(A2 −A+ E) = (A2 −A+ E)(A+ E) = E

¤±Ý
A+ E�A− EÑ´�_�.

n!)�K

1.


1
2 0 0

0 1
3 0

0 0 1
3


−1

=


2 0 0

0 3 0

0 0 3




1 −1 1 1 0 0

1 1 −1 0 1 0

−1 1 1 0 0 1

 r2+(−1)r1−−−−−−→
r3+r1


1 −1 1 1 0 0

0 2 −2 −1 1 0

0 0 2 1 0 1

 1
2
r2−−−−→

r1+r2


1 0 0 1

2
1
2 0

0 1 −1 −1
2

1
2 0

0 0 2 1 0 1

 1
2
r3−−−−→

r2+r3


1 0 0 1

2
1
2 0

0 1 0 0 1
2

1
2

0 0 1 1
2 0 1

2


Ïd 

1 −1 1

1 1 −1

−1 1 1


−1

=


1
2

1
2 0

0 1
2

1
2

1
2 0 1

2


¤±

X =


2 0 0

0 3 0

0 0 3




1
2 1 −1

2 1
3 1

−1 −1 1
3




1
2

1
2 0

0 1
2

1
2

1
2 0 1

2



=


1 2 −2

6 1 3

−3 −3 1




1
2

1
2 0

0 1
2

1
2

1
2 0 1

2



=


−1

2
3
2 0

9
2

7
2 2

−1 −3 −1


2. éT�5�§|�XêÝ
¢�Ð�1C�,�
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
1 + λ 1 1

1 1 + λ 1

1 1 1 + λ

 r3↔r1−−−−→


1 1 1 + λ

1 1 + λ 1

1 + λ 1 1

 r2+(−1)r1−−−−−−−−→
r3+(−λ−1)r1

1 1 1 + λ

0 λ −λ
0 −λ −λ2 − 2λ

 1
λ
r2−−−−−−→

r1+(−1)r2
r3+λr2


1 0 2 + λ

0 1 −1

0 0 −λ2 − 3λ



λ 6= 0�λ 6= 3��k");

λ = 0�k�")§ 
1 1 1

1 1 1

1 1 1

 −→


1 1 1

0 0 0

0 0 0

 ,

�")� 
x1 = −C1 − C2

x2 = C1

x3 = C2

,

Ù¥C1, C2�?¿~ê.

�λ = −3�k�"),


−2 1 1

1 −2 1

1 1 −2

 −→


1 0 −1

0 1 −1

0 0 0

 ,

�")� 
x1 = C

x2 = C

x3 = C

,

Ù¥C�?¿~ê.

3.
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A ·A =


1 0 1

0 2 0

1 0 1




1 0 1

0 2 0

1 0 1



=


2 0 2

0 4 0

2 0 2



= 2


1 0 1

0 2 0

1 0 1


�

An = 2n−1


1 0 1

0 2 0

1 0 1


Ïd

An − 2An−1 = 2n−1


1 0 1

0 2 0

1 0 1

− 2 · 2n−2


1 0 1

0 2 0

1 0 1


= 0

o!y²K

Ï�A´¤k��þ�1�n��
,¤±A ·A = nA.

(E −A)(E − 1

n− 1
A) = E − 1

n− 1
A−A+

1

n− 1
A2

=
1

n− 1
A2 − n

n− 1
A+ E

=
n

n− 1
A− n

n− 1
A+ E

= E

¤±

(E −A)−1 = E − 1

n− 1
A
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1�Ù

SK2-1

1.

(1) τ(634521) = 5 + 2 + 2 + 2 + 1 = 12

(2) τ(53142) = 4 + 2 + 1 = 7

(3) τ(123454321) = 1 + 2 + 3 + 4 + 3 + 2 + 1 = 16

(4) τ(135 · · · (2n−1)(2n)(2n−2) · · · 42) = 0+1+2+· · ·+(n−1)+(n−1)+· · ·+1+0 = n(n−1)

2.

D5 = (−1)τ(34512)a13a24a35a41a52 = (−1)6a13a24a35a41a52 = a13a24a35a41a52

3.

f(x) =
∑

i1,i2,i3,i4∈S4
(−1)τ(i1,i2,i3,i4)a1i1a2i2a3i3a4i4 ,�i4 6= 4�§deg(a1i1a2i2a3i3a4i4) ≤ 2§

Ó�,�i2 6= 2�,deg(a1i1a2i2a3i3a4i4) ≤ 2,¤±�¦deg(a1i1a2i2a3i3a4i4) ≥ 3§

�k−a11a23a32a44 = −6x4Úa21a23a31a44 = 3x4.x3 Xê´3,x4Xê´-6.

4.

(1)∣∣∣∣∣∣∣∣
1 2 1

3 1 0

2 3 2

∣∣∣∣∣∣∣∣ = 1× 1× 2 + 2× 0× 2 + 1× 3× 3− 1× 1× 2− 0× 3× 1− 2× 3× 2

= −3

(2)∣∣∣∣∣∣∣∣
2 5 3

0 4 7

−2 −2 3

∣∣∣∣∣∣∣∣ = 2× 4× 3 + 5× 7× (−2) + 3× 0× (−2)− 3× 4× (−2)− 7× (−2)× 2− 3× 5× 0

= 24− 70 + 24 + 28

= 6

(3)∣∣∣∣∣∣∣∣
a b c

b c a

c a b

∣∣∣∣∣∣∣∣ = a× c× b+ b× a× c+ c× b× a− c× c× c− a× a× a− b× b× b

= 3abc− a3 − b3 − c3
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(4)

∣∣∣∣∣∣∣∣
1 1 1

2a a+ b 2b

a2 ab b2

∣∣∣∣∣∣∣∣ = (a+ b)b2 + 2ba2 + 2aab− (a+ b)a2 − 2ab2 − 2bab

= b3 − 3ab2 + 3a2b− a3

= (b− a)3

SK2-2

1. (1)

∣∣∣∣∣∣∣∣
1 2 1

2 1 −1

3 4 2

∣∣∣∣∣∣∣∣ = 2− 6 + 8− 3− 8 + 4 = −3

(2)

∣∣∣∣∣∣∣∣∣∣∣

2 1 4 3

4 2 3 11

3 0 9 2

1 −1 −1 4

∣∣∣∣∣∣∣∣∣∣∣
r2+(−2)r1

========
r3+(− 3

2
)r1

r4+(− 1
2
r1

∣∣∣∣∣∣∣∣∣∣∣

2 1 4 3

0 0 −5 5

0 −3
2 3 −5

2

0 0 −6 5

∣∣∣∣∣∣∣∣∣∣∣
r2↔r3====== −

∣∣∣∣∣∣∣∣∣∣∣

2 1 4 3

0 −3
2 3 −5

2

0 0 −5 5

0 0 −6 5

∣∣∣∣∣∣∣∣∣∣∣
r4+(− 6

5
)r3

======== −

∣∣∣∣∣∣∣∣∣∣∣

2 1 4 3

0 −3
2 3 −5

2

0 0 −5 5

0 0 0 −1

∣∣∣∣∣∣∣∣∣∣∣
= 15

(3) ò1�1�-1�\�Ù¦1
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∣∣∣∣∣∣∣∣∣∣∣

a b b b

a a b b

a b a b

b b b a

∣∣∣∣∣∣∣∣∣∣∣
==

∣∣∣∣∣∣∣∣∣∣∣

a b b b

0 a− b 0 0

0 0 a− b 0

b− a 0 0 a− b

∣∣∣∣∣∣∣∣∣∣∣
c1+c4=====

∣∣∣∣∣∣∣∣∣∣∣

a+ b b b b

0 a− b 0 0

0 0 a− b 0

0 0 0 a− b

∣∣∣∣∣∣∣∣∣∣∣
= (a+ b)(a− b)3

(4) ò1�1�-1�\�Ù¦1,2ò��\�1��

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 a a · · · a

a 2 a · · · a

a a 2 · · · a
...

...
...

. . .
...

a a a · · · 2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 a a · · · a

a− 2 2− a 0 · · · 0

a− 2 0 2− a · · · 0
...

...
...

. . .
...

a− 2 0 0 · · · 2− a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 + (n− 1)a a a · · · a

0 2− a 0 · · · 0

0 0 2− a · · · 0
...

...
...

. . .
...

0 0 0 · · · 2− a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= (2− a)n−1[2 + (n− 1)a]

(5) ò1�1�-i�\�1i1,2ò1i��i�\�1��
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 + a 1 1 · · · 1

2 2 + a 2 · · · 2

3 3 3 + a · · · 3
...

...
...

. . .
...

n n n · · · n+ a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 + a 1 1 · · · 1

−2a a 0 · · · 0

−3a 0 a · · · 0
...

...
...

. . .
...

−na 0 0 · · · a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 + a+ 2 + · · ·+ n 1 1 · · · 1

0 a 0 · · · 0

0 0 a · · · 0
...

...
...

. . .
...

0 0 0 · · · a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= [a+

(1 + n)n

2
]an−1

2. (1)

ò1���-1�\�Ù¦�

∣∣∣∣∣∣∣∣
a2 (a+ 1)2 (a+ 2)2

b2 (b+ 1)2 (b+ 2)2

c2 (c+ 1)2 (c+ 2)2

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
a2 2a+ 1 4a+ 4

b2 2b+ 1 4b+ 4

c2 2c+ 1 4c+ 4

∣∣∣∣∣∣∣∣
c3+(−2)r2

========

∣∣∣∣∣∣∣∣
a2 2a+ 1 2

b2 2b+ 1 2

c2 2c+ 1 2

∣∣∣∣∣∣∣∣
r2+(−1)r1

=========
r3++(−1)r1∣∣∣∣∣∣∣∣

a2 2a+ 1 2

b2 − a2 2b− 2a 0

c2 − a2 2c− 2a 0

∣∣∣∣∣∣∣∣
r3+(− 2c−2a

2b−2a
)r2

===========

∣∣∣∣∣∣∣∣
a2 2a+ 1 2

b2 − a2 2b− 2a 0

(c− a)(c− b) 0 0

∣∣∣∣∣∣∣∣ = 4(a− b)(a− c)(b− c)

(2) ò1i��− 1
ai
�\�Ù¦�

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 1 1 · · · 1

1 a2 0 · · · 0

1 0 a3 · · · 0
...

...
...

. . .
...

1 0 0 · · · an

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 −
∑n

i=2
1
ai

1 1 · · · 1

0 a2 0 · · · 0

0 0 a3 · · · 0
...

...
...

. . .
...

0 0 0 · · · an

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= a2a3 · · · an(a1 −

n∑
i=2

1

ai
)

(3) k
©,3r1��\�Ù¦�þ
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∣∣∣∣∣∣∣∣∣∣∣

a1 − b1 a1 − b2 · · · a1 − bn
a2 − b1 a2 − b2 · · · a2 − bn

...
...

. . .
...

an − b1 an − b2 · · · an − bn

∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣

a1 a1 − b2 · · · a1 − bn
a2 a2 − b2 · · · a2 − bn
...

...
. . .

...

an an − b2 · · · an − bn

∣∣∣∣∣∣∣∣∣∣∣
−

∣∣∣∣∣∣∣∣∣∣∣

b1 a1 − b2 · · · a1 − bn
b1 a2 − b2 · · · a2 − bn
...

...
. . .

...

b1 an − b2 · · · an − bn

∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣

a1 −b2 · · · −bn
a2 −b2 · · · −bn
...

...
. . .

...

an −b2 · · · −bn

∣∣∣∣∣∣∣∣∣∣∣
−

∣∣∣∣∣∣∣∣∣∣∣

b1 a1 · · · a1

b1 a2 · · · a2
...

...
. . .

...

b1 an · · · an

∣∣∣∣∣∣∣∣∣∣∣
= 0

3.

|3ATB2| = 33|AT ||B2| = 33|A||B|2 = 972

4.

dÖþ~6��,eA!Bþ�_§KM!D!Nþ�_§�Ý


X =

∣∣∣∣∣ X1 X2

X3 X4

∣∣∣∣∣ ,
�g¦)÷vMX = XM = E!DX = XD = E!NX = XN = E�X§

��

M−1 =

∣∣∣∣∣ O B−1

A−1 O

∣∣∣∣∣ , D−1 =

∣∣∣∣∣ A−1 O

−B−1CA−1 B−1

∣∣∣∣∣ , N−1 =

∣∣∣∣∣ −B−1CA−1 B−1

A−1 O

∣∣∣∣∣ .
5.

A2 −A− 2E = 0

A(A− E)− 2E = 0

A
A− E

2
= E

qÏ�
A− E

2
A = E,

¤±

A−1 =
A− E

2
.
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(A+ 2E)(A+ kE) = A2 + kA+ 2A+ 2kE

¤±k + 2 = −1,k = −3,

¤±k

(A+ 2E)(A− 3E) = A2 −A− 6E = −4E

−A− 3E

4
(A+ 2E) = E

qÏ�

(A+ 2E)(−A− 3E

4
) = E,

¤±

(A+ 2E)−1 = −A− 3E

4
.

SK2-3

1.

∣∣∣∣∣∣∣∣∣∣∣

1 x x2 x3

1 a a2 a3

1 b b2 b3

1 c c2 c3

∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣

1 1 1 1

x a b c

x2 a2 b2 c2

x3 a3 b3 c3

∣∣∣∣∣∣∣∣∣∣∣
= (a− x)(b− x)(c− x)(b− a)(c− a)(c− b) = 0

f(x) = 0���x = a, x = b, x = c.

2.£1¤U1�1Ðm∣∣∣∣∣∣∣∣∣∣∣

2 2 2 2

0 −3 0 0

1 0 −1 1

3 2 0 4

∣∣∣∣∣∣∣∣∣∣∣
= −3

∣∣∣∣∣∣∣∣
2 2 2

1 −1 1

3 0 4

∣∣∣∣∣∣∣∣ = 12

(2) kò1�1Ù¦��z�0,3U1�1Ðm

∣∣∣∣∣∣∣∣∣∣∣

1 −1 1 −1

1 −1 2 1

2 1 −1 1

0 1 1 2

∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣

1 0 0 0

1 0 1 2

2 3 −3 3

0 1 1 2

∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
0 1 2

3 −3 3

1 1 2

∣∣∣∣∣∣∣∣ = 9
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(3) U1�1Ðm

∣∣∣∣∣∣∣∣∣∣∣

x 1 0 0

0 x 1 0

0 0 x 1

a0 a1 a2 a3

∣∣∣∣∣∣∣∣∣∣∣
= x

∣∣∣∣∣∣∣∣
x 1 0

0 x 1

a1 a2 a3

∣∣∣∣∣∣∣∣−
∣∣∣∣∣∣∣∣

0 1 0

0 x 1

a0 a2 a3

∣∣∣∣∣∣∣∣
= x(a3x

2 + a1 − a2x)− a0

= a3x
3 − a2x2 + a1x− a0

(4) k�C�,2U1�1Ðm

∣∣∣∣∣∣∣∣∣∣∣

1 −1 1 x− 1

1 −1 x+ 1 −1

1 x− 1 1 −1

x+ 1 −1 1 −1

∣∣∣∣∣∣∣∣∣∣∣
c2+c1========

c3+(−1)c1
c4+c1

∣∣∣∣∣∣∣∣∣∣∣

1 0 0 x

1 0 x 0

1 x 0 0

x+ 1 x −x x

∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
0 x 0

x 0 0

x −x x

∣∣∣∣∣∣∣∣− x
∣∣∣∣∣∣∣∣

1 0 x

1 x 0

x+ 1 x −x

∣∣∣∣∣∣∣∣
= −x3 − x[−x2 + x2 − x2(x+ 1)]

= x4

3. (1) U1��Ðm

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x y 0 0 · · · 0 0

0 x y 0 · · · 0 0
...

...
...

...
...

...
...

0 0 0 0 · · · x y

y 0 0 0 · · · 0 x

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= x

∣∣∣∣∣∣∣∣∣∣∣

x y 0 · · · 0 0
...

...
...

...
...

...

0 0 0 · · · x y

0 0 0 · · · 0 x

∣∣∣∣∣∣∣∣∣∣∣
+ (−1)n+1y

∣∣∣∣∣∣∣∣∣∣∣

y 0 0 · · · 0 0

x y 0 · · · 0 0
...

...
...

...
...

...

0 0 0 · · · x y

∣∣∣∣∣∣∣∣∣∣∣
= xn + (−1)n+1yn

(2) ò1�1�-1�\�Ù¦1,2ò��\�1��
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a b b · · · b

b a b · · · b

b b a · · · b
...

...
...

. . .
...

b b b · · · a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a b b · · · b

b− a 0 0 · · · 0

b− a 0 a− b · · · 0
...

...
...

. . .
...

b− a 0 0 · · · 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a+ (n− 1)b b b · · · b

0 a− b 0 · · · 0

0 0 a− b · · · 0
...

...
...

. . .
...

0 0 0 · · · 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= [a+ (n− 1)b](a− b)n−1

(3) ò1�1�-1�\�Ù¦1,2ò��\�1��

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 + b a2 a3 · · · an

a1 a2 + b a3 · · · an

a1 a2 a3 + b · · · an
...

...
...

. . .
...

a1 a2 a3 · · · an + b

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 + b a2 a3 · · · an

−b b 0 · · · 0

−b 0 b · · · 0
...

...
...

. . .
...

−b 0 0 · · · b

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 + a2 + · · ·+ an + b a2 a3 · · · an

0 b 0 · · · 0

0 0 b · · · 0
...

...
...

. . .
...

0 0 0 · · · b

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= bn−1(

n∑
i=1

ai + b)

(4) ò1�1�-1�\�Ù¦1,2ò1i��−1
i�\�1��
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x+ 1 x x · · · x

x x+ 2 x · · · x

x x x+ 3 · · · x
...

...
...

. . .
...

x x x · · · x+ n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x+ 1 x x · · · x

−1 2 0 · · · 0

−1 0 3 · · · 0
...

...
...

. . .
...

−1 0 0 · · · n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x+ 1 + 1
2x+ 1

3x+ · · ·+ 1
nx x x · · · x

0 2 0 · · · 0

0 0 3 · · · 0
...

...
...

. . .
...

0 0 0 · · · n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= n!x(1 +

1

2
+ · · ·+ 1

n
)

(5) ò1�1�-1�\�Ù¦1,2ò��\�1��

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 1 1 · · · 1 1

1 0 1 · · · 1 1

1 1 0 · · · 1 1
...

...
...

. . .
...

...

1 1 1 · · · 0 1

1 1 1 · · · 1 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 1 1 · · · 1 1

1 −1 0 · · · 0 0

1 0 −1 · · · 0 0
...

...
...

. . .
...

...

1 0 0 · · · −1 0

1 0 0 · · · 0 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n− 1 1 1 · · · 1 1

0 −1 0 · · · 0 0

0 0 −1 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · −1 0

0 0 0 · · · 0 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= (−1)n−1(n− 1)
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(6)ò1�1\�Ù¦1∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 2 3 · · · n

−1 0 3 · · · n

−1 −2 0 · · · n
...

...
...

. . .
...

−1 −2 −3 · · · 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 2 3 · · · n

0 2 6 · · · 2n

0 0 3 · · · 2n
...

...
...

. . .
...

0 0 0 · · · n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= n!

SK2-4

1. (1)

|A| =

∣∣∣∣∣∣∣∣
1 −2 2

−2 3 4

2 −4 3

∣∣∣∣∣∣∣∣ = 1 6= 0

A�_

D1 =

∣∣∣∣∣∣∣∣
−1 −2 2

2 3 4

1 −4 3

∣∣∣∣∣∣∣∣ = −43

D2 =

∣∣∣∣∣∣∣∣
1 −1 2

−2 2 4

2 1 3

∣∣∣∣∣∣∣∣ = −24

D3 =

∣∣∣∣∣∣∣∣
1 −2 −1

−2 3 2

2 4 1

∣∣∣∣∣∣∣∣ = −3

Ïd

x1 =
D1

|A|
= −43, x2 =

D2

|A|
= −24, x3 =

D3

|A|
= −3.

(2)
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|A| =

∣∣∣∣∣∣∣∣
1 −2 1

1 1 −2

−2 1 2

∣∣∣∣∣∣∣∣ = 3 6= 0

A�_

D1 =

∣∣∣∣∣∣∣∣
−2 −2 1

4 1 −2

1 1 2

∣∣∣∣∣∣∣∣ = 15

D2 =

∣∣∣∣∣∣∣∣
1 −2 1

1 4 −2

−2 1 2

∣∣∣∣∣∣∣∣ = 15

D3 =

∣∣∣∣∣∣∣∣
1 −2 −2

1 1 4

−2 1 1

∣∣∣∣∣∣∣∣ = 9

Ïd

x1 =
D1

|A|
= 5, x2 =

D2

|A|
= 5, x3 =

D3

|A|
= 3.

2. ò:�\�§��µ 
a+ b+ c = 2

a+ 2b+ 4c = 3

a+ 3b+ 9c = −2

|A| =

∣∣∣∣∣∣∣∣
1 1 1

1 2 4

1 3 9

∣∣∣∣∣∣∣∣ = 2 6= 0

A�_

D1 =

∣∣∣∣∣∣∣∣
2 1 1

3 2 4

−2 3 9

∣∣∣∣∣∣∣∣ = −10
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D2 =

∣∣∣∣∣∣∣∣
1 2 1

1 3 4

1 −2 9

∣∣∣∣∣∣∣∣ = 20

D3 =

∣∣∣∣∣∣∣∣
1 1 2

1 2 3

1 3 −2

∣∣∣∣∣∣∣∣ = −6

Ïd

a =
D1

|A|
= −5, b =

D2

|A|
= 10, c =

D3

|A|
= −3.

3.

|A| =

∣∣∣∣∣∣∣∣
1 −1 1

1 1 0

2 1 1

∣∣∣∣∣∣∣∣ = 1 6= 0

A11 = (−1)1+1

∣∣∣∣∣ 1 0

1 1

∣∣∣∣∣ = 1, A12 = (−1)1+2

∣∣∣∣∣ 1 0

2 1

∣∣∣∣∣ = −1, A13 = (−1)1+3

∣∣∣∣∣ 1 1

2 1

∣∣∣∣∣ = −1,

A21 = (−1)2+1

∣∣∣∣∣ −1 1

1 1

∣∣∣∣∣ = 2, A22 = (−1)2+2

∣∣∣∣∣ 1 1

2 1

∣∣∣∣∣ = −1, A23 = (−1)2+3

∣∣∣∣∣ 1 −1

2 1

∣∣∣∣∣ = −3,

A31 = (−1)3+1

∣∣∣∣∣ −1 1

1 0

∣∣∣∣∣ = −1, A32 = (−1)3+2

∣∣∣∣∣ 1 1

1 0

∣∣∣∣∣ = 1, A33 = (−1)3+3

∣∣∣∣∣ 1 −1

1 1

∣∣∣∣∣ = 2,

¤±

A =


1 2 −1

−1 −1 1

−1 −3 2


4.

∣∣∣∣∣∣∣∣
1 −1 2

1 1 λ

−1 λ 1

∣∣∣∣∣∣∣∣ = (−λ+ 4)(λ+ 1)
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�λ 6= 4�λ 6 −1�k��)¶

�λ = −1� 
1 −1 2 −4

1 1 −1 4

−1 −1 1 1

 −→


1 0 1
2 0

0 1 −3
2 4

0 0 0 5


d��§Ã)¶

�λ = −4� 
1 −1 2 −4

1 1 4 4

−1 4 1 16

 −→


1 0 3 0

0 1 1 4

0 0 0 0


��§|�du {

x1 + 3x3 = 0

x2 + x3 = 4

£�,���§|)� 
x1 = −3C

x2 = 4− C
x3 = C

,

Ù¥C�?¿~ê.

5. (1)

XJA = O,K|A∗| = 0¶

XJA 6= O,b�|A∗| 6= 0,dA∗A = |A|E = O, ¤±A = 0, gñ,�|A∗| = 0.

(2)

�A�_�,A∗ = |A|A−1,|A∗| = ||A|A−1| = |A|n|A|−1 = |A|n−1.

�AØ�_�,d£1¤,|A∗| = |A|n−1 = 0.

6. dA�_�|A| 6= 0,Ï�AA∗ = |A|E,

¤±

(
A

|A|
)A∗ = E,

qÏ�

A∗(
A

|A|
) = E,
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¤±

(A∗)−1 =
A

|A|
.

ÿÁK�

�!W�K

1. τ(35214) + τ(41253) = (2 + 3 + 1) + (3 + 1) = 10

2.

∣∣∣∣∣∣∣∣
a b c

a a+ b a+ b+ c

a 2a+ b 3a+ 2b+ c

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
a b c

0 a a+ b

0 2a 3a+ 2b

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
a b c

0 a a+ b

0 0 a

∣∣∣∣∣∣∣∣ = a3

3.

−A12 −A22 +A32 + 3A42 = −(−1)1+2

∣∣∣∣∣∣∣∣
1 −4 −1

0 −1 2

−2 −3 1

∣∣∣∣∣∣∣∣− (−1)2+2

∣∣∣∣∣∣∣∣
1 2 3

0 −1 2

−2 −3 1

∣∣∣∣∣∣∣∣
+ (−1)3+2

∣∣∣∣∣∣∣∣
1 2 3

1 −4 −1

−2 −3 1

∣∣∣∣∣∣∣∣+ 3 · (−1)4+2

∣∣∣∣∣∣∣∣
1 2 3

1 −4 −1

0 −1 2

∣∣∣∣∣∣∣∣
= 23 + 9 + 38− 48

= 22
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4.ò��\�1��2Ðm

D =

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 a 0 0 0

0 1− a a 0 0

0 −1 1− a a 0

0 0 −1 1− a a

−a 0 0 −1 1− a

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣

1− a a 0 0

−1 1− a a 0

0 −1 1− a a

0 0 −1 1− a

∣∣∣∣∣∣∣∣∣∣∣
− a

∣∣∣∣∣∣∣∣∣∣∣

a 0 0 0

1− a a 0 0

−1 1− a a 0

0 −1 1− a a

∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣

1 a 0 0

0 1− a a 0

0 −1 1− a a

−a 0 −1 1− a

∣∣∣∣∣∣∣∣∣∣∣
− a5

=

∣∣∣∣∣∣∣∣
1− a a 0

−1 1− a a

0 −1 1− a

∣∣∣∣∣∣∣∣+ (−a)(−1)4+1

∣∣∣∣∣∣∣∣
a 0 0

1− a a 0

−1 1− a a

∣∣∣∣∣∣∣∣− a
5

=

∣∣∣∣∣∣∣∣
1 a 0

0 1− a a

−a −1 1− a

∣∣∣∣∣∣∣∣+ a4 − a5

= · · ·

= 1− a+ a2 − a3 + a4 − a5

5. Ï�BA = B + 2E,¤±B(A− E) = 2E,¤±|B| · |A− E| = 4,q|A− E| = 2,

¤±|B| = 2.

�!ÀJK

1. U1�1Ðm
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∣∣∣∣∣∣∣∣∣∣∣

a− 1 0 0 b1

0 a2 b2 0

0 b3 a3 0

b4 0 0 a4

∣∣∣∣∣∣∣∣∣∣∣
= a1

∣∣∣∣∣∣∣∣
a2 b2 0

b3 a3 0

0 0 a4

∣∣∣∣∣∣∣∣− b1
∣∣∣∣∣∣∣∣

0 a2 b2

0 b3 a3

b4 0 0

∣∣∣∣∣∣∣∣
= a1a2a3a4 − a1a4b2b3 + b1b2b3b4 − b1b4a2a3

= (a2a3 − b2b3)(a1a4 − b1b4)

2. |α3, α2, α1, β1| = −m, |α3, α2, α1, β2| = n, ¤±|α3, α2, α1, β1 + β − 2| = n−m

3.

|2A∗B−1| = |2|A|A−1B−1| = |A|−1|B|−1 = 2× (−1

2
) = −1

4.

Ï�

|A−1 +B| = |A−1(E +AB)| = 2,

¤±

|AB + E| = 6

|A+B−1| = |(AB + E)B−1| = |AB + E||B|−1 = 6× 1

2
= 3

5.

|B| =
∣∣∣ α1 + α2 + α3 α2 + 3α3 2α2 + 8α3

∣∣∣
=
∣∣∣ α1 + α2 + α3 α2 + 3α3 2α3

∣∣∣
=
∣∣∣ α1 α2 α3

∣∣∣
= 2

n!)�K

1.

αTα =
(

1 0 −1
)

1

0

−1

 = 2
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¤±

An = 2n−1


1

0

−1

( 1 0 −1
)

= 2n−1


1 0 −1

0 0 0

−1 0 1



|aE −An| =

∣∣∣∣∣∣∣∣
a− 2n−1 0 2n−1

0 a 0

2n−1 0 a− 2n−1

∣∣∣∣∣∣∣∣
= a(a− 2n−1)2 − a22n−2

= a2(a− 2n)

2. AA∗ = AAT = |A|E,b�|A| = 0,KAAT = 0,��Ý
¦±Ù=�Ý
�"Ý


�,ù�Ý
7�"Ý
,¤±A = O,�K�gñ,�|A| 6= 0.

3. (
O A

B O

)∗
=

∣∣∣∣∣ O A

B O

∣∣∣∣∣
(
O A

B O

)−1

=

(
O |A||B|B−1

|B||A|A−1 O

)

=

(
O |A|B∗

|B|A∗ O

)

=

(
O 3B∗

2A∗ O

)

4.

(A−1 +B−1)−1 = (B−1BA−1 +B−1AA−1)−1

= (B−1(A+B)A−1)−1

= A(A+B)−1B

5. 3�ªüàÓ��¦Ý
A,

AA∗X = AA−1 + 2AX

|A|X = E + 2AX
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¤±

X = (|A|E − 2A)−1 =


1
4

1
4 0

0 1
4

1
4

1
4 0 1

4


6. ∣∣∣∣∣∣∣∣

λ 1 1

1 λ 1

1 1 λ

∣∣∣∣∣∣∣∣ = (λ− 1)2(λ+ 2)

�λ 6= 1�λ 6= −2�k��);

�λ = −2�,{z�F
� 
1 0 −1 4

0 1 −1 3

0 0 0 −9


¤±�§|Ã)

�λ = 1�,{z�F
� 
1 1 1 −2

0 0 0 0

0 0 0 0


�§|�)� 

x1 = −2− C1 − C2

x2 = C1

x3 = C2

Ù¥C1, C2�?¿~ê.

1nÙ

SK3-1

1.

2α− β = 2


2

1

3

−


3

5

7

 =


1

−3

−1


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Ón§

α− β + 2γ =


−5

4

−2


2.

-

α = k1β1 + k2β2 + k3β3

)�

k1 = 2, k2 = −1, k3 = −1,

�

α = 2β1−β2−β3

3.

(β1, β2, ..., βn) = (α1, α2, ..., αn)



0 1 1 · · · 1

1 0 1 · · · 1

1 1 0 · · · 1

· · · · · · · · · · · · · · ·
1 1 1 · · · 0


òþªP�

B = AK,

Ù¥

|k| = (−1)n−1 (n− 1) 6= 0,

K�_§��þ|�±�pL«"

4.

(β1, β2, β3, α1, α2, α3)→


1 −2 −2 1 1 a

0 a+ 2 a+ 2 0 a− 1 0

0 0 a− 4 0 3(1− a) 1− a


÷�§a 6= −2, a 6= 4

(α1, α2, α3, β1, β2, β3)→


1 1 a 1 −2 −2

0 a− 1 1− a 0 a+ 2 a+ 2

0 0 2− a− a2 0 6 + 3a 4a+ 2


Ø÷�a− 1 = 0½2− a− a2 = 0
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nþa = 1

5. �þ|A¥�z��þþ�d�þ|B¥�þ��5|ÜL«§
z�B¥��þ

þ�dC¥�þ��5|ÜL«§�A¥z���þþ�dC¥�þ��5|ÜL«§�

�þ|A�d�þ|C�5L«"Ón§�þ|C��d�þ|A�5L«§�y"

SK3-2

1.£1¤�(

y²µeα1, α2, ..., αm�5�'§K�3�|Ø��0�êk1, k2, ..., km,

¦

k1α1+k2α2+...+kmαm = 0,

Ø��k1 /∈ 0,K

α1 = −k2
k1
α2 + ...− km

k1
αm,

�^�gñ"¤±α1, α2, ..., αm�5Ã'"

£2¤�Ø

�~µ

e

α1 =


1

0

0

α2 =


0

1

0

α3 =


0

1

0

 ,

Kα1, α2, α3�5�'§�α1ØUdα2Úα3L«"

(3)�(

y²µ

k1α1+k2α2+k3α3 + k4 (β1 + β2) = 0

ek4 /∈ 0,K

β2 =
k1
k4
α1 +

k2
k4
α2 +

k3
k4
α3 − β1,

Kβ2�dα1, α2, α3�5L«§gñ�@ok4 = 0,2dα1, α2, α3�5Ã'§

�

k1 = k2 = k3 = 0.

nþ

k1 = k2 = k3 = k4 = 0,

�y"
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£4¤�Ø

�~µ

α1 =


1

0

0

 α2 =


0

1

0

α3 =


0

0

1

β1 =


−1

0

0

β2 =


0

−1

0

β3 =


0

0

−1


(5) �Ø

�~µ

α1 =

(
1

0

)
α2 =

(
0

0

)
β1 =

(
0

0

)
β1 =

(
1

0

)

e�¦��5�'§éuα§7kk1 = 0, k2 /∈ 0,éuβ§7kk2 = 0, k1 /∈ 0,gñ

£6¤�Ø

�~µ

�

β1 = α1, β2 = α2, ..., βm = αm

2.

(1) k1α1+k2α2+k3α3 = 0 XêÝ
1�ª∣∣∣∣∣∣∣∣
1 2 0

1 0 1

0 1 3

∣∣∣∣∣∣∣∣ = −7 6= 0

k1 = k2 = k3 = 0�5Ã'

(2) β3 = 2β2,�5�'

(3) e1 =


1

0

0

 e2 =


0

1

0

 e3 =


0

0

1

 γ1, γ2, γ3, γ4�de1, e2, e3�5L«"

díØ5�§γ1, γ2, γ3, γ4�5�'"

3. dβ4 = α1 + α4 = β1 + β3 − β2§��þ|�5�'

4.

k1α1+k2α2+k3α3 = 0∣∣∣∣∣∣∣∣
1 a 2

−1 2 a

1 1 0

∣∣∣∣∣∣∣∣ = a2 − a− 6
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�a = 3½a = −2�§�§k�")§α1, α2, α3�5�'"

�a 6= 3�a 6= −2�§�§k��")§α1, α2, α3�5Ã'"

5.

k1β1+k2β2+...+kmβm = 0

(k1 + km)α1+(k1 + k2)α2+...+(km−1 + km)αm = 0

dα1, α2, ..., αm�5Ã'�



km + k1 = 0

k1 + k2 = 0

k2 + k3 = 0
...

km−1 + km = 0

1 0 0 0 1

1 1 0 0 0

0 1 1 0 0
...

...
...

...
...

0 0 0 1 1





k1

k2

k3
...

km


=0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 0 1

1 1 0 0 0

0 1 1 0 0
...

...
...

...
...

0 0 0 1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=1+(−1)m−1

m�óê§1�ª�u0§�5�'"m�Ûê§1�ªØ�u0§�5Ã'"

6.

�

α1=


a11

a21
...

an1

α2=


a12

a22
...

an2

αn=


a1n

a2n
...

ann


A = (α1, α2, ..., αm)

�5Ã'⇔A�_
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¿©5.

e1 = x11α1 + x12α2+...xn1αn

e2 = x12α1 + x22α2+...xn2αn

...

en = x1nα1 + x2nα2+...xnnαn

E = (e1, e2, ..., en) = (α1, α2, ..., αn)


x11 . . . x1n

...
. . .

...

xn1 · · · xnn


A�_�y,¿©5�y

7�5.

α1, α2, ..., αn�5Ã'§KA�_"

∀β,A−1β =


x1

x2
...

xn



β = A


x1

x2
...

xn

 = x1α1 + x1α2+...xnαn

7�5�y

SK3-3

1. (1)

(α1, α2, ..., α5) ∼


1 0 3 6 3

0 1 −6 −7 −2

0 0 0 0 0


�´2§4�Ã'|�α1, α2

α3 = 3α1 − 6α2, α4 = 6α1 − 7α2, α5 = 3α1 − 2α2.
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(2)

(α1, α2, ..., α5) ∼


1 0 0 −2 1

0 1 0 1 1

0 0 1 1 0

0 0 0 0 0


�´3§4�Ã'|�α1, α2, α3

α4 = −2α1 + α2 + α3, α5 = α1 + α2

2.

(1)

A ∼


1 0 2 0 4

0 1 −1 0 −6

0 0 0 1 1

0 0 0 0 0


��3

(2)

B ∼


1 0 0 5

4

0 1 0 1
4

0 0 1 0


��3

3. P,Q�_§KP,Q���Ð�Ý
�ÈP = P1P2...PS Q = Q1Q2..Qt

B = P1P2...PSAQ1Q2..Qt

B ∼ A

B�Ak�Ó��"

4. �A�1�þ|�α1, α2, ..., αm,y�1k1§KB�1�þ�

α1, α2, ...αk−1, αk+1, ..., αm

(1)eαk�dα1, α2, ...αk−1, αk+1, ..., αm�5L«§KA§B1�þ|�d,r(A) = r(B)

(2)eαkØ�dα1, α2, ...αk−1, αk+1, ..., αm�5L«§Kα1, α2, ...αk−1, αk+1, ..., αm4�Ã

'|\þαk�¤α1, α2, ..., αm�4�Ã'|§r(A) = r(B) + 1
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5. α1, α2, α3, α5��4§K�þ|B�5Ã'"α1, α2, α3�5Ã'§́ �þ|A���4

�Ã'|§Kα4�dα1, α2, α3�5L«§¤±α1, α2, α3, α5´�þ|C���4�Ã'|§

¤±��4.

6. A = (α1, α2, ..., αr) B = (β1, β2, ..., βr),

K

B = A



0 1 1 1

1 0 1 1

1 1 0 1
...

...
...

...

1 1 1 0


= AQ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 1 1 1

1 0 1 1

1 1 0 1
...

...
...

...

1 1 1 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= (−1)r−1(r − 1) 6= 0

KÝ
Q�_,dK3�R(A) = R(B),�y

7.

(1) R(A) = n,KA�_, A∗ = |A|A−1 R (A∗) = n

(2) R(A) = n− 1, A��k��n�fªØ�0, A∗ 6= 0R (A∗) ≥ 1, AA∗ = |A|E = 0,

R (A) +R (A∗) ≤ n, R (A∗) ≤ 1, R (A∗) = 1

(3) R (A) ≤ n− 2§A�z��n-1�fª�0§A∗ = 0 R (A∗) = 0

SK3-4

1.

(1)

XêÝ


A =


1 −1 2 −2

0 1 1 2

2 −1 5 −2

→


1 0 3 0

0 1 1 2

0 0 0 0


gd��þ�x3,x4

� (
x3

x4

)
=

(
1

0

)
,

(
0

1

)
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� (
x1

x2

)
=

(
−3

−1

)
,

(
0

−2

)

Ä:)X�

η1=


−3

−1

1

0

 η2=


0

−2

0

1


Ï)�x = k1η1 + k2η2

(2) XêÝ
A =


1 −3 1 1

2 −5 1 2

5 −7 −3 5

→


1 0 −2 1

0 1 −1 0

0 0 0 0

 gd��þ�x3,x4

� (
x3

x4

)
=

(
1

0

)
,

(
0

1

)

� (
x1

x2

)
=

(
2

1

)
,

(
−1

0

)

Ä:)X�

η1=


2

1

1

0

 η2=


−1

0

0

1


Ï)�x = k1η1 + k2η2

2.

(1)O2Ý



1 0 1 0 2

0 1 −1 1 −1

0 0 0 0 0


gd��þ�x3,x4
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x1 = −x3 + 2, x2 = −x3 + x4 − 1

- (
x3

x4

)
=

(
0

0

)

�A) (
x1

x2

)
=

(
2

−1

)

���§��A)

η=


2

−1

0

0


�Ñ|

x1 = −x3, x2 = x3 − x4

� (
x3

x4

)
=

(
1

0

)
,

(
0

1

)

�

ζ1=


−1

1

1

0



ζ2=


0

−1

0

1


)�

x = k1ζ1+k2ζ2+η

(2)O2Ý
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
1 0 0 2 1

0 1 −3 −3 0

0 0 0 0 0


gd��þ�x3,x4

x1 = −2x4 + 1

x2 = 3x3 + 3x4

- (
x3

x4

)
=

(
0

0

)

���§��A)

η=


1

0

0

0


�Ñ|

x1 = −2x4, x2 = 3x3 + 3x4

� (
x3

x4

)
=

(
1

0

)
,

(
0

1

)

�

ζ1=


0

3

1

0



ζ2=


−2

3

0

1


)�

x = k1ζ1+k2ζ2+η
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3.

ζ1, ζ2, ..., ζn−r´�Ñ|�Ä:)X§KÙ�5Ã'"

eyηØ�^ζ1ζ2, ..., ζn−r�5L«, e�±,Kη = k1ζ1 + k2ζ2 + ...+ kn−rζn−r,

Aη = k1Aζ1 + k2Aζ2 + ...+ kn−rAζn−r = 0�Ax = β�A)gñ"

ηØ�^ζ1ζ2, ..., ζn−r�5L«,Kζ1ζ2, ..., ζn−r, η�5Ã'

4.

A(2η1 − η2 − η3) = 2β − β − β = 0

¤±2η1 − η2 − η3´Ax =0�)"

dR(A) = 3�Ax =0�Ä:)X�k���þ§=�

ζ=2η1 − η2 − η3 =


0

1

2

3


Ï)�

η1 + kζ

5. y²

A(ηi − η1) = β − β = 0 i = 2, 3, ..., n− r + 1

¤±ηi − η1´Ax=0�),i = 2, 3, ..., n− r + 1

n−r+1∑
i=2

ki(ηi − η1) = 0

k2η2 + k3η3 + ...+ km−r+1ηn−r+1 − (k2 + k2 + ...+ kn−r+1)η1 = 0

dη�5Ã'�§k2=k3=...=kn−r+1 = 0¤±η2 − η1, η3 − η1, ..., ηn−r+1 − η1�5Ã'"

¤±η2 − η1, η3 − η1, ..., ηn−r+1 − η1´�§Ax =0�n-r��5Ã'�)"

dR(A) = r�Ax = 0kn− r��5Ã'�)"

η2 − η1, η3 − η1, ..., ηn−r+1 − η1´Ax=0�Ä:)X"

6.d15K�§η2 − η1, η3 − η1, ..., ηn−r+1 − η1´�Ñ|Ax=0�Ä:)X"
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Ax = βÏ)�

x = η1 + a2(η2 − η1) + a3(η3 − η1) + ...+ an−r+1(ηn−r+1 − η1)

= (1− a2 − a3 − a4 − ...− an−r+1)η1 + a2η2 + a3η3 + ...+ an−r+1ηn−r+1

-

k1 = 1− a2 − a3 − a4 − ...− an−r+1

k2 = a2

kn−r+1 = an−r+1

=÷v

k1 + k2 + ...+ kn−r+1 = 1

)�

x = k1η1 + k2η2 + ...+ kn−r+1ηn−r+1

7.

�Am∗n���r§K�3Ð��
P

¦

PA =

(
Ãr×n

Om−r×n

)

PAB =

(
Ãr×n

Om−r×n

)
B =

(
Ãr×nB

O

)
=PC

PC���u�ur§=C���u�ur, =R (C) ≤ R (A), ÓnR (C) ≤ R (B),

¤±R (C) ≤ min {R (A) , R (B)}

8.

β1 = c11α1 + c21α2 + ...+ ct1αt

β2 = c12α1 + c22α2 + ...+ ct2αt
...

βs = c1sα1 + c2sα2 + ...+ ctsαt

d7K(Ø§

R(β1, β2, ..., βs) ≤ R(α1, α2, ..., αt)

SK3-5
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1.£1¤�¤

∀x = (x1, x2, ..., xn)T ∈ V1

∀y = (y1, y2, ..., yn)T ∈ V1

k

x+ y = (x1 + y1, x2 + y2, ..., xn + yn)

¤±x+ y ∈ V1

kx = (kx1, kx2, ..., kxn)

kx1 + kx2 + ...+ kxn = 0

kx ∈ V1

¤±�¤�5�m

(2) Ø�¤

∀x = (x1, x2, ..., xn)T ∈ V2

∀y = (y1, y2, ..., yn)T ∈ V2

k

x+ y = (x1 + y1, x2 + y2, ..., xn + yn)

¤±x + y ∈ V1

x1 + y1 + x2 + y2 + ...+ xn + yn = 2

x+ y /∈ V2

¤±Ø�¤�5�m

£3¤�¤

∀x = (x1, x2, ..., xn)T ∈ V3

∀y = (y1, y2, ..., yn)T ∈ V3

k

x+ y = (x1 + y1, x2 + y2, ..., xn + yn)
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kx = (kx1, kx2, ..., kxn)

x1 + y1 = x2 + y2 = ... = xn + yn

kx1 = kx2 = ... = kxn

x+ y, kx ∈ V3

¤±�¤�5�m

2.

∀x ∈ L1(α1, α2, ..., αs)

x = k1α1 + k2α2 + ...+ ksαs

dü��þ|�d§�αi, i = 1, 2, ..., s�dβ1, β2, ..., βtL«

αi = li1β1 + li2β2 + ...+ litβt

x = k1 (li1β1 + li2β2 + ...+ litβt) + k2 (l21β1 + l22β2 + ...+ l2tβt) + ...+ ks (ls1β1 + ls2β2 + ...+ lstβt)

= (k1l11 + k2l21 + ...+ksls1)β1 + (k1l12 + k2l22 + ...+ksls2)β2 + ...+ (k1l1t + k2l2t + ...+kslst)βt

x ∈ L2(β1, β2, ..., βs)

Ón�y∀x ∈ L2§kx ∈ L1 ¤±L1 = L2

3.

(α1, α2, ..., α5) =


1 2 2 3 −1

2 2 3 2 −1

3 2 1 1 2

−1 −1 1 −1 −2

→


1 0 0 −1 1

0 1 0 2 0

0 0 1 0 −1

0 0 0 0 0


¤±Ä�α1, α2, α3§�ê�3

4£1¤

(α1, α2, α3, α4, α) =


1 1 1 1 1

0 1 1 1 1

0 0 1 1 2

0 0 0 1 1

→


1 0 0 0 0

0 1 0 0 −1

0 0 1 0 1

0 0 0 1 1


¤±α1, α2, α3, α4´�|Ä, α = −α2 + α3 + α4
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£2¤

(β1, β2, β3, β4, α) =


1 1 1 0 1

0 1 1 1 1

1 0 1 1 2

1 1 0 1 1

→


1 0 0 0 2
3

0 1 0 0 −1
3

0 0 1 0 2
3

0 0 0 1 2
3


¤±β1, β2, β3, β4´�|Ä, α = 2

3β1 −
1
3β2 + 2

3β3 + 2
3β4

(α1, α2, α3, α4, β1, β2, β3, β4) =


1 1 1 1 1 1 1 0

0 1 1 1 0 1 1 1

0 0 1 1 1 0 1 1

0 0 0 1 1 1 0 1

→


1 0 0 0 1 0 0 −1

0 1 0 0 −1 1 0 0

0 0 1 0 0 −1 1 0

0 0 0 1 1 1 0 1


¤±§LÞÝ


P =


1 0 0 −1

−1 1 0 0

0 −1 1 0

1 1 0 1


�I�

(
2
3 −1

3
2
3

2
3

)T
.

ÿÁKn

�!W�K

1. (1)

(α1, α2, α3, α4)→

(
1 0 −1

3
5
3

0 1 2
3 −1

3

)

LÞÝ
� (
−1

3
5
3

2
3 −1

3

)

(2) β1, β2, β3�5�'§ ∣∣∣∣∣∣∣∣
1 1 3

1 2 4

1 3 a

∣∣∣∣∣∣∣∣ = 0

Ka = 5

(3)

Aα = kα
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
a = ka

2a+ 3 = k

3a+ 4 = k

)�a = −1

(4) d|A| = 0 )�λ = 1½λ = −1

�λ = 1�§

(A|b) =


1 1 1 a

0 0 0 1

1 1 1 1

 ,

Ø�U¤á

�λ = −1�§

(A|b)→


1 −1 −1 −a
0 1 0 −1

2

0 0 0 a+ 2

 ,

¤±a = −2

�!ÀJK

1.

du(α1 − α2) + (α2 − α3) + (α3 − α1) = 0§ÀA

2.

�r < s�§�1�|�

(
1

1

)
1�|�

(
1

0

)(
0

1

)
�A!C�Ø

�r > s�§�1�|�

(
1

2

) (
1

1

) (
1

3

)
1�|�

(
1

0

)(
0

1

)
�B�Ø,ÀD

3.

�

A =


1 0

2 0

3 0

B =

(
0 0 0

1 2 3

)

��ÀD

4.

k1Aα1 + k2Aα2 + ...+ ksAαs = A(k1α1 + k2α2 + ...+ ksαs) = 0

��ÀA
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5.

α1 + α2 = 1 ∗ α1 + 2 ∗ 1

2
α2 + 0 ∗ α3

α2 + α3 = 0 ∗ α1 + 2 ∗ 1

2
α2 + 3 ∗ 1

3
α3

α3 + α1 = 1 ∗ α1 + 0 ∗ 1

2
α2 + 3 ∗ 1

3
α3

��ÀA

n!)�K

1.

|α1, α2, α3, α4| =

∣∣∣∣∣∣∣∣∣∣∣

1 + a 2 3 4

1 2 + a 3 4

1 2 3 + a 4

1 2 3 4 + a

∣∣∣∣∣∣∣∣∣∣∣
= a4 + 10a3

a = 0½a = −10�§α1, α2, α3, α4�5�'

£1¤a = 0�§α2 = 2α1§α3 = 3α1§α4 = 4α1§α1���4�Ã'|"

£2¤a = −10�§

(α1, α2, α3, α4) =


−9 2 3 4

1 −8 3 4

1 2 −7 4

1 2 3 −6

→


1 0 0 −1

0 1 0 −1

0 0 1 −1

0 0 0 0


α1, α2, α3,���4�Ã'|α4 = −α1 − α2 − α3

2.da,b,cØ��0�§R(A) ≥ 1 dAB = 0�§R(A) < 3 ¤±R(A) = 1½2

£1¤R(A) = 2§KAx = 0�)�m´1��"

dA


1

2

3

 = 0�,


1

2

3

´Ax = 0���), ¤±àg�§Ï)�

x = k1


1

2

3


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£2¤R(A) = 1§KAx = 0�)�m´��"Ax = 0�z�

(a, b, c)


x1

x2

x3

 = 0

ec = 0,K


1

2

0

�


0

0

1

þ�Ax = 0�)"

Ï)�

x = k1


1

2

0

+ k2


0

0

1


ec 6= 0§Kx1, x2�w�gdCþ

� (
x1

x2

)
=

(
c

0

)
,

(
0

c

)

� 
x1

x2

x3

 =


c

0

−a

 ,


0

c

−b


Ï)�

x = k1


c

0

−a

+ k2


0

c

−b


3.

£1¤

(A| ξ1)→


1 0 −1

2 −1
2

0 1 1
2

1
2

0 0 0 0


x3´gdCþ§�x3 = 0

�A)
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η =


0

0

1


àg�§

{
x1 − 1

2x3 = 0

x2 + 1
2x3 = 0

�Ï)�

x = k


1

−1

2


§

¤±

ξ2 =


0

0

1

+ k


1

−1

2



(
A2
∣∣ ξ1)→


1 1 0 −1

2

0 0 0 0

0 0 0 0


x2, x3´gdCþ§�

(
x2

x3

)
=

(
0

0

)
§

A)�

η =


−1

2

0

0


àg�§x1 + x2 = 0�Ï)�

x = k1


−1

1

0

+ k2


0

0

1


§

¤±

ξ3 =


−1

2

0

0

+ k1


−1

1

0

+ k2


0

0

1


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£2¤

(A| ξ1)→


1 0 −1

2 −1
2

0 1 1
2

1
2

0 0 0 0


x3´gdCþ§�x3 = 0 �A)

η =


−1

2
1
2

0



àg�§

{
x1 − 1

2x3 = 0

x2 + 1
2x3 = 0

�Ï)�

x = k


1

−1

2


¤±

ξ2 =


−1

2
1
2

0

+ k


1

−1

2



(
A2
∣∣ ξ1)→


1 1 0 −1

2

0 0 0 0

0 0 0 0



x2, x3´gdCþ§�

(
x2

x3

)
=

(
0

0

)
§A)�

η =


−1

2

0

0


àg�§x1 + x2 = 0�Ï)�

x = k1


0

0

1

+ k2


1

−1

0


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¤±

ξ3 =


−1

2

0

0

+ k1


0

0

1

+ k2


1

−1

0


-

α1 =


1

−1

2

α2 =


1

−1

0

α3 =


0

0

0


´yα1, α2, α3�5Ã'"

*	k

ξ1 = −α1§ξ2 = −1
2α2+kα1§ξ3 = −1

2α3+ 1
2k1(α1−α2)+k2α2 = −1

2α3+ 1
2k1α1+(k2− 1

2k1)α2

(ξ1, ξ2, ξ3) = (α1, α2, α3)


−1 k 1

2k1

0 −1
2 k2 − 1

2k1

0 0 −1
2


|P | 6= 0�α1, α2, α3�5Ã'§¤±ξ1, ξ2, ξ3�5Ã'

4 (1)�n��5Ã')�ξ1, ξ2, ξ3Kξ2−ξ1, ξ3−ξ1´àg�§Ax=b�)§KR(A) ≤ 2¶

,��¡§A�1�1�1�1�5Ã'R(A) ≥ 2"nþ§R(A) = 2

£2¤dR(A) = 2§�A�n�fª�0§

= ∣∣∣∣∣∣∣∣
1 1 1

4 3 5

a 1 3

∣∣∣∣∣∣∣∣ = 0,

�a = 2 ∣∣∣∣∣∣∣∣
1 1 1

3 5 −1

1 3 b

∣∣∣∣∣∣∣∣ = 0,

�b = −3

(A| b)→


1 0 2 −4 2

0 1 −1 5 −3

0 0 0 0 0


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x3, x4�gdCþ§� (
x3

x4

)
=

(
0

0

)

�A)�

η =


2

−3

0

0



àg�§

{
x1 + 2x3 − 4x4 = 0

x2 − x3 + 5x4 = 0

� (
x3

x4

)
=

(
1

0

)
,

(
0

1

)

�àg�§Ï)�

x = k1


−2

1

1

0

+ k2


4

−5

0

1


��§Ï)� 

x1

x2

x3

x4

 =


2

−3

0

0

+ k1


−2

1

1

0

+ k2


4

−5

0

1


5.

(1)£êÆ8B{¤n = 2�§|A| = 4a2 − a2 = 3a2¤á"

b�n = j�§|A| = (j + 1)aj¤á§�n = j + 1�§|A|U1�1Ðm�

|A| = 2a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2a 1

a2 2a 1
. . .

. . . 1

a2 2a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
−

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a2 1

0 2a 1

a2 2a 1
. . .

. . .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= (j + 2)aj+1
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nþ¤ã§

|A| = (n+ 1)an

£2¤a 6= 0k��)§d�40{K§x1 = |A1|
|A| = nan−1

(n+1)an = n
(n+1)a

£A1�bO�A�1��¤¤Ý
)

£3¤a = 0 kÃ¡)§d�

(A| b) =



0 1

0 0 1
. . .

0 1

0 0





1

0

0
...

0


x1´gdCþ

�x1 = 0,�A)

η =



0

1

0
...

0


�x1 = 1,�àg�§Ï)

x = k



1

0

0
...

0


Ï)�

x =



0

1

0
...

0


+ k



1

0

0
...

0


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6.R(A) = 3 R(A∗) = 1 dA


1

0

1

0

 = 0 �α1 + α3 = 0 ¤±α1, α2, α4½α2, α3, α4´A�

��4�Ã'|A∗A = |A|E = 0�A∗α1 = 0, A∗α2 = 0, A∗α3 = 0, A∗α4 = 0 2dR(A∗) =

1�§A∗x = 0�Ä:)X´α1, α2, α4½α2, α3, α4

1oÙ

SK4-1

1.�¦γ �α Úβ þ��, �γ = (x, y, z), Kγ ÷v

 x+ y + 2z = 0,

−4x+ 2y + 2z = 0.

Kγ = (x, 5x,−3x), �x = −1, Kγ = (−1,−5, 3).

2. (1) �

β1 = α1 =


1

1

2

 ,

β2 = α2 −
[β1, α2]

[β1, β1]
β1 =


1

2

3

− 3

2


1

1

2

 =


−1

2
1
2

0

 ,

β3 = α3 −
[β1, α3]

[β1, β1]
β1 −

[β2, α3]

[β2, β2]
β2 =


−1

3

5

− 2


1

1

2

− 4


−1

2
1
2

0

 =


−1

−1

1

 .
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(2) �

β1 = α1 =


1

−1

0

0

 ,

β2 = α2 −
[β1, α2]

[β1, β1]
β1 =


1

0

−1

0

−
1

2


1

−1

0

0

 =


1
2
1
2

−1

0

 ,

β3 = α3 −
[β1, α3]

[β1, β1]
β1 −

[β2, α3]

[β2, β2]
β2 =


−1

0

0

1

+
1

2


1

−1

0

0

+
1

3


1
2
1
2

−1

0

 =


−1

3

−1
3

−1
3

1

 .

3.(1)Ø´¶(2)´.

4. ∵ A ´��
 ∴ ATA = E ∵ AT (AT )T = ATA = E ∴ A−1 = AT �´��


∵ |ATA| = 1 ∴ |AT | · |A| = 1 ∴ |A| = 1 ½−1.

5. ∵A,B Ñ´��
 ∴ ATA = E,BTB = E

∴ (AB)T (AB) = BTATAB = E. ∴ AB �´��
.

6. kyé¡5. HT = (E − 2xxT )T = E − 2xxT = E. 2yH ´��
.

∵ xTx = 1 ∴ HTH = (E − 2xxT )T (E − 2xxT ) = E ∴ H ´é¡���
.

SK4-2

1. (1)Ý
A =


0 1 1

1 0 1

1 1 0

 �A�õ�ª�

|A− λE| =

∣∣∣∣∣∣∣∣
−λ 1 1

1 −λ 1

1 1 −λ

∣∣∣∣∣∣∣∣ = (2− λ)(λ+ 1)2,

¤±A ��ÜA���λ1 = λ2 = −1, λ3 = 2.

�λ1 = λ2 = −1 �, )�§(A+ E)x = 0, d

A+ E =


1 1 1

1 1 1

1 1 1

 r
:


1 1 1

0 0 0

0 0 0


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�Ä:)X

α1 =


−1

1

0

 , α2 =


−1

0

1


l
α1, α2 Ò´éAuλ1 = λ2 = −1 �ü��5Ã'�A��þ,

¿�éAuλ1 = λ2 = −1 ��ÜA��þ�k1α1 + k2α2(k1, k2 ØÓ��").

�λ3 = 2 �, )�§(A− 2E)x = 0, d

A− 2E =


−2 1 1

1 −2 1

1 1 −2

 r
:


1 0 −1

0 1 −1

0 0 0


�Ä:)X

α3 =


1

1

1

 ,

l
α3 Ò´éAuλ3 = 2 �A��þ,

¿�éAuλ3 = 2 ��ÜA��þ�kα3(k 6= 0).

£2¤Ý
A =


2 −1 1

0 1 1

−1 1 1

 �A�õ�ª�

|A− λE| =

∣∣∣∣∣∣∣∣
2− λ −1 1

0 1− λ 1

−1 1 1− λ

∣∣∣∣∣∣∣∣ = −(λ− 1)2(λ− 2),

¤±A ��ÜA���λ1 = λ2 = 1, λ3 = 2.

�λ1 = λ2 = 1 �, )�§(A− E)x = 0, d

A+ E =


1 −1 1

0 0 1

−1 1 0

 r
:


1 −1 1

0 0 1

0 0 0


�Ä:)X

α1 =


1

1

0


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l
α1 Ò´éAuλ1 = λ2 = 1 �A��þ,

¿�éAuλ1 = λ2 = 1 ��ÜA��þ�kα1(k 6= 0)

�λ3 = 2 �, )�§(A− 2E)x = 0, d

A− 2E =


0 −1 1

0 −1 1

−1 1 −1

 r
:


1 0 0

0 1 −1

0 0 0


�Ä:)X

α2 =


0

1

1

 ,

l
α2 Ò´éAuλ3 = 2 �A��þ,¿�éAuλ2 = 2 ��ÜA��þ�kα2(k 6=
0).

(3) Ý
A =


1 2 4 1

0 2 0 7

0 0 3 4

0 0 0 2

 �A�õ�ª�

|A− λE| = (λ− 1)(λ− 2)2(λ− 3),

¤±A ��ÜA���λ1 = λ2 = 2, λ3 = 1, λ4 = 3.

�λ1 = λ2 = 2 �, )�§(A− 2E)x = 0, d

�Ä:)X

α1 =


2

1

0

0


l
α1 Ò´éAuλ1 = λ2 = 2 �A��þ, ¿�éAuλ1 = λ2 = 2 ��ÜA��þ

�kα1 (k 6= 0).

�λ3 = 1 �, )�§(A− E)x = 0
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�Ä:)X

α2 =


1

0

0

0

 ,

l
α2 Ò´éAuλ3 = 1 �A��þ,¿�éAuλ3 = 1 ��ÜA��þ�kα2(k 6=
0).

�λ4 = 3 �, )�§(A− 3E)x = 0

�Ä:)X

α3 =


2

0

1

0

 ,

l
α3 Ò´éAuλ4 = 3 �A��þ,¿�éAuλ4 = 3 ��ÜA��þ�kα3(k 6=
0).

2. ∵ |A− λE| = |(A− λE)T | = |AT − λE| ∴ AT�A �A���Ó.

3.�A �?¿��A��λ, K�3�"�þξ, ÷vAξ = λξ. dA2 − 4A+ 3E = 0,

��

(A2 − 4A+ 3E)ξ = (λ2 − 4λ+ 3)ξ = (λ− 1)(λ− 3)ξ = 0

∵ ξ 6= 0 ∴ λ = −1 ½λ = 3.

4. ÏA �A���Ø�0, �A�_,�A∗ = |A|A−1. 
|2A| = 23λ1λ2λ3 = 16, P

ϕ(A) = (2A)∗ + 3A− 2E,

ùp,ϕ(A) �Ø´Ý
õ�ª, ��äkÝ
õ�ª�A5, d

ϕ(λ) = (2λ)∗ + 3λ− 2

�ϕ(A)�A���

ϕ(−1) = −8− 3− 2 = −13, ϕ(1) = 8 + 3− 2 = 9, ϕ(−2) = −4− 6− 2 = −12.

¤±,|(2A)∗ + 3A− 2E| = (−13)× 9× (−12) = 1404.

5. d|A| = 0, |A + 2E| = 0, |A − E| = 0, ��A �A���λ1 = 0, λ2 = −2, λ3 = 1,l


|A+ E|�A���µ1 = 1, µ2 = −1, µ3 = 2,�|A+ E| = −2.
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6. �x ´AB �éAuλ �A��þ, KABx = λx 6= 0, Ïd, Bx 6= 0, KkB(ABx) =

B(λx) = λBx, �âA���A��þ�Vg, λ ´BA �A��, �Bx ´ÙéA�A�

�þ.

7. �λ �A �A��,K�3�"�þξ, ¦�Aξ = λξ. dA2 = A, ��

(A2 −A)ξ = A2ξ −Aξ = (λ2 − λ)ξ = 0

dξ 6= 0, �λ = 0 ½λ = 1, qÏ�R(A) = 2, �A ��ÜA���λ1 = λ2 = 1, λ3 = 0.

8. �k1α1+ · · ·+ksαs+l1β1+ · · ·+ltβt = 0,Kk1α1+ · · ·+ksαs = −l1β1−· · ·−ltβt,duá
uØÓA���A��þ�5Ã',�k1α1+· · ·+ksαs = 0, l1β1+· · ·+ltβt = 0,Ï�α1 · · ·αs
�5Ã',β1, · · ·βt �5Ã',�k1 = · · · ks = l1 = · · · lt = 0, ¤±α1, α2, · · · , αs, β1, β2, · · ·βt
�5Ã'.

SK4-3

1. duA,B �q,�3�_Ý
P ¦�B = P−1AP ,dP �_�,A,B �d,�R(A) =

R(B). |B = P−1AP | = |P−1||A||P | = |A|.

2. Ï�A �_, �BA = A−1ABA = A−1(AB)A, -P = A, KkAB �BA �q.

3. w,, A �A���λ1 = λ2 = 1, λ3 = λ4 = 2, �A ��qé�z,�Iλ �­ê�

uÙA�f�m��ê.

éλ = 1,

dim(Vλ) = 4− r(A− λE) = 4− r


0 0 0 0

a 0 0 0

2 b 1 0

2 3 c 1

 = 2.

�, a = 0.

éλ = 2,

dim(Vλ) = 4− r(A− λE) = 4− r


−1 0 0 0

a −1 0 0

2 b 0 0

2 3 c 0

 = 2.

�,c = 0.

l
, a = 0, c = 0, b ��?¿�.
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4. (1)

AP =


2 −1 2

5 a 3

−1 b −2




1

1

−1

 =


−1

2 + a

1 + b

 = −1


1

1

−1

 = −1 · P,

�2 + a = −1, 1 + b = 1, =a = −3, b = 0, P ¤éA�A���λ = −1.

(2)

|A− λE| =

∣∣∣∣∣∣∣∣
2− λ −1 2

5 −3− λ 3

−1 0 −2− λ

∣∣∣∣∣∣∣∣ = −(λ+ 1)3

�λ1,2,3 = −1,l


r(A− λE) = r


2 −1 2

5 −3 3

−1 0 −2

 = 2,

Vλ = 1 6= λ �­ê. �A ØU�qé�z.

5.

|λE −A| =

∣∣∣∣∣∣∣∣
λ− 1 0 −1

0 λ− 1 −1

0 −1 λ− 1

∣∣∣∣∣∣∣∣ = λ(λ− 1)(λ− 2).

�A�A���λ1 = 0, λ2 = 1, λ3 = 2.

)(λ1E −A)x = 0, �Ä:)Xξ1 = (1, 1,−1)T .

)(λ2E −A)x = 0, �Ä:)Xξ2 = (1, 0, 0)T .

)(λ3E −A)x = 0, �Ä:)Xξ3 = (1, 1, 1)T .

-P = (ξ1, ξ2, ξ3)
−1, Kk

A = P−1


0 0 0

0 1 0

0 0 2

P,

l
,

A100 = P−1


0 0 0

0 1 0

0 0 2100

P =


1 299 − 1 299

0 299 299

0 299 299


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6. -P = (p1, p2, p3). dK¿�,

A(p1, p2, p3) = (p1, p2, p3)


λ1 0 0

0 λ2 0

0 0 λ3


�,

A = P


λ1 0 0

0 λ2 0

0 0 λ3

P−1.

²LO�, �

P−1 =


−1 1 0

1 −1 1

0 1 −1

 .

Ïd,

A =


0 1 1

1 1 1

1 1 0




2 0 0

0 −2 0

0 0 1



−1 1 0

1 −1 1

0 1 −1

 =


−2 3 −3

−4 5 −3

−4 4 −2

 .

7.b�A�é�Ý
diag(λ1, λ2, · · ·λn) �q, l


A = P−1


λ1 0 0

0 λ2 0

0 0 λ3

P

K,

Ak = P−1


λk1 0 0

0 λk2 0

0 0 λk3

P = 0.

dP�_,�λk1, λ
k
2, · · ·λkn = 0, ¤±λ1, λ2, · · ·λn = 0,¤±A = 0, ù�A��"Ý
g

ñ,¤±AØ�é�
�q.

8. duA�B�q,C�D�q, ¤±�3�_Ý
P, T , ¦�B = P−1AP,D = T−1CT ,
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l
k (
P 0

0 T

)−1(
A 0

0 C

)(
P 0

0 T

)
=

(
P−1 0

0 T−1

)(
A 0

0 C

)(
P 0

0 T

)

=

(
P−1AP 0

0 T−1CT

)

=

(
B 0

0 D

)
.

Ïd,

(
A 0

0 C

)
�

(
B 0

0 D

)
�q.

SK4-4

1. (1) Ý
�A�õ�ª�−λ(λ− 2)(λ− 3),

�λ = 0 �, )�§(A− 0E)x = 0,

��IOzA��þ�

α1 =


−
√
6
3√
6
6√
6
6

 ,

�λ = 2 �, )�§(A− 2E)x = 0,

��IOzA��þ�

α2 =


0

−
√
2
2√
2
2

 ,

�λ = 3 �, )�§(A− 3E)x = 0,

��IOzA��þ�

α3 =


√
3
3√
3
3√
3
3

 ,

P =


−
√
6
3 0

√
3
3√

6
6 −

√
2
2

√
3
3√

6
6

√
2
2

√
3
3



P−1AP =


0 0 0

0 2 0

0 0 3


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(2) Ý
�A�õ�ª�−(λ− 10)(λ− 1)2,

�λ = 1 �, )�§(A− E)x = 0,

��IOzA��þ�

α1 =


−2
√
5

5√
5
5

0



α2 =


2
√
5

15
4
√
5

15√
5
3


�λ = 10 �, )�§(A− 10E)x = 0,

��IOzA��þ�

α3 =


−1

3

−2
3

2
3

 ,

P =


−2
√
5

5
2
√
5

15 −1
3√

5
5

4
√
5

15 −2
3

0
√
5
3

2
3



P−1AP =


1 0 0

0 1 0

0 0 10



2. ϕ(A) =


2 2 −4

2 2 −4

−4 −4 8

 .

3. �A�1n�A��þü z��p3 = (a, b, c)T , Kòp1, p2ü z�,�

A =


1
3

2
3 a

2
3

1
3 b

2
3 −2

3 c




3 0 0

0 −3 0

0 0 0




1
3

2
3

2
3

2
3

1
3 −2

3

a b c

 =


−1 0 2

0 1 2

2 2 0

 .

4. �p1 = ( 1√
6
, 2√

6
, 1√

6
)T , KkAp1 = λ1p1,�

0 −1 4

−1 3 a

4 a 0




1√
6
2√
6
1√
6

 = λ1


1√
6
2√
6
1√
6


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)�,λ1 = 2, a = −1.

Ïd,

A =


0 −1 4

−1 3 −1

4 −1 0

 .

d

|λE −A| =

∣∣∣∣∣∣∣∣
λ 1 −4

1 λ− 3 1

−4 1 λ

∣∣∣∣∣∣∣∣ = (λ− 2)(λ+ 4)(λ− 5)

¤±,λ1 = 2, λ2 = −4, λ3 = 5.

�λ = −4 �,)(λE −A)x = 0,�Ä:)Xp2 = (−1, 0, 1)T ;

�λ = 5 �,)(λE −A)x = 0,�Ä:)Xp3 = (1,−1, 1)T ;

òp1, p2, p3 ü ��z,�

p1 =


1√
6
2√
6
1√
6

 , p2 =


− 1√

2

0
1√
2

 , p2 =


1√
3

− 1√
3

1√
3

 ,

l
,

P =


1√
6
− 1√

2
1√
3

2√
6

0 − 1√
3

1√
6

1√
2

1√
3


5. (1) dK¿�, A �¤kA���−1, 1, 0, éA�A��þ�

α1 = (1, 0,−1)T , α2 = (1, 0, 1)T , α3 = (0, 1, 0)T .

(2)ò�þα1, α2, α3 ü z�,�

A =


1√
2

1√
2

0

0 0 1

− 1√
2

1√
2

0



−1 0 0

0 1 0

0 0 0




1√
2

0 − 1√
2

1√
2

0 1√
2

0 1 0

 =


0 0 1

0 0 0

1 0 0

 .

77



6.(1)�λ ´A�?¿��A��, y ´A�éAuλ �A��þ, Kk

Ay = λy, λ2y = A2y = xxTxxTy = xTxAy = λxTxy,

u´��λ2 = λxTx, l
λ = 0 ½λ = xTx.

�λ1, λ2, · · ·λn ´A �¤kA��, Ï�A = xxT�Ìé��þ����x21, x
2
2, · · · , x2n,

¤±

x21 + x22 + · · ·+ x2n = xTx = λ1 + λ2 + · · ·+ λn,

ù`²,3λ1, λ2, · · · , λn¥,k��k���uxTx,
Ù{n−1���0,=λ = 0´A

�n− 1 ­A��.

(2)�"A��´xTx = x21 + x22 + · · ·x2n, éA�A��þ�x = (x1, x2, · · · , xn)T ;

A��λ = 0 éA�A��þ�

(−x2, x1, 0, · · · , 0)T , (−x3, 0, x1, · · · , 0)T , · · · , (−xn, 0, 0, · · · , x1)T .

SK4-5

1. (1) f = (x1, x2, x3)


2 −2 2

−2 −2 3

2 3 2




x1

x2

x3

 ;

(2) f = (x, y, z)


−1 1 −3

1 2 −2

−3 −2 −3




x

y

z

 ;

(3) f = (x1, x2, x3)


1 −1 0

−1 0 3

0 3 −3




x1

x2

x3

 .

2.(1)


x1

x2

x3

 =


0 1 0
1√
2

0 − 1√
2

1√
2

0 1√
2




y1

y2

y3

 , f = y21 + 2y22 + 3y23;

(2)


x1

x2

x3

 =


− 1√

2
− 1√

6
1√
3

1√
2
− 1√

6
1√
3

0 2√
6

1√
3




y1

y2

y3

 , f = y21 + y22 + 2y23;

(3)


x1

x2

x3

 =


2√
5
− 2

3
√
5

1
3

0 2
3
√
5

2
3

2√
5

4
3
√
5
−2

3




y1

y2

y3

 , f = y21 + y22 + 10y23.
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3. �A �¢é¡Ý
, Kk���Ý
P ¦�

PAP−1 = diag(λ1, λ2, · · · , λn) = Λ

¤á, Ù¥λ1, λ2, · · · , λn �A �A��, Ø��λ1 ��.

���C�y = Px, =x = PTy, 5¿�P−1 = PT, k

f = xTAx = yTPAPTy = λ1y
2
1 + λ2y

2
2 + · · ·+ λny

2
n.

Ïy = Px��C�,¤±�‖x‖ = 1�,k‖y‖ = ‖x‖ = 1,=y21 +y22 + · · ·+y2n = 1,Ïd,

f = λ1y
2
1 + λ2y

2
2 + · · ·λny2n ≤ λ1.

q�y1 = 1, y2 = y3 = · · · = yn = 0 �f = λ1, ¤±fmax = λ1.

4. (1)f = y21 − y22 + y23,


x1

x2

x3

 =


1 −1 1

0 1 −1

0 0 1




y1

y2

y3

 ;

(2) f = y21 + y22 + y23,


x1

x2

x3

 =


1√
2
− 1√

2
− 1√

2

0 2√
2

2√
2

0 0 1√
2




y1

y2

y3

 .

5. (1) A =


4 0 0

0 2 + a
2 2− a

2

0 2− a
2 2 + a

2

, �a = 0 �, R(A) = 2, a 6= 0 �,R(A) = 3¶

(2)Q =


1 0 0

0 1√
2
− 1√

2

0 1√
2

1√
2

 .

SK4-6

1. �g.f = xTAx, Ù¥A =


1 a 1

a 2 1

1 1 3

 , ÏLO�¦�A���^SÌfªÑ�

�,a������0 < a < 1.

2.(1)d�g.�Ý
�

A =


−2 1 1

1 −6 0

1 0 −4

 ,
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§���^SÌfª�

a11 = −2 < 0,

∣∣∣∣∣−2 1

1 −6

∣∣∣∣∣ = 11 > 0,

∣∣∣∣∣∣∣∣
−2 1 1

1 −6 0

1 0 −4

∣∣∣∣∣∣∣∣ = −38 < 0,

¤±,T�g.´K½�.

(2)d�g.�Ý
�

A =


5 2 −4

2 1 −2

−4 −2 5

 ,

§���^SÌfª�

a11 = 5 > 0,

∣∣∣∣∣5 2

2 1

∣∣∣∣∣ = 1 > 0,

∣∣∣∣∣∣∣∣
5 2 −4

2 1 −2

−4 −2 5

∣∣∣∣∣∣∣∣ = 1 > 0,

¤±,T�g.´�½�.

(3)d�g.�Ý
�

A =


2 0 0

0 3 2

0 2 3

 ,

§���^SÌfª�

a11 = 2 > 0,

∣∣∣∣∣2 0

0 3

∣∣∣∣∣ = 6 > 0,

∣∣∣∣∣∣∣∣
2 0 0

0 3 2

0 2 3

∣∣∣∣∣∣∣∣ = 10 > 0,

¤±,T�g.´�½�.

3. duD ´n �é�
�é����K,¤±D´��½�. ¤±,

xTAx > 0, xTDx ≥ 0.

Ïd,xT(A + D)x = xTAx + xTDx > 0, u´xT(A + D)x 7��½�g.,l
A + D

��½Ý
.
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4. é¡
A ´�½
,KA �A��λ1, λ2, · · ·λn Ñ´��,�3��
P ,¦�

A = PT · diag(λ1, λ2, · · ·λn) · P

= PT · diag(
√
λ1,
√
λ2,
√
λ3) · diag(

√
λ1,
√
λ2,
√
λ3) · P

PQ = diag(
√
λ1,
√
λ2,
√
λ3)P ,KA = QTQ,=A �ü 
EÜÓ.

��,A�ü 
EÜÓ,=�3�_Ý
S,¦�A = STS,é?¿�"�þx,kxTAx =

xTSTSx = (Sx)T(Sx) > 0. Ïd,A ´�½�.

5.duA ´�½Ý
, éu?¿x 6= 0, K�g.f(x) = xTAx > 0. -B = CACT,

KA w B, éu?¿x 6= 0, -g(x) = xTBx, Kg(x) = xTCACTx = (CTx)TA(CTx) > 0, l


��CACT�½.

6.duA´�½
,¤±éu?¿�x 6= 0ÑkxTAx > 0,qÏ�k > 0,¤±xT(kA)x >

0,¤±kA�´�½
.

7. duA ´�½
,��3�_Ý
C, ¦�A = CTC. �D = (C−1)T, KD´�_�.

Ïd, A−1 = (CTC)−1 = DTD, ¤±A−1�´�½�. dA∗ = |A|A−1 9|A| > 0,A−1´�½


,��A∗´�½Ý
.

8. duA,B ´�½Ý
,¤±�3�_Ý
P,Q,¦�A = PTP, B = QTQ, Kk

(
P 0

0 Q

)T(
P 0

0 Q

)
=

(
PTP 0

0 QTQ

)
=

(
A 0

0 B

)
= C.

w,,

(
P 0

0 Q

)
�_,¤±,C��½
.

ÿÁKo

�!W�K

1.

∣∣∣∣∣ 1 2

2 x

∣∣∣∣∣ > 0,�x > 4∣∣∣∣∣∣∣∣
1 2 3

2 x 6

3 6 x

∣∣∣∣∣∣∣∣ > 0,�x < 4½x > 9

nþ§x > 9

2.
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A =


a 2 2

2 a 2

2 2 a


dK�§6Ú0´Ý
A�ü�A��

d|A− 6E| = 0,)�a = 2, 8, 8

d|A− 0E| = 0,)�a = −4, 2, 2

nþa = 2

3.

D =


−1 0 0

0 −1 0

0 0 2


A = PDP T

A3 − 3A = P


2 0 0

0 2 0

0 0 2

P T =


2 0 0

0 2 0

0 0 2


4.

A = P


1 0 0

0 2 0

0 0 3

P T

∣∣A3 − 5A2 + 7A
∣∣ =

∣∣∣∣∣∣∣∣P


1 0 0

0 2 0

0 0 3


3

P T − 5P


1 0 0

0 2 0

0 0 3


2

P T + 7P


1 0 0

0 2 0

0 0 3

P T

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
3

2

3

∣∣∣∣∣∣∣∣ = 18

5.

A = P


4 0 0

0 6 0

0 0 2λ

P T

|2A| =

∣∣∣∣∣∣∣∣
4 0 0

0 6 0

0 0 2λ

∣∣∣∣∣∣∣∣ = −48
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)�λ = −1

�!ÀJK

1.

k1 + k2A(α1 + α2) = 0

(k1 + k2λ1)α1 + k2λ2α2 = 0{
k1 + k2λ1 = 0

k2λ2 = 0

�k")§1�ªØ�u0

∣∣∣∣∣ 1 λ1

0 λ2

∣∣∣∣∣ 6= 0

�λ2 6= 0§ÀB

2.

P TAP → P TA2P → P T
1

3
A2P → P T (

1

3
A2)−1P

(
1

3
∗ 22)−1 =

3

4

ÀB

3. A�õ�ª�Ó ∣∣∣∣∣∣∣∣
0 a 1

a b− 1 a

1 a 0

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
1 0 0

0 b− 1 0

0 0 −1

∣∣∣∣∣∣∣∣
��a = 0,b?¿

4. dAα = −α§���A���-1§qdA���3§ÀD

5. A�B��Ó§�ÜÓ;A�B,ØÓ§�Ø�q§ÀB

n!)�K

1.-H =

(
A

B

)
, R(H) ≤ R(A) + R(B) < n, ¤±Hx = 0 k�")α 6= 0, ¤±Aα =

0, Bα = 0, α 6= 0, �α ´A,B áuA��0 �ú�A��þ. ¤±, A ÚB kú��A�

�, kú��A��þ.

2. duA ���
,¤±ATA = E.�λ�A�A��,P�éA�A��þ,KkAP =

λP , ?
k,PTATAP = λ2PTP , l
λ2 = 1, λ = 1 ½öλ = −1. 
|A| = λ1 · · ·λn = −1,

�λ = −1 ´A �A��.
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3. �A�üüpÉ�A���λ1, λ2, · · ·λn,ÙéA��5Ã'�A��þ�ξ1, ξ2, · · · ξn.

KkAξi = λiξi, i = 1, 2, · · · , n. qξi�´B�A��þ,�kBξi = µiξi, i = 1, 2, · · · , n. l


·�kBAξi = λiBξi = λiµiξi(i = 1, 2, · · · , n), ABξi = µiAξi = λiµiξi(i = 1, 2, · · · , n). l


,(BA−AB)ξi = 0, i = 1, 2, · · · , n,dξi, i = 1, 2, · · · , n �5Ã',�kAB = BA.

4. dK¿A�_,�A�B�q,��3�_Ý
P ,¦�P−1AP = B,Ïd·�kP−1A−1P =

B−1, ?
,kP−1(|B|A−1)P = |B|B−1, duA �B �q,¤±|A| = |B|. �P−1(|A|A−1)P =

|B|B−1, ÏdA∗�B∗�q.

5. duλ = 2 ´A ��­A��,�r(2E − A) = 1. l
,dA =


1 −1 1

x 4 y

−3 −3 5

 �
�,x = 2, y = −2, O��|A| = 24, λ1,2 = 2, λ3 = 6.

�λ = 2 �,)�§|(2E −A)x = 0, ��Ä:)X�α1 = (−1, 1, 0)T, α2 = (1, 0, 1)T.

�λ = 6 �,)�§|(6E −A)x = 0, ��Ä:)X�α3 = (1,−2, 3)T.

-

P =


−1 1 1

1 0 −2

0 1 3


Kk

PTAP =


2 0 0

0 2 0

0 0 6

 .

6. w,A�A��©O�−1,−1, 2,�ÙéA�A��þ©O�p1 = (a1, b1, c1)
T , p2 =

(a2, b2, c2)
T , ®�p3 = ( 1√

3
, 1√

3
,− 1√

3
), K-P = (p1, p2, p3), P ���
,dP−1P = E9A =

P · diag(−1,−1, 2) · PT, ��

A =


0 1 −1

1 0 −1

−1 −1 0

 .

)�§(−E − A)x = 0,��Ä:)Xξ1 = (−1, 1, 0)T, ξ2 = (1, 0, 1)T, ��z�p1 =

(− 1√
2
, 1√

2
, 0), p2 = ( 1√

6
, 1√

6
, 2√

6
) �

P =


− 1√

2
1√
6

1√
3

1√
2

1√
6

1√
3

0 2√
6
− 1√

3

 .
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7. dK8�,Ý
A =


1 1 1

1 3 1

1 1 1

 .

d

|λE −A| =

∣∣∣∣∣∣∣∣
λ− 1 −1 −1

−1 λ− 3 −1

−1 −1 λ− 1

∣∣∣∣∣∣∣∣ = λ(λ− 1)(λ− 4),

�A�A���λ1 = 0, λ2 = 1, λ3 = 4.

�λ = 0 �,)�Ä:)X�ξ1 = (−1, 0, 1)T;

�λ = 1 �,)�Ä:)X�ξ2 = (1,−1, 1)T;

�λ = 4 �,)�Ä:)X�ξ3 = (1, 2, 1)T.

ü z,�p1 = (− 1√
2
, 0, 1√

2
)T , p2 = ( 1√

3
,− 1√

3
, 1√

3
)T , p3 = ( 1√

6
, 2√

6
, 1√

6
)T .

Ïd,

P =


− 1√

2
1√
3

1√
6

0 − 1√
3

2√
6

1√
2

1√
3

1√
6

 .

IO/�§�v2 + 4w2 = 4T�g­¡´ý�Î¡.

1ÊÙ

SK5-1

1. (1)

S1 =

(
s11 s12

s21 s22

)

Ù¥s11 = s22.

(2)

S2 =


s11 s12 s13

s21 s22 s23

s31 s32 s33


Ù¥s11 = s21, s13 = s31, s23 = s32.
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(3)

S2 =


0 s12 s13

s21 0 s23

s31 s32 0


Ù¥s11 = −s21, s13 = −s31, s23 = −s32.

N´�y(1)(2)(3)þ÷v½Â1¥�8^5�§�¤�5�m.

2. N´�y§

S[x] = {s = A sin(x+B) |A,B ∈ R}

÷v½Â1¥�8^5�§�¤�5�m.

3.

�

a1 =


1

1

1

 , a2 =


0

−1

−1

 , a1 + a2 =


1

0

0

 /∈ V,

�V Ø�¤�5�m.

4.

(1) (a1, b1)⊕ (a2, b2) = (a2, b2)⊕ (a1, b1)

(2) [(a1, b1)⊕ (a2, b2)]⊕ (a3, b3) = (a1, b1)⊕ [(a2, b2)⊕ (a3, b3)]

(3) ∀ (a1, b1) ∈ V, (a1, b1)⊕ (0, 0) = (a1, b1)

(4) ∀ (a1, b1) ∈ V, (a1, b1)⊕ (−a1, a21 − b1) = (0, 0)

(5) 1 · (a1, b1) = (a1, b1)

(6) λ(µ (a1, b1)) = µ(λ (a1, b1))

(7) (λ+ µ) (a1, b1) = λ (a1, b1) + µ (a1, b1)

(8) λ [(a1, b1)⊕ (a2, b2)] = λ (a1, b1)⊕ λ (a2, b2)

5. �α, β ∈ W , α = k1α1 + ... + ktαt β = l1α1 + ... + ltαt kα + lβ = (kk1 + ll1)α1 + ... +

(kkt + llt)αt ∈ R �W´V���f�m.

SK5-2

1. é(α1, α2, α3, α)�XeÐ�1C�
1 6 3 3

3 3 1 7

5 2 0 1

→


1 0 0 33

0 1 0 −82

0 0 1 154


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�

α = 33α1 − 82α2 + 154α3.

2. S1�Ä

(
1 0

0 −1

) (
0 1

0 0

) (
0 0

1 0

)
.

S2�Ä


1 0 0

0 0 0

0 0 0




0 0 0

0 1 0

0 0 0




0 0 0

0 0 0

0 0 1




0 1 0

1 0 0

0 0 0




0 0 1

0 0 0

1 0 0




0 0 0

0 0 1

0 1 0

 .

S3�Ä


0 1 0

−1 0 0

0 0 0




0 0 1

0 0 0

−1 0 0




0 0 0

0 0 1

0 −1 0

 .

3.

(1) -A = (α1, α2, α3, α4), B = (β1, β2, β3, β4), B = AP,

�

P = A−1B =


16
13 1 1 1
19
13 0 0 0
20
13 1 0 1

− 9
13 0 1 1

 .

(2)

B−1A


1

19

0

1

 =


13

−23

5

3

 .

4. (1)

(
1, 1 + x, 1 + x+ x2, 1 + x+ x2+x3

)
=
(
1, x, x2, x3

)


1 1 1 1

0 1 1 1

0 0 1 1

0 0 0 1

 ,

�

P =


1 1 1 1

0 1 1 1

0 0 1 1

0 0 0 1

 .
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(2)

f(x) =
(
1, 1 + x, 1 + x+ x2, 1 + x+ x2+x3

)
P−1


1

0

−2

5

 ,

g(x) =
(
1, x, x2, x3

)
P


7

0

8

2

 .

f(x) + g(x)3Ä���I�
1

0

−2

5

+ P


7

0

8

2

 =


18

10

8

7

 .

3Ä���I�

P−1


1

0

−2

5

+


7

0

8

2

 =


8

2

1

7

 .

5. y²§w,ü��þ|�±p��5L«§�2α2, 3α3, ..., nαn, α1 �´Vn ���Ä.

(2α2, 3α3, ..., nαn, α1) = (α1, α2, ..., αn)



0 0 · · · 0 1

2 0 · · · 0 0

0 3 · · · 0 0
...

...
...

...

0 0 · · · n 0


,

�LÞÝ
�

P =



0 0 · · · 0 1

2 0 · · · 0 0

0 3 · · · 0 0
...

...
...

...

0 0 · · · n 0


.

88



SK5-3

2. ²�y∀x, y ∈Mn (R) ,∀k, l, λ ∈ R,

T (kx+ ly) = A(kx+ ly)− (kx+ ly)A = kT (x) + lT (y),

T (λx) = A (λx)− (λx)A = λT (x) ,

�T´Mn (R) þ��5C�.

3.

D
(
ex, xex, x2ex

)
=
(
ex, ex + xex, 2xex + x2ex

)
=
(
ex, xex, x2ex

)
1 1 0

0 1 2

0 0 1

 ,

�D3ù�Äe�Ý
� 
1 1 0

0 1 2

0 0 1

 .

4. é(α1, α2, α3, β1, β2, β3)�Ð�1C�§��
1 0 0 −1 0 −1

0 1 0 0 −1 0

0 0 1 2 3 4

 ,

�LÞÝ


P =


−1 0 −1

0 −1 0

2 3 4

 .

5.

(β1, β2, β3) = (e1, e2, e3)P,

P =


−1 1 0

1 0 1

1 −1 1

 ,

B = PAP−1 =


−1 1 −2

2 2 0

3 0 2

 .
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ÿÁKÊ

�.ÀJK

1.A�B�q§k�Ó�A��Ú1�ª§�´Ø�½k�Ó�A��þ§�ÀC

�.W�K

1.

kx =


ka1

ka2

ka1 + ka2 + kb

 ∈ V
�kb = b,k?¿,�b = 0

2.

k1α1 + k2α2 + k3α3 = k1β1 + k2β2 + k3β3

�k1 = −k3§k2 = −k3

�k3 = −k

�

η = k


1

1

−1

 , k ∈ R

n.)�K

1.

T (1, x, x2, x3) = (0,−1,−2x− 1,−3x2 − 3x− 1) =
(
1, x, x2, x3

)


0 −1 −1 −1

0 0 −2 −3

0 0 0 −3

0 0 0 0

 ,

�5C�T�Ý
� 
0 −1 −1 −1

0 0 −2 −3

0 0 0 −3

0 0 0 0

 .

2.

(1) ∀A,B ∈ V,∀k, l, λ ∈ R,

T (kA+ lB) = P T (kA+ lB)P = kT (A) + lT (B),
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T (A) = P T (λA)P = λT (A).

�T´Vþ��5C�.

(2) T (A1) =

(
1 1

1 1

)
T (A2) =

(
1 −1

−1 1

)
T (A3) =

(
−2 0

0 2

)

T (A1, A2, A3) = (A1, A2, A3)


1 1 −2

1 1 2

1 −1 0

 ,

�T3Ve�Ý
� 
1 1 −2

1 1 2

1 −1 0

 .

3.´y÷v�5�m�8^5�.

4. é(α1, α2, α3, α4, α5)�Ð�1C�§��
1 0 2 1 −2

0 0 0 0 0

0 1 −1 3 −1

0 0 0 0 0


�α1, α2 ´V��|Ä§dim£V¤=2§�

α3 = 2α1 − α2, α4 = α1 + 3α2, α5 = −2α1 − α2.

5.

(1)

∀A,B ∈ V,∀k, l, λ ∈ R,
P (kA+ lB) = 1

2((kA+ lB)− (kA+ lB)T ) = kP (A) + lP (B)

P (λA) = 1
2((λA)− (λA)T ) = λP (A)

,

�P´�5C�.

(2) P (E11) =

(
0 0

0 0

)
P (E12) =

(
0 1

2

−1
2 0

)
P (E21) =

(
0 −1

2
1
2 0

)
P (B) =

(
0 −1

2
1
2

)
,

P (E11, E12, E21, B) = (E11, E12, E21, B)


0 0 0 0

0 1
2 −1

2 −1
2

0 −1
2

1
2

1
2

0 0 0 0

 ,
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�P3Äe�Ý
� 
0 0 0 0

0 1
2 −1

2 −1
2

0 −1
2

1
2

1
2

0 0 0 0

 .
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