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W E

H M Mitter f1 Brockett % B $#2H 5 THRE LUK, MRS CEBATRE
SHERERH—ANEELE, AIXMEEEEETETREEHWEMARNT
—NEEMRE. B ERETTREEREEHE N TEERAEGWEE
MG PR 2%, TN FEEERRAEERAE. & E=1F FEEBEFMH
HREBRRETHZEENHERAE BRTUTRHE: sRKRGHIENS
XK, ERRALRATEAERET 2 NEREG TS XN AL U THIHAEE
H. 5SERERARZRET AR R 2 EH R RBKIEREHHHE
BERESZEERST SMEREGHREGMAAEEAREEH. FEAR
SHUT=EANER

—. it R MR

AR LR P A HBERIET T 558, BFGTREEHREYR
R BRREREAATFORG. B8 T M REERIMN R RALT AT
ABA PR R E B A3 ) — MBI 25 A A PR AE DB 2%

T\ BERTZEPHREGHRES K

ARANATREZEELH 2 PREREGHREN DK, REHHREE
[E4EEh 3 MAERMIER R, BFA T 5 HR R AR R AHM A REM TR
B, EXBUBBAEFHTE HRT RS ETESTREFHEH.
BRERB[ T —EZREHANE THREM HRE

=\ EEARSTEPREG RIS L

AR EEMG T REETHE. EENMBT AEUTHMETRED X,
REFRTAEMEITRY FABHNTER: AEGIHRERTFARNEET
KH—KRETR FEE-A—REHARM A ZREHA. AfHREHZK
BAFREZMERITRT, AMEEHREFEEHIER RN K Z I
B T HEREROAESTRERSFREZRSHA M.
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Abstract

Since estimation algebra was introduced independently by Mitter and Brock-
ett, it has become an important tool to deal with questions concerning finite
dimensional nonlinear filters. Thus, in the nonlinear filters, research on the struc-
ture of estimation algebra become a vital topic. The theory of estimation algebra
can explains convincingly: it is easy to find finite dimensional filters for linear
systems while it is very hard to handle the nonlinear filter problems. During
the last thirty years, the theory of estimation algebra in nonlinear filters have ob-
tained many important theoretical productions. The following problems have been
solved: the classification of finite dimensional estimation algebras with maximal
rank, the classification of finite dimensional estimation algebras with state space
dimension 2 and estimation algebras of dimension at most five. The difference
from the existed conclusion lies in: this thesis investigates the finite dimensional
estimation algebras with non-maximal rank. Including the finite dimensional esti-
mation algebras with state apace dimension 3 and the structure of six dimensional
estimation algebras. The main contents are composed of the following three parts:

(I) Survey of the Estimation Algebra Theory

In this part, we summarize the estimation algebra theory of the nonlinear fil-
ter, including the subject background, the theoretical significance and the research
status. And this part explains the advantage of estimation algebra that the finite
dimensionality of the estimation algebra guarantees the explicit construction of

the finite dimensional filter.

(IT) Classification of Finite Dimensional Estimation Algebras in

Low Dimensional State Space

In this part, we introduce classification of the finite dimensional estimation
algebras with 2 dimensional state space. Then the finite dimensional estimation
algebras with non-maximal rank are studied in the case of the nonlinear systems
with 3 dimensional state space. Via comparing two differential operators, the
structure of differential operator with order one in the estimation algebras is stud-
ied. Finally, we obtain that the finite estimation algebras cannot contain some

degree two polynomials.
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(ITI) Classification of Low Dimensional Estimation Algebras in Ar-
bitrary Dimensional State Space

In this part, the low dimensional estimation algebras are studied. Firstly,
we introduce estimation algebras of dimension at most five. Then, we study six
dimensional estimation algebras, and obtain the following results: six dimensional
estimation algebras cannot contain three linear independent degree one polynomi-
als, cannot contain a degree one polynomial and a degree two polynomial. When
the quadratic rank of estimation algebra is less than state space dimension of
filtering system, six dimensional estimation algebras cannot contain two linearly
independent degree two polynomials, Finally, the result is proved that six dimen-
sional estimation algebras with some conditions cannot contain some degree two

polynomial form.

Keywords: nonlinear filter; estimation algebra with maximal rank; estimation

algebra with non-maximal rank; Duncan-Mortensen-Zakai equation; Wei-Norman

approach.
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1.1.1 RESRNERENX

ZEMBEBRITEEHERERHAZTIEN—ANEERE BN

Kalman B #IR H LR, BB RITEERENAFHHBRE TH# SRR,

R FXAEE RLNES AR TS FELE AR ERR, Kalman B
PR E T RG] LB EE TR HREEEREEX. Rift, HTFi%
WEASGERNEEFEREEHERSRAEETIEE ATHRRIZ—EH,
JCHR[L, 2] REF A AREBERMET REFRL K EN T )G, it
REEF R AT R IEREER Y —FEET /B,

FIRGEHREZMEIEE B S, XAEERE THEREN &M%
LM 2RI Wei-Norman 77 i%. BB 2

d
= X(t)= Za, BOAX(E),  X(0) =X, (1.1)

KA sRn x nfERE, o/sHiBERY. 2B, - B RHAL -, An EHHZE
REM—AE. B4, £t = 0 —MBEN, X()RAWTFREA:

X(t) = exp(b1(t) B1) - - - exp(bn(t) Br) Xo,

Fb; st 2 (SUKB T A sP= £ M ZER M e, s FE DT TE.
EXREXT, FEEBAEKAS, RETMTHELESRAREY.

{dw(t) lalt))ds + gla(t))du(t),  5(0) =,
dy(t) = h(z(t))dt + dw(t), y(0) =0,
K id e, v,y M HIRER", R, RPHIR™ 8] EERME. oFlwifi T & 2 B
SLH, BRI Brownianid 2. WAL, f = (fy,-- , fo)F0h = (hy, -+ ) BERR
HCoH, gB—ANERERE. z(t), y(t) R RS LA % KR S FRE.

Lot 2)RREBEMAME{y(s) : 0 < s < tHIREEBMEEE. o(t,2)R
i # 4 i Duncan-Mortensen-Zakai(DMZ) 7 #2 fT th € #9. DMZH R —/ %

(1.2)



et A ERARNEREMS K

Fo(t, z)KIBEHURIE 2 18, KFo(t,x) Bp(t, 7) MR R. RIEStratonovich iR
7, WL IER R4(1.2), EHDMZARBTUE N TRA:

{da(t, 2) = Loo(t, 2)dt + T, ho(t, 2)dui(2), 09

a(0,z) = 0y,
HfLy =10 G-y fif~Yr 1Y b oo RHIN R & HIBER
I 2D = L fon= Yo, LY, T, B ALy = H(TL, D)
EWei—Norman?f‘?i*'JFﬁ§Uﬁ¥€%4?%ﬁﬁgﬂilﬁl&ﬁqﬂm*ﬁé‘lﬁné‘l EARE
K #%Duncan-Mortensen-Zakai 5 2, i 7 F2(1.3) & —/MEALIR G2 572, BH&K
RN HRERERAEN. EXHADMIFENERER, fBE MENE
FHEBREBR I ERES FEL E]7)F, EXT M EREEERE:

&(t,2) = ezp()_ hi(@)ui(t))o(t, 2)-

i=1

#EARA(1L3)E:
L) = Log(t,z) + Y, wi(t) Lo, hilE(t, )
HYT 5y () Lo, i, b z), (14)
6(071')—0'0;

[, |2 HEX1FrEXHEES.

WRE(1.4) X # AT LUK A Wei-Norman 7%, 4 REFIEH14)R 4R
ZREEH REM (PR X2 Fre XM R R_RE REN), RamEt—
ANEREIEBE. HERAE, 7, 8FELAHTARENER. N, HR4EEN
BIREL I TS WA,

Bt REEREARRRTEREEESOEN—MEETR, dE=ET
WE X THEREREREMAFE RO 3 B 85— R IEL B aSN
ZHAHEFRIINR. R0 L0 FE R B, 5 ki MM RBEH, XHELRAE
SRR TEEISRANT ARG REETER, Tt FEEEHEREHE
s, BT EAMATHREEAN TR, —BHNERSELRPIH11617

FIRGERER SRR BN E BROKSRRETRENERE
PR A RIEE FREEE BE —MEWHIEH. SARRBIOR, B TFEEHER
EGFARMERN, WX EMATEMER, AR E. b TSR
FiWei-Norman i = HIE IR B R KA E, BT UMMM+ FiEREL S
BB EHR R,
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BHF1983E B F i EF ¥ S E, BrockettiR iU BT E K5 R 44
BTk, @ REMTTRET LI SE, AEKI—LHFHE
HELREXMEREREES RS LEERELHRERENSEW. B
K MitterfLevinel¥ & B T X FH R4 HE A

Mitter %#8: wREZAREETREK, wROREFH Rk, M2 %
Fry, oo T KBES H 2R

Levine %#8: #RERAMAHEHRLK RAEFTHRIETES RoH
#.

Hp ER e X2fT & X v 5. A fixtA PR M T 80 2 28tk ik
T FtMitter B M Levine 5 A8 AR iE.

1.1.2 ERMERRRK

Bt REX /M S E0M Z0ERMERBEEXRERUE. B,
Ocone[20)%4 i, MR RZ(1.2) MG T REREREN, BALsHIRBE R
T2 HiR. EWong[21]F, INERBE TH—SHMRA, R AR LT
E4, Bfiw Sl KkHE&N, BArsRRBEAEATIHEZHRA. Wong[21]#)
ZR ETEREGHTREREBHRNEH. LK, EN—4ERHA—MEEZH
WA EF Ly, —E—MHAETFH—IRETA .

Wong A T —AEEMMS: QMK ZEMESAT, B0 TR
EXHEL - gi Mk, GEBER A THREERZENBHTRENEES S
FETam®h FHRTO = OFEH RE. B4, MB—MERKRLHNQ = 0, WFK
Z RGBT R 48 AR B Mg 8, B HPoincare5 | B 4N, fR—MEEE
&3, 7EBA22F, Bk THERERAETFRENI L YauIF T R T T
BEEETRBENER, AR T HORESEMN—EEELE R, H# LEHWei-
Norman 53 T —REWRER kS, £REEM TR f ()@, BH—
EZHm S EIHE ROBTIREE T, Wong?iE R T %R G T+ 5 R AT AR AT,
BEMRARA () XERKF 11, 2.~ KETAR.

M1990%, Yaur AFFIR T 3 B AKE REGHREFAR. 23] HLMHRT A
BERKOERE[TREM 2K

BRr LB ERPEREGBITIRENFARKRBEE=ZMER. B
REAKMETRESERREME TR XMR4RE TRAKMETAK
K2 BATREZEOERZS MR AKETREGHRES L X
Hk[25,26) IR T RET HEL AN BEAREREMHITRE DK

3



ELYEIER T BRI ERARNE REMS AL

3C#R([7,27,28,29,30,31,32,33] SR T B MBRBEREMTRETR £=
FRREZEEE 2 ERETEE S hn: RETEE L 200 B KK
RE DR ELEWuR Yault U (34) P 521 T AR AR, TR TREZE4EH
AnkItE R, RasoulianfYaufE XHR(35)H RAH T H A4 R, HERFERAK
HIEREM B XRBEESRBEBR, IR—-AFREEDE Z=HE
REM TR EESEEE RS YaulRasoulianZ AL H T EHEEHZES
75 454413637,

1.2 EXEIMHER

1.2.1 EXHE2

W B LAEAR LA E R 513899404142,

EX11 #ERXPYRHNET, UXFYHEESX, YIEXA: st F4E£E
HEE RS, F[X,Y])o=X(Y¢) - Y(X0).

RER, B EHEXHEESHL:

(1) MEEFHa e R, be R, [aX, bY] =abX, Y];

(2) [X, X]=0;

(3) [le [X2) X3]] + [X2’ [X31 Xl]] + [X31 [le X2]] = 0

REAMEERAETES, Bl be XHEHES TR —ME,
BEBRZIAEREL

EX1.2 sEEEG%(12), AR ETFEE{Lo by, b} 2 EHTEAR
ORI LAY, RHEE = (Lohy, hmdra, $F Lo = 330, & -
E?:l f’ﬁ;z; - Z?:l gﬁ' - %E::l h’?

EX1.3 AEKZA(L2)HEIHRKE, o RHEEHi=1, ..., n, #A
BF e, #8Fz+c; € E, WHREABRKBGEIHKE, R 5t—/ 2, 1<r<n,
REEF e MFx, + ¢ € ERE, NAREARBRABKMG TR

MRERBABRAMHRE, FARES HEBY: Lo,z +¢] = Di € E,
[Di,z; + i) =1 € E. B, FERBEDMFINETAHETE.

EX1.4 HHEKE%(1.2), ZE%H Q BHRE XA —n x ndEEQ =
(wij), FFw;; = -?,—5{% - g,%,Vl <i4,j<n



R AW L2471 X

VERAFWMTXRE:
6w,~j awk,- aij ..
= 1< <.
Ozy  Oz; + Ox; OVisijks<n

EX1.5 WELE)REHFER, BL(E)REEY A H—K S AKX AK
8. R 4u(E) := dimL(E) RA& KK EH &1tk

EN1.6 #HTFEFH—MAEHEK, EHKRLD = 2T Az, AR—A5F
FRIEHE, Wt ZRHNR)REXHEBRAG K, REHZRBNE)RET A=K
$ AN EHARRK K4, B, \(E) = mazpep(h).

PURMAETHES, X TVAeU, N

A= Z Qi e i o ver ai"

(i1, in)El4 —ax—lll -6—1.'?’
Ko, EB&EHa;,..;, € C°(R), LEANAREGES. LYHTEHRnT
B iy, i BREFRBE. (i, i) TEHE
|(1y++ yin)| =11+ -+ + .
AR ¥
ordA = maz,... inery|(G, -+ 1in)l-

WRA =0 E X -0, URETFEXIEANZRE.
MR =1 B

Qi o iy = bi1,--- ,iﬂ,V(il, oo ,’i") € IA,

WA E T AMBEUH REN M, RUK RV TE, KRB TFRFTE. 5RE
Bl = C=(R"). BHHELT, mod RFFEME. B, MRVEUM—NTE,

A=B modV<=>A-BeV.

WEABeU, X

Ad,B =[A, Ad}'B],
¥+ AdB=B.

LD} - Dim)RARUTHAEFHES: BB TF|(i1, -+ ,in) IR EF
DB BN Fi B BF; DRI 8% Fiy, DB 8N Fi 2 &7
cooy Dyyeor, Do SRR BURIRFFAR IR E Fiy, -+ inn, T DL RIBEUNFi, I3
SEF. WRa> b WE

aD} -+ Dir + L(D}--- Dir) > bDi ... Din 4 (D! - Din),



&R T AR ERAROERES K

1.2.2 EHXEXMR

T B R e 2R P iR U BT 2 % A 3
MR1.10M REREKZ%EHKE X,Y,Z€E, Bg heC® W4,

(1) [XY, 2] = XY, Z] + [X, Z]Y;

(2) [9Di, h) = g82;

(3) [9Di hD;) = —ghuwi; + g 22 D; — h 3 ~D;;

(4) [gD?, ] = 202D + g 2%;

(5) [D?,hD;] = 282 DiD; — 2hwy; Di + ZAD; - hs;

(6) [D?, DY = 4wuD; D; + 252 D; + 252 D; + D 4 W

(7) [D},hDiD;] = 222 DyDiD; + 2hw;eDiDy + 2hwiDiD; + ZEDiD; +

2h%2 Dy, + h52 D, +h3—”wD +hggk,

( ) [9D:D;, hDy| = g8 Di Dy + g 32 D; D+ ghuwn; Di+ ghuwyi D; + g 52 D+
gh%t — k2L D;D;.

'&51-2[32] iLE = (LO, h11 Tty hm)L.A.a E = (17 L01 h11 ot 1h‘m)L.A.' ﬂl‘ /A’
ERARAMHHREY AN L EHHRERA BB TR,

MR35 RF(zy,-- ,z,)RR LG AT B ct) = (art), - ,calt)) R
—NERAKXEE, Bo(t)s REFHSAK e = (&1, , &) MAF(c(t) + )&
R—A(Fth3RX, BF(c(t) +¢) = L0 ai(e)t), £ Faj(e)sR%EFer, 6
AKX, WwRAE—Nc(t)ERF(c(t) + )X FtRBHRAY % Kay(e) R—A A
FH B> 1, MARKBER LR RS, [k REX:

afl +th -

i=1

MR1.458 R ER R KHA BRAIETHRE, FRAQVER R —NEHENR,

HR1.557 o RER R KA A TREK, 4.
(1) by, -+ hn R X Tt 4t R K,
2) nR—A=KSAX B&dn - Y0 W KARFELM.

MR1.67 Z%(1.2)AT EVEMR R FHRIERE, R4
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(1) 3o RnRAKES A2 5 AKX, hi(z),i=1, - ,mRXFxy, -+, 7,89
—R$AK, MAERAR R TRE, LA HTREA LT —24:

L07E11“. aEp:Ep+1"" 1qu1

ﬁié}ﬁ%El’ ttty Ep‘ﬂ'*l‘ﬁ/; 3\4

!
Z%Dj'*'ﬂj, 1<i<p

j=1
E Vo sREK, GRXFatiti it &, B FFE,, - E R X Fothty
$sby - Y o RARFERHY.
(2) 4o RERA REAE RS, AR (z),i=1, -, mBE T4 Sk,
LEPMESEH = [Ghy, -+, Vh RFHIEME, 3IF, do RS G4 An,
MAnRAKES H261 3 AKX, BEHS%S A +2, EA T —mk:

11 T1y *** 3 T, Dl) Tty D‘m LO-

MR Bikm € ZR—ANE¥%, (RRAEH—ANAAF I | < n,
EQQ)+ml =, EFoR—MNXF1py, -, 2,89kKE AKX,

(1) =Rm >0, M4 = Lo

(2) #R&m =0, o =0, MACR—ANKF 141, , 2 LF BEL

(3) w&km < -1, M4l =c+ Lo, EFeRXTFEED, - , mifH0KREmMK
FREAK, BEHRXTFo, -, 2,0 EH

1.3 XBE®R

ZREGEIMMBERE: Ak TFoy, -, 2 HTRFRSEAX. H(n) RS
ZEMEME B

32
H(m) = (az—gicf)lsi,jsm
(ad]

A(z)A'(z),

EFA() = (By)ici jan R — MBS ARIER, B, 2 % Fay, - | 2, KM EH. B
FEnFeA(z) RFRLEK, AfH(n) = Az) A (z)T Ay, = 0F=A(z) = 0.



LR A ERARNEREMSTRE

EMKSIE: BIASMEIH K, LR X ZMEA M &L AT X,
i

d(d)\) = 0.

TSI Bz RAR—NpIb ST X, Bdr =0. WAE—p— 1%
S R, 1£57F

14 ZAXWFETHE

AL EBMRANEETTIE, XK REH AT ERARNE REM T
REGETRANBA, IR REN SR B IRDW RO T BT —LHNE
REGR. FEMTEATNERMT:

F-ENMATEEHBRAANEREGHRBENREE R, RAEE,
HRRE. ARG REAG SRS, 5% T AR B LA .

FEZEMBENATREZEELN 2 FREGHRBO2K, I BE PR
FEMEL R 3 MR IEE RS, FAT SHMEHEREMSTRELEH. R
R BT KT %, IR T~ ETFHREN U B FEH BT
REPHEHRA.

FZERNELNIERFREMSTHREHTHAR. EENMET HEUATRME
RIS, REFATAESHHRET - RERAAN-RETAAMN KR, UL
B

FNERRIMBHARET B4, FRE T —EHFE—SHRAMEE.



F_E RERSZEPHREGITHRES S

2.1 A

EAES, FANZRMERSEATHFREG ALK, BRARREE
RS o BIVME. ERNMBRSZEEL S 2 HFREMHREN K. R4
SPRAZEERH 3 MESHMER(1.2), MRE=ZMRER &, 10,75 HAR
SRR GRS R A THACEOR:

E=(Loyh1, -+ yhm)La.

3,
1
Ly = 35(Di+Dj+D5—n),
o . .
D,’ = %—f,,z—123
n = 6ﬂ+2f3+2h2

i=1

mEBRA— N EEY, &0 E Eﬁsmléﬁfmﬂtﬁ. QFERFEHRE—/ 3 x3HIR
SRR, HFwi=0,i=1,23.
UT5I BN FHENMREEEEEEREM:

51382.1°% AER AN RAEMITARE, R

A= > a.iDi--Dir mod U
I(il:"'fiﬂ)|=l

BYE £¥120,Di =% i=1,n K4a,.;'st%Fo, - 7,413 R
X.

glﬂz'z[azl 4\g’h‘ € Coo(Rn)’ il)'“ 11:7“.7‘1,"' 1]17.%7 3F ﬁ %&, 2?=17:1 =
I =8T+822 RAKKT, BoRi £ j, Wé; =0, Ri = j,
6, = 1. 4

(gD .. Df,",hDj‘ - Din]
- Z llg“a_' _ th Du+]1—611 Df{'“"_&"‘ mod Ur+a-2-



E&MERT AR ERESTHH

31382.30% WwRER R KA RAMG TR, MAORFHER, LEKE
#F, Mitter #5482 & L4.

2.2 WETEEH 2B REFB T

REZEEL R 200F REBTHRE S L CLE TR B2 BT 2R

(1) WRETHREERLERA0, MhsREH, E =< Ly >4 BHEE =<
Lo, 1>p4;

(2) WMEMEREENEERNL, WA sRRXFr XBEEEH—KNETK,
wy o R B

WMRw o =0, WBAnRK Tz MIRE A28 2T 5K T, M6 & A,
E =< Ly, z1, D1, 1 >p4.

WRuw o # 0, BAnBIKEA2MERRAL, E =< Ly, 71, Dy, Dotczy, 1 >4

(3) WMBEMEIHEEM LR A2, BAELBRKRMLE, Q& F R,
E =< Ly, 21, 29, Dy, Dy, 1 > 4.

2.3 KEZTEHEFAINBREMGITRE

2.3.1 —HRPRFENH

EE2.1 RY =p(z)D; mod Uy € E, A Fp(x) IR HKRAAKA AR
. M4p(x) R4 Fr, 2y, 2 KK ES AL S AKX,

IERR MRIETIFE2.1, ATUUED(z) R K F 1, 10, 23 B TR Tﬁﬁﬁ'degp—
I, FipOF Rp(z) PR F RS TR, WpWAEFHRY., Z;_o bioiay Tt B
b ;s AL

Y, =AY, B4

Y, = Ad’EOY
k i .
k i p i i
) Z( i )Z ( ) O 0z Ok = DIDy'Dy™ mod Ug.
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