
中文摘要

本文研究嵌入图以及平面图的子图结构以及在着色上的应用一些问题．在文章

【88】中，Zhao考虑了一类可嵌入在可定向曲面(欧拉特征值口s 0)并且不包含

短圈的图．Zhao证明了任意的可嵌人在可定向曲面(欧拉特征值口S 0)并且

不包含从4到1l一12a圈的图是可3一着色的并且提出一个问题能够保证不包

含从4到≈(∑)-圈的图是可3一着色的最小的整数七(∑)是多少?受到这个问题的

启发，我们考虑％(∑)=11—3a并且得到一个Lebesgue形式的定理．％表示可

嵌入在可定向盐面(欧拉特征值口≤O)并且不包含从4到1l一3口圈的图．我们

得到的以下主要结果t

定理2．1 G是一个嵌入在可定向雎面(欧拉特征值盯S O)并且没有相邻的

三面．如果G不包含从4到11—3口的面，要么G包含一个2一一度点或者包含一

个的艇(12—3口)+一面．

作为子图的舭(12—3x，)+一面的应用，我们证明

定理2．2如果G∈鲧，那么Gis 3一可着色的．

自然地，我们考虑了平面图的3一可着色．在1976，Steinberg给出一个猜想任

意不包含4一圈和5一圈的平面图是3一可着色的．而这个条件就必要的，因为已

经找到不可3一着色的平面图要么包含4一圈或者包含5一圈(见凰和【34】中

的例子【Fig．2】)．由于直接证明的困难性，许多人考虑了一些特殊的平面图．在这

里，我们考虑一类平面图不包含相邻三面并且不包含{5，6，9’一圈．我们得到—个

Lebcsgue形式的定理并验证这类平面图是可3一着色的．

定理3．1 G是一个2．连通的平面图不包含相邻三面并且不包含{5，6，9}一圈

那么必有以下结论成立： (1)J(G)<3；

(2)G包含一个4一面；

(3)G包含一个special 10一面关联于十个3-度点并且与五个3一面相邻．

作为定理3．1的应用，我们得到下面的结论

定理3．2任何平面图不包含相邻三面并且不包含{5，6，9}一圈是可3一着色
的．

关于平面图，有一个猜想：是否任意的3一可着色的平面图的点荫度不超过

2．受到这个猜想和Steinberg猜想的启发，我们考虑了不包含短圈的平面图的点

荫度同胚．我们证明了一个Lebesgue形式的结构定理并把这个结论应用在不包含



4一圈的平面图上．

定理4．1 G是一个不包含4一面并且不包含相邻三面的平面图．如果6(G)=

4，那么G包含一个谨导出子图．

应用定理4．1结果，我们给出了文章【46】的简短证明作为引理4．2并且得到不包含

4一圈的平面图的点荫度不超过2作为定理4．3．

引理4．2如果G是一个不包含4一圈的平面图，那么G是4一可选色性的．

定理4．3如果G尼一个不包含4一圈的平面图，那么B(G)≤2．

接着我们使用移权法和反证法完成了以下结论的证明；

定理4．4如果G是—个不包含3一圈的平面图，那么口(G)≤2．

定理4．5如果G是一个不包含5一圈的平面图，那么口(G)≤2．

定理4．3，4．4和4．5可视为对上面猜想的是否正确的一个正面支持．

关于平面图的平方图，在【76]，Wegner提出了以下猜想：

猜想5．11761对于一个平面图G，

舻，叱拿苫，1，讧；篡主71
受到Wegner猜想的启发，我们考虑了不包含3一圈的平面图的着色性．下面

是已知的关于平面图的平方图的着色性：

Thomassen[71l证明了最大度为3的平面图的平方图是7一可着色的．Heuvel

和McGuinness 13q证明了x(G2)≤2A(G)+25对于任意平面图G．Molloy和

Salavatipour嘲把上界减到x(G2)S r!垒3盟1t+78，并有x(G2)≤r!业3 1／+25如

果that ZX(G)≥241．Lih，Wang和Zhu 152]证明了对于不包含甄一圉子式的平

面图G，x(G2)s ZX(G)+3如果2≤zx(a)≤3，并且x(G2)≤【!学J+1如果
△(63≥4．

我们用g表示不包含三角形的平面图的集合．在这一部分，我们证明了一个

Lebesgue形式的定理从而得到口的—个固定结构并且利用这个性质我们找到了这

类平面图的平方图的可选色性的一个上界，我们称一个4一面，足特殊的如果，

关联于两个2一度点并且称一个点口是大点如果"是一个15+一度点．我们称一

个大点口是轻的如果西G2(口)≤a(a)+13．我们记死(u)和乃(u)分别为与口相

邻的2一度点和3一度点的个数．

定理5．1如果G∈g并且6(G)≥2，那么必有以下结论成立：



n1

(a)一个14一一度点与一个2一度点相邻．

(b)如果u是一个大点并且口至少关联于d(v)一7特殊的4一面，那么r2(口)=

d(v)或有0<r3(口)=d(v)一吨(")S 7并有一个3一度点属于N(v)并且这个3一

度点关联于两个4一面，这两个4一面均关联于2一度点．

(c)有一个路忍=xyz其中d(y)=3并且d(x)+d(z)≤15．

作为定理5．1的应用，我们得到下面的定理：

定理5．2对于G∈g要么G包含一个轻的大点要么x(G2)≤A(G)+t6．

在第六章中，我们着重进一步考虑了以下内容：(i)平面图的非正则着色；(ii)

平面图和嵌入图的平方图的着色问题； (iii)L(p，q)一着色问题．

关键词：嵌入图；平面图；子图；点着色；列表着色；可选色性；L◇，q)着色；

点荫度．



Abstract

In this dissertation，we investigate the structures of the subgraphs of plane

F印hs and graphs embedded in orientable surface with applications to graph color-

ings problems．In【88】，Zhan considered the 3-colorabifity of graphs which are emo

beddable in the surface of negative characteristic and containing no short circuits．

Zhao proved that every graph embedded in surface of negative character-

istic叮without／-circuits for 4≤i S 11—12a is 3-colorable and proposeg)

a question that asks the smallest integer k(S)that guarantees the 3-colorability of

graph8 embedded in surface E without i-circuits for 4≤i≤≈(∑)．Inspired by

the question，we considcr k(S)=11—3a and get a Lebesgue type theorem．Let

鲧be the set of graphs embedded in the orientable surface of Euler charactoristic

口≤0 which contain no circuits of length from 4 to II一3盯．The main．results are

summarized as follows．

Theorem 2．1 Let G be a graph embedded in a orientable surface of Euler

characteristic叮≤0 and without adjacent triangles．ⅡG contains no faces of degree

from 4 to 11—3a，then either G contains a 2--vertex or a的ht(12—3回+-face．

As an application of the subgraph light(12—3X口)+-face，we prove that

Theorem 2．2 If G∈鲧，then G is 3-choosable．

Naturally,we consider the 3-colorable plane graphs．In 1976，Steinberg COS-

jectured that every plane graph without 4-and 5-circuits is 3-colorable．We know

the condition of the conjecture is necessary since there exist non-3-colorable plane

graphs which are either C4-free or岛一free(see K4 and[341【Fig．2】)．The conjecture is

hard to be solved directly SO that many special case8 of plane graphs are considered．

We only consider the plane graphs containing no adjacent triangles and circuits of

length i∈{5，6，9)and get a Lebesgue type theorem．As a consequence，we know

these plane graphs are 3-colorablc．

Theorem 3．1 Let G be a 2-connected plane graph that contains no adjacont

triangles and circuits of length i∈{5，6，9)．Then，one of the following holds

(1)6(G)<3；

(2)G contains a 4-face；



(3)G contains a special 10．face incidcnt．with ten 3-vertices and adjacent to five

3-faces． ‘．

As a direct consequence of the Thcorcm 3．1，we have

Theorem 3．2 Every plane graph without删acent triangles and circuits of

length in{5，6，9)is 3-colorable．

On plane graphs,there is a still open conjecture says that every 3-colorable

plane graph has the vertex arborieity which is no more than 2．Inspired by this

conjecture and Steinberg’S conjccture，we consider the vertex arboricity of plane

graphs without short circuits．We prove the following theorems．

We prove 8 Lcbesgue type theorem and as conscqucnce that 4-choosablity of

Q—free plane graph8．

Theorem 4．1 Let G be a plane graph without 4-faces and without adjacent

triangles．If 6(G)=4，then G contains an碍induced subgraph．

Using the result of Theorem 4．1，we have a subgraph瑶of a plane graph G

as the above assumption condition．Therefore，WC give a short proof of【46】as a

Corollary 4．2 and prove the vertex arboricity of G is at most 2 in Thcorem 4．3．

Corollary 4．2 Let G be a C4-free plane graph．Then G is 4-choosable．

Theorem 4．3 Let G be a Q—flee plane graph．Then a(a)≤2．

Nextly,we use a discharge method and a contradiction method to complete the

following results：

Theorem 4．4 Let Gbe a伤一free plane graph．Then a(G)≤2．
Theorem 4．5 Let G!be a C5一free plane graph．Then口(G)S 2．

Theorems 4．3，4．4 and 4．5 may be viewed as three positive supports to the

above open conjecture．

On the square of plane graphs，in【76[Wegner proposed the following conjecture：

Conjecture 5．1176】For a plane graph G，

舻，<{【拿Ⅳj，讧i篡主7
Inspired by a conjecture of Wegner，we consider the colorability of the square

of triangle-free plane graphs．Some known results on colorings of the square of plane



graphs：Thomassen[71】proved that the square of every cubic plane graph is 7-

colorable which was conjectured by Wegner．Hcuvel and McGuiuness[36]showed
that x(G2)≤2A(G)+25 for any plane graph．Molloy and Salavatipour【59】

improved the uppcr bound to x(G2)≤．[56_3Lq21I+78，and to x(G2)≤r％-竽l+25
under assumption that△(G)≥241．Lih，Wang and Zhu f52】proved that

for a K4-minor free graph G，x(G12)≤△(G)+3 if 2≤△(G)≤3，and

x(G2)≤．【三号PJ+1 if△(G)≥4．
We rise g to denote the set of triamgle-frce plane graphs，In this dissertation，Wg

proveaLebesguetypetheoremonthestructureofgraphsin9，andasacorollary,get

all upper bound on the choice number ofthe square of口印hs in 9．We say a 4-face，

is specialif f is incident with two 2-vertices．and say a vertex"is majorif"has degree

at least 15．A light major vertex is a major vertex"with dca(v)≤△(G)+13．Let

Tz(v)and诒(")be the number of 2-vertices and 3-vertices adjacent to u，respectively．

Theorem 5．1 If G∈蛋and 6(G)≥2，then one of the following holds．

(a)A 14一vertex is adjacent to a?,-vertex．

(b)If口is major and口is incident with at least d(v)一7 spedaJ 4-faces，then

either r2(v)=d(v)or 0<T3(V)=d(v)一亿(u)≤7 and there exists a 3-vertex in

|Ⅳ0)is incident with two 4-faces of which each contains a 2-vertex．

(c)A尼=xyzwhere d(y)=3 and d(z)+d(z)≤15．
As an application of Theorem 5．1，we have the following theorem．

Theorem 5．2 For G∈9 either G has a light major vertex or x(G2)S a(a)+

16forG∈g．

In the chapter 6，we list some problems which we are stiU working on：(i)

improper colorings of plane graphs；(ii)colorings of the square of plane graphs and

graphs embedded in orientable surfaces；(iii)L(p，曲一colorings of graphs．

Keywords：embedded graph，plane graph，subgraph，vertex-coloring，list col-

oring，choosability,L(p，g)一coloring，vertex-arboricity．
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0 子图结构及其在染色问题中的应用(详细中文摘要)

本论文由六部分构成．第一章给出本文所需的一些概念并简述所研究的问题的

背景知识及它们的进展，以及图着色的应用．主要成果分成六部分。各部分分别介

绍了问题的背景，我们得到的结果及其证明．具体地说，第二章指出对于一个嵌入

在欧拉特征数(口≤0)的可定向曲面的图G，如果不包含没从4到1l一3口的

圈，那么G足3-可列表着色的．第三章确定了对于一个平面图G，如果没有5，

6。9的圈，那么G是3一可着色的；第四章研究了如果一个平面图G不包含3

一圈。或4一围，或5一圈，那么G的点荫度不超过2；第五章研究了如果一个

平面图G不包含3一圈，那么G2的列表着色不超过△+16或者有一个特殊的大

点；第六章列出一些可供继续研究的问题．

§O．1 背景知识和一些相关结果

图着色是图论中历史最悠久并且最著名的问题之一．由于人们已开始习惯应用

图论理论做为工具来解决现实生活中的问题．据网络统计图着色已经是近百年来经

典组合问题最受关注的问题之一【22】．一方面这是由于图着色问题研究形式简单以

及结果的合理性，另一方面是其中有许多潜在应用．不幸的是由于图着色问题的计

算复杂性是不可以在多项式时间内解决的，所以通常没有有效的解决方案．例如这

样—个图的点着色问题：对一个图是否可以用3种色来染图的顶点从而使得相邻的

顶点着不同的颜色?这时问题的计算复杂性是NP—complete【41】．这意味着我们不

能在多项式时间内验证一个图是否是3-可着色的，从而失去了现实的实际应用．

图的着色问题是起源于1852年Morgan写给朋友Hamilton的一封信，其中提

到他的一个学生发现英国地图可以用4种颜色去染使得不同的地区着不同的颜色

区分．更广泛的说对于平面的任何地图(实际或者是杜撰)染多少颜色是最少可能

的?1878年Cayley首先做为一个公开问题宣布．Kempe[431首先宣称他给出一

个证明说是四种颜色就可以了(FCP，四色定理的起源)．随后的十多年中，人们相

信这个问题已经解决， Kempe由于这个成就被选举成为皇家学社成员并且后来成

为伦敦数学学会的主席．他曾经简化过自己的证明．但事情并没有因此结束，后来

Heawood[351宣称他发现了Kempe证明中的一个错误，这个错误是他不能解决的

并在文中给出一个图是易二可着色的从而说明Kempe的证明方法不是通用的．不



过他使用Kempe的方法可以轻而易举证明一个平面图是5-可着色的．此后FCP

的证明是一个缓慢而且艰辛的过程． 1913年Birkhoff证明一些图的结构是可归约

的，也意味着证明一个图是4-可着色的可以从图的一部分着手从而推广到整个图

形．归约的思想后来成为最终证明FCP关健，1976年，Appel和Hakcn给出了

一个证明(见【4】)，这个突出成就足依据归约图的结构并且依靠计算机参与的大量

计算．这也是第一次使用计算机来做数学证明．后来，Robertson，Seymour等在

f64]给出—个FCP证明，减少了计算机的计算量．人们还在等待着FCP证明完全

由组合方法给出的证明．不过人们明白了计算机不仅可以在组合优化证明中做为工

具使用，而且还可以参与到证明之中．

关于图着色问题的计算复杂性，我们已提到Karp【421证明了点着色问题是NP-

困难的．Garey和Johnson[27]证明了即使对于一个图的点着色不超过两倍色数

的情况下仍然是NP-困难的．Bellare【61等人有更强的结果，证明了对于这个问题

没有n{”近似算法对于任意￡>0．

相对于图的点着色来说，还有图的边着色．边着色问题是在1880做为FCP相

关的问题提出的，Tait【68]给出了证明FCP问题等价于证明任何3-正则3_连通

的平面图是否3-可着色的．1916年，KSnig[441证明了任意二部图是可△．．边着

色的，△是图的最大度．接着，Vizing[721证明了一个更强的结果，任何简单图

是可△+1一边着色的．Holyer【37]第一个证明图的边着色是NP一困难的．当然，

图的边着色相当于图的线图的点着色．

许多问题可以归结为图的着色问题，而图的着色问题不仅包括点着色，边着色

还有面着色．另外还有许多关于图着色的模型，见[39】，不过人们常考虑包括列表

着色，色和，均匀着色、分数着色、边着色、强边着色、路着色等．

本文主要考虑是简单图的点着色以及列表着色，所使用的正是归约方法，先考

虑图的局部子图结构然后再扩展到整个图．下面我们列出一些已知的结论：

定理l(Zhao[88】)如果一个不包含从4到(1l一1幻)一圈的图G可嵌入在可定

向曲面(欧拉特征敷口小于等于0)，那么G是3-可着色的．

对于平面图的3-可着色问题，我们已知主要的结论有：

定理2(Sanders和Zhao[651，或Borodin[91)如果G不包含从4到9的圈，

则x(G)≤3．

定理3(Borodin【12])如果G不包含从4到7的圈，则x(c)≤3．

定理4(xu【82】)如果G不包含5或7一圈，则X(C)≤3．



而对于平面图的平方图的色数，有以下著名的猜想；

Wegner猜想([76D对于一个平面图G，
‘·

蜘2，“翁．if；篡主7，

m

关于平面圈的平方圆的色数，我们有以下结论：

定理5(【76】)Wcgner证明了最大度为3的平面图的平方图是8．可着色的．

定理6([71】)Thomasscn证明了3-正则的平面图的平方图是7-可着色的．

定理7([40])Jonas证明了平面图的平方图是(8A一22)一可着色的．

定理8([59】)Molloy和Salavatipour x(G2)≤f警1j-7s，并且x(G2)≤『i5A1+2s
当△≥241．

。

定理9(【52】)Lih，Wang和Zhu证明了对于不包含她一图子式的平面图G

x(G2)≤A+3if 2≤A≤3，并且x(c产)≤【等J+1ifA≥4．

§O．2 主要结论

本文的主要结果取自攻读博士学位期间所发表及已投稿的论文，其中第2，3

和4章的主要结果是和导师许宝刚教授合作完成的，第5章是与戴本球和导师许宝

刚教授合作完成，第6幸的主要是我们可以进一步考虑的问题．

一，我们考虑可嵌人可定向曲面的图(欧拉特征值口≤0)的列表色数：在定

理1中。Zhao考虑了一类可嵌入在可定向曲面(欧拉特征值口≤0)并且不包含

短圈的图．Zlmo证明了任意的可嵌人在可定向曲面(欧拉特征值盯≤0)并且

不包含从4到11—12a圈的图是可3：着色的并且提出一个问题能够保证不包

含从4到≈(E)一圈的图是可3二着色的最小的整数≈(￡)是多少?受到这个问题的

启发，我们考虑％(∑)=11—3a并且得到一个Lcbcsgue形式的定理．鲧表示可

嵌入在可定向曲面(欧拉特征值dr≤0)并且不包含从4到ll一3盯圈的圜．我们

得到的以下主要结果；

定理10如果G是一个可嵌入在可定向曲面(欧拉特征值盯≤0)的图并且不

包含相邻的3．面和从4到(11—3口)一面，那么或者G包含一个不超过2度的点或

者包含一个light(12—3口)+．面．

由这个定理所给出图的子图结构，我们得到



定理1l如果一个不包含从4到(11—3口)一圈的图G可嵌入在可定向曲面(欧

拉特征数口≤0)，郝么G的列表着色数不超过3，意味着xl(G)≤3．

二、我们考虑了平面图不包含三角形的平方图的色数．

受到Wegner猜想的启发，并结合定理5，6，7j 8，9，我们考虑了不

包含3一圈的平面图的着色性．我们用岔表示不包含三角形的平面图的集合．在这

一部分。我们证明了一个Lebcsgue形式的定理从而得到g的一个固定结构并且利

用这个性质我们找到了这类平面图的平方图的可选色性的一个上界．我们称一个4

一面，是特殊的如果，关联于两个2一度点，并称一个点"是大点如果口是一

个15+一度点．我们称一个大点"是轻的如果dG2(u)≤A(G)+13．我们记r2(口)

和乃(")分别为与"相邻的2一度点和3一度点的个数．

定理12【55】设G是一个不包含三角形的平面图并且d(G)2 2，那么就会有

以下情形必然存在．·

(Ⅱ)有一个14一-度点与一个2-度点相邻．

(b)如果口是一个大点并且相邻于至少d(v)一7特殊的}面，那么就有要么

乃(u)=dO,)或者0<r3(")=d(u)一死(u)≤7并且存在一个3-度点(属于口邻

集)与两个均含有2二度点的4-面相关联．

(c)有P3=xyz其中d(y)=3并且d(z)+d(z)≤15．

同样，我们利用定理12所得到的图子式light的大点或特殊的B路也得到一

个G2的列表着色的上界：

定理13【55】如果G是不包孓圈的平面图，则有

要么G含有一个的船的大点，要么x((产)SA(a)+16．

三、关于平面图的3．可着色，我们考虑了一类特殊的平面图的3．可着色的；

在1976，Steinberg给出一个猜想任意不包含4一圈和5一圈的平面图是3一

可着色的．而这个条件就必要的，因为已经找到不可3一着色的平面图要么包含4

一圈或者包含5一圈．由于直接证明的困难性。许多人考虑了一些特殊的平面图，

例如定理2，3和4．在这里，我们考虑一类平面图不包含相邻三面并且不包含

{5，6，9}一圈．我们得到一个Lebcsgue形式的定理并验证这类平面图是可3一着

色的．

定理14【53】设G是一个2一连通的平面图并且不合有相邻的三角形同时也不
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包含{5，6，9}一圈．那么就会有以下情形必然存在．

(1)d(G)<3．

(2)G含有一个4．面．

(3)G中存在一个特殊的10-面包含10个3-度点并且与5个3-面相邻．

使用这个结构定理14的子图结构，我们得到一个好的判断一个平面图是否3

一可着色的条件· 、

定理15【53】如果一个平面图G不包含相邻的三角形并且不包含{5，6，9)
圈，那么G是3一可着色的．

四，关于平面图的点荫度，有一个著名的猜想： 3-可着色的平面图的点荫度

不超过2．

受到这个猜想和Steinberg猜想的启发，我们考虑了不包含短圈的平面图的点

荫度问题．我们证明了一个Lebesgue形式的结构定理并把这个结论应用在不包含

4一圈的平面图上．

定理16【54】如果一个平面图G不包含4一面并S-T-包含相邻三面的平面图．

如果6(G)=4，那么G包含一个露导出子图．

应用定理16结果，我们给出了文章[46】的简短证明作为引理17并且得到不包舍4
一圈的平面图的点荫度不超过2作为定理18．

引理17【54J或【56】如果一个平面图G不包含4一圈，那么图G是4一可
选色的．

定理18【54】或【56】如果一个平面图G不包含4一圈，那么图G的点荫度
不超过2．

接着我们使用移权法和反证法完成了以下结论的证明t

定理19【54】如果一个平面图G不包含3一圈，那么图G的点荫度不超过2．

定理20[54】如果一个平面图G不包含5一圈，那么图G的点荫度不超过2．

关键词：嵌入图；平面图；子图；点着色；列表着色；可选色性；r(p，q)着色；
点荫度．



1 Preface

§L1 Basic terms and definitions

Definition 1 A graph G is all ordered pair G=(y(G)，E(60)，where y(G)
stands for afinite set of elements called vertices，while Ef63 stands for a finite set of

tmordered pairs of vertices called edges．The cardinality of the set of vertices v(a1
is denoted by the symbol n=ly(G)l and called the order of graph G．Likewise，the

cardinali锣of set of edges E(G)is denoted by m=IE(G)I and called the size of

graph G．Two verticesⅡ，u∈y(G)are called adjacent(or neighbors)if"∈E(63
and nonadjacent if u口《E(63．Two edges e，，∈E(G)are said to be adjacent if e

and，share a conunon vertex．Otherwise，e and f are not nonadjacent．

Definition 2 The degree d(v)of vertex口in graph G is the number of edges

incident with口in graph G，that is e∈E：u∈41．The maximum degree ofthe

vertices in G is denoted by△(63，while the minimum degree is denoted by 6(G)，i．

e·，△(63 5倒ma(xG)脚))and 6(63 5∥miln卅{d(”)’·Th。“mb”D(63 2丽‰is
known∞the density of graph G．

Only simple graphs(graphs with no loops or multiple edges)will be taken into

aacourl：t in further considerations，

Definition 3 A pn统connecting口1 and％in graph G is a以ordered sequence

of vertices口1，tJ2，⋯，他，in which every vertex appears exactly once and for aJl

vulucs of i the following condition is fulfilled：Vt，仇+1∈E．．

Definition 4 A graph G with at least 2 vertices is called connected if every pair

of its vertices is connecCedW a path．We a&sume that a 1-vertex graph is connected．

A component of G is a maximal connected subgraph of G．A vertex is a cut vertex if

its removal inercases the number of components in the graph，The distance between

vertices u and"in graph G，denoted by d(u，口)，is the length of the shortest path

connecting vertices t／,and口in this graph．We will a,镕ulne，that d托，T‘)=0，

Definition 5 A clique V7 in graph G=(K E)is a subset of V，for which the

following condition is flflfilled：t‘．V∈V7号t正口∈E．The term clique is often used



to describe not only the set V’，but also the subgraph of G induced by this set of

vertices．ne clique V’in graph G is called maximal if there does not exist any

other chque V”，such that V’C V”．By the clique number u(G)we understand the

size of the largest maximal clique in graph G．

Definition 6 An independent set in graph G is any subset V7￡V，such that

U，"∈矿=争UVg E．TheindependentsetV’ingraphGis canedmaximalifitis

not a subset of any other independent set in G．The independence number口(G)is

the size of the largest independent set in G．

Definition 7 A complement of graph G，denoted by G。，is the graph on the

salne vertex set V(G)，in which W∈E(G。)if and only if U?3 g E(G)，where

U，口∈y(G)．Clearly,foranygraphG，△(G。)+6(G)+1=，l，u(G)=n(G。)and

u(Gc)=n(G)． ．

Definition 8 For a subset x￡y(G)，we denote by G【x】the subgraph of G

inducedbyx：thus，y(GIx】)=x andifⅡ，p∈X，thent‘口∈E(G【x])ifandonly

ifⅡ口∈E(G)．We denotebyG—Xthe graphG[V(G)一x】．

Definition 9 A graph G is called k-partite if the set of all its vertices call

be partitioned into k subsets H，％，·一，K in sach a way that any edge．of graph

G connects vertices from different subsets，i．e．，each磁is an independent set for

i=1，2，⋯，k．The terms bipartite graph and tripartite graph are used to describe

k-partite graphs when k equals to 2 and 3，respectively．A k-partite graph is called

complete if any vertex口∈V is adjagent to all vertices not belon舀ng to the same

partition as u．The symb01％lm⋯m is used to describe acomplete k-partite graph，

with partition sizesIMl=nifori=1，2，⋯，k．Moreoverif啦=1for all valuesof

i，then the complete％一partite graph is denoted as‰．

Definition 10 Let(班，％⋯．，U)be a k-partition of y(6-3．珏Gin】is an

induced forest for every i，then we say(H，K，．．．，Vk)is a VA—partition of y(G)．
Vertex arboricity of G'denoted by n(G)，is the smallest number k such that G

admits a k-partition that is a VA—partition．Especially,each component of air,】is
a path，we call the k-partition LV-partition．Then the linear-vertex arbortcity of G，

denoted by ta(G)，is the smallest number of k-partition SO that the partition is a

LV-partition．
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Definition 11 The∞他of graph G．is the subgraph of G obtained by iterated

removing of all vcrtices of degrce 1 from G．

Definition 12 The join G1+G2 of the pair of vertex disjoint graphs G1 and

G2 is a graph containing all the vertices and edges from G1 and G2，as well as all

possible edges connecting a vertex from G1 with a vertex from G2．

Definition 13 A proper vertex-coloring of graph G=(K E)is a function

C：V H^厂，in which any two adjacent vertices u，口∈V are assigned different

colors，that is t‘u∈E净e(u)≠c0)．The function c is called the coloring function．

A graph G for which there exists a vertex-coloring which requires k colors is called

k-colorable，while such a coloring is called k-coloring．In this case，the coloring

function induces a partition of graph G into indcpcndent subsets K，％，·．．，K，for

which磁n巧=O andⅥuKu⋯uK=V．

Definition 14 The smallest nmnber七for which there exists a k-coloring of

graph G is called the chromatic number of graph Gand is denoted by x(G)．Such

a graph G is called k-chromatic,while any coloring of G which requires k=x(a)

colors is called chromatic or optimal． ．

Definition 15 A list assignment of G is a function L that assigns a list L(v)

of colors to each vertex u∈V(G)．An L-coloring is a mapping毋that assigns

a color≯(")∈L(v)to each vertex"∈v(a)such that≯(口)≠毋(u)whenever

t‘"∈E(G)．A graph G is called m-choosabIe，if G admits an L-coloring for every

list assignment L with l￡(")I=m for all口∈y(G)．The minimum number m，

denoted byⅪ(G)，called the list-chromatic number(or choice number)of G．It is

certain that x(a)≤xl(G)since a m-choosable of G is also a proper coloring of

itself．

Defnition 16 An r-regulargraph is a graph in which all vertices have a degree

r．A cubic graph is an equivalent term for a 3-regular graph．

Definition 17 A circuit(or cycle)，which is a minimal 2-connected graph，is a

subgraph determined by a set of vertices and edges joining consecutive vertices in

a closed path．The length is the number of edges of the circuit．A length n-circuit，

denoted by G，is a 2-regulax connected graph of order n．A circuit with odd length

is an odd circuit．The wheel W，n is the join G—l+K1，The p砒R is the graph
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changed赶om G by deleting one edge．The Star＆is a complete bipartite graph，

in which one of the partitions contains of a single vertex．A yoga is a graph，which

does not contain a circuit．A tree is a connectcd forest．

Definition 18 If X ig a vertex or edge of a graph G，or a set ofvertices or

edges of G，the graph obtained by deleting X is denoted by G＼X．(Deleting a

vertex implies deleting all edges incident with the vertex．)If，∈E(G)，we denote

the graph．obtained by contracting}by a／／．We say a graph H is a minor of G

if H can bc obtained from asubgraph of G by deleting vertices and deleting edges．

(Contracting a loop has the same effect as deleting it；while contracting a non-loop

edge paralleled to k other edges produces k new loops．)

Definition 19 Note that any triangle comes equipped with three vertices and

three stra!ght edges．Tlle intersection condition we pose is this：Two triangles either

(i)are disjoint or(ii)have ore vertex in common or(iii)have two vertices，and

consequently the entire cdge joiuing them，in colnmon．A collection M of triangles

satisfying the intersection condition is called connected if there is a path along the

edges of the triangles from any vertex to any other vertex．Indecxi the set of edges

and vertices of triangles in M forms a graph M1 and we have iust defined”M is

connected"to mean”M’is connected"．Consider a vertex"of some triangle of a

collection satisfying the intersection condition．The edges opposite u in the triangles

of M having 1，as 8 vertex wiU form agraph．called the link of”．

A closed surface(see[31】and【29】)is a collection M of triangles such that：(i)
M satisfies the intersection condition；(ii)M is connected；(iii)for every vertex"of

a triangle of M，the link of"is asimple closed polygon．Thc plane is not closed，of

course but since it differs from the sphere by only a single point，it follows that a

given graph can be embedded in the plane if and only if it can be embedded in the

sphere．Accordingly,nothing is lost by considering embedding in the sphere．

The characterization of the closed orientable surfaces is that each one can be

obtained by adding sIDlne handles to a sphere in 3-space．Adding one handle yields

岛，adding two yields＆，and so on，From this characterization，it is easily seen that

every(finite)graph cAtn be drawn without edgc。crossings on删closed surfaces，as

follows．First，draw the graph on the sphere，possibly with crossings．Now suppose’



that the cdgc e crosse8 the cdgc e，．As a surgical operation，cut a hole in the surface

on each side of e，，heal"the crossing by e，small enough SO that it touches no edge．

Next attach a handle from one small hole to the other．Then reroute odge e so that

it traverses the handle instead of crossing edge e，．

The”MSbins band”is a surface that is neither dosed nor oricntable．To

obtain a pbysical copy of a MSbius band，bcgin with a rectangular piece of paper．

Then give the strip a haft-twist，SO as to interchange the top and bottom at one

side，and finish by pasting the fight side to the left，see【57】．

Although a M6bins band is compact，it has aboundary,which is homcomorphic

to the circle．s0 it is not closed．It so,ms from a local viewpoint that a physical copy

of a M5bius band is two-sided．However，one con color”both"sides in S single hue

without lifting the crayon or crossing the boundary．The global one-sidedness of the

MSbius band in 3-space is a result of the embedding in 3-space，not an intrinsic

property of the MSbins band．If one cuts a hole in a sphere，the resulting boundary

is homcomorphic to the circle，just as is the boundary of a MSbius band．The surface

obtained by attaching a MSbius band along its boundary to the hole in the sphere，

thereby closing off the hole，is called a’’projective plane”．The”Klein bottle'’，

another nonorientable closed surface，can be obtained by cutting two holes in a

sphere and then closing each of them off with a M6bius band．Indeed，every closed，

connected nonorientable surface car be obtained by cutting holes in a sphere and

then closing them off with MSbius bands．For k=0，l，t．．，the surface obtained

by cutting％holes and closing them off with k MSbius bands is denoted Nk．

Definition 20 To formalize the notion of a drawing without crossings，we

define an embedding of a graph in a surface to be a continuous one-to-one function

from a topological representation of the graph into the surface．For most purpose，

it is natural to abuse the terminology by referring to the image of the topological

representation as”the graph”．

If a connected graph is embedded in a sphere．then the complement of its

image is a family of regions or faces，coch homcomorphic to an open disk．In more

complicated surfaces．the regions need not be open disks．If it happens that they

are all open disks，then the embedding is called a 2-cell(or cellular)embedding．If
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the boundary circuit of all open disk region has one or more repeated vertices，then

the closure of the region is not a closed disk．Nonetheless,whether the embedding

is a 2-call embedding depcnds only on whether all the regions are open disks．not

Oil whether the closures of the regions are closed disks．

A convenient notation for the set of regions of a graph embedding i：G_S
is Fa，where the letter F reminds one that the regiOllS are something like the faces

of a polyhedrom If more than one embedding of G is under consideration，then

the name of the embedding should appear somewhere in the notation for the set

of regions．The number 01：sides fsize)of a region f is defined to be the number of

edge-sides one encounters while traversing asimple cireuit just inside the boundary

of the region，and is denoted by A，．

To make the following description concise，we define sone notations and termi-

nologics：

All graphs considered are finite and simple．A closed surface is a compact，

connected 2-manifold without boundary．For agraph Gthat can be 2-cell embedded

in a orientable surface．we still Ilse G to denote a 2-ccli embedding of G Oil the

surface．

Let G=(y；EF)be an embedded graph，where V，E and F denote the set

of vertices，edges and乜。cs of G，respectively．We rise^rG(口)and dG(私)to denote

the set and number of neighbors of a vertex口，and use J(G)and a(G)to denote

the minimum degree and maximum degree of G．respectively．Thc degree of a face

，of G，denoted by沁(，)’is the length of the facial walk of f．Let b(f)denote the

boundary of a face f．When no confusion may occilr，we writeⅣ(")，d(u)，and A(，)
instead ofⅣG(口)，如(u)，and Aa(f)，respectively．A k-vertex(or k-face)is a vertex

(or face)of degree k，a k--vertex(or k-一缸ee)is a vertex or face)of degree at most

七，and a k+一vertex(or≈+-／ace)is a vertex(or face)of degree at least k．For k≥2，

a 2k-face f is called a light-face if f is incident with 2k 3-vertices and adjacent to k

3-faces．

The square of agraph G，denoted by G2，is a graphon vertex sct v(c2)=v(c)
and edgesetE(G2)=tuuIⅡand口have distance atmosttwoinG)．

In【49】，Lebcsgue proved a structural theorem about plane graphs that asserts
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that every 3-connected plane graph contains 8 vertex of given．properties fsee The-

orcm 2 of【381)．Since then，these kinds of problems were studied extensively,and

there are many analogous results appeared【【3】，【12]，【10]，【30】，【38】，[471】et a1．For

k≥2，a 2k—face，is called a light—face if f is incident with 2k 3-vertices and砌扣
cent to k 3-faces．In【9】'Borodin proved that that every plane graph with minimum

degree at least 3 and without adjacent triangles must contains either a face of degree

bctween 4 and 9．or a light 10-face．



§1．2 Graph Coloring

Graph coloring is one of the oldest and best-known problems of graph theory．

A8 pcople became accustomed to applying the tools of graph theory to the solu—

tion of real-world technological and organizational problems，new chromatic models

emerged as a natural way of tackling many practical situations．Intcrnet statistics

show that graph coloring is one of the central ISSUcs in the collection of several

hundred classical combinatorial problems【22】．The reason for this is the simplicity

of its formulation and seemingly natural solution on the one hand．and numerous

potential application on the other．Unfortunately,high computational complexity

prevents the efficient solution of numerous problems by meaus of graph coloring．

For example，the simple task of deciding if the chromatic number of a graph，is at

most 3 remaining NP-completd[41]．In practice this mea$1s that 0111"task cannot be

solved in polynomial time and，consequentlz it is impossible to find a chromatic

solution to 8 graph on several dozens of vertices in a reasonable time．Needless

to say,graphs of this size are definitely too small to be considered satisfactory in

practical applications．
’

§1．3 History of Graph Coloring

The origins of graph coloring may bc traced back to 1852 when de Morgan

wrote a letter to his friend Hamilton informing him that one of his students had

observed that when coloring the countries on an administrative map of England

only four colors were n黜ai=y in order to eusure that adjacent countries were given

different colors．More formally,the problcmposed in the letter Was as follows：What

is the least possible number of colors needed to珂1 in any map(real of invented)

on the plane?The problem was first published in the form of a puzzle for the

public by Cayley in 1878．The first”proof’of the Four Color Problem(FCP)Was

presented by Kempe in【43】．For a decade following the publication of Kempe’s

paper，thc FCP was considered solvcd．For his accomplishment Kempe was elected

a Fcllow of the Royal Socicty and later the Pr∞ident of the London Mathematical

Society．He evou presented refinements of his proof．The case was not closed．
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however，Hcawood[35】stated that he had discovered all error in Kempe’8 proof-

an error SO serious that he WaS unable to repair it．In his paper．Heawood gave an

example of a map which，although easily 2-colorable，showed that Kempe’S proof

technique did not work in general．However．he was able to use kempe’s technique

to prove that ovcry map could be 5-colorable．Meanwhile，progress on the FCP

was slow and painful．In 1913 Birkhoff showed that certain configurations in a

map are reducible，in the SCllSC that a 4-coloring of a fragment of a map can be

extended to a coloring of the whole map．This idea of reducibility turned out to

be crucial in the eventual proof of the theorem．In 1976，after many attempts at

solving and results on the FCP，Appel ana Haken announced a complete prooC

later published in[4】This outstanding achievement WaS based On the method

of”reducible configurations”and a substantial amount of computer time．The

argument of Appel and Haken required a massive computation．It was，in fact

the first case where the computer a镕isted researchers in finding the argument by

eliminating a large number of particular cascs．This revolutionary incorporation

of computations in the combinatorial proof Was met with some skepticism．Later，

Robertson，Seymour，et a1．【64】found a proof of FCT that requires much less

machine involvement．Likely,other researchers will produce a human-cheokable

proof soon．Nevertheless it is now clear that combinatorial optimization can use

computers not only as the devices to search，but also as assistants in proofs．

As far as the complexity issue of graph coloring i8 considered，We have already

mentioned karp’S NP-hardness proof of vertex-coloring[42]．The next milestonem

suit is due to Garey and Johnson【27】who proved that findinga coloring of value not

worse that twice the chromatic number is NP-hard．Bellare et a1．【61 strengthened

this result by showing that the problem is not approximate within n}一‘for any
E>O．The best currently known polynomial-time approximation algorithm is due

to HalldSrsson【33】and has O(n(109 log n)2)／l093 n)performance guarantee．

Obviously,coloring a political map is equivalent to coloring the vertices of its

dual planar graph．But a graph a'lso has edges which can be colored．The edge-

coloring problem Was posed in 1880 in relation to the FCP．The first paper that

dealt with this subjcet Was written by Tait【68】．In his paper Tait proved that the



FCP is equivalent to the problem of edge-coloring every planar 3-connected cubic

graph with 3 colors．In 1916 K6nig[44】proved that every bipartite graph can be

A-edge-colored，where△is the maximum vertex degree．Later，Vizing【72]proved a

very strong result，asserting that every simple graph can be edge-colored with△+1

colors．In other words，this result says that the problem is approximate with all

absolute error guarantee of 1 on simple舻印hs．The first proof of Np-hardncss of

edge-coloring is due to Holyer【3 7】．Of conrse，edge-coloring can bc regarded as a

special case of vertex-coloring，namely the problem of coloring the vertices of the

corresponding line graph．

§1．4 Models of Graph Coloring

For many problems which cannot be easily reduced to classical coloring of the

vertices or edges of an associated graph we introduce more general，nonclassical

models of coloring．In general，the coloring of a graph can consist of assigning colors

to vertices，edges，and faces of a plane graph or any combination of the above sets si-

multaneously．Moreover，for each model of coloring we have various rules on legality

or optimality of solutions．Nonclassical models can introduce additional conditions

of the usage of colors by making it possible to u∞more than one color per element．

permitting the splitting of colors into fractions or admitting the swathing of colors．

In general，there are several dozen graph coloring models described in the literature

【39】．Howcver，only a dozen or so are relevant(from a practical point of view)．
These include list coloring，chromatic sum coloring，equitable coloring，fractional

coloring，rank coloring，harmonious coloring，radio coloring，interval coloring and

edge-coloring，strong coloring and path coloring．Most of them dcal with vertex-

coloring and edge-coloring，but 80me of them are defined only for vertex-coloring

o．g．harmonious)or edge-coloring(e．g．interval)．In this paper，we consider in

detail the modeis of coloring，which are most useful from a practical point of view．

Those include：Vcrt∞c coloring，list coloring，L(p，q)一coloring．



§1．5 Applications of Graph Coloring
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1．Time Tabling and Scheduling Many scheduling problems involve allowing

for a numbcr of palrwise restrictions on which jobs can be done simultaneously．For

instance，in attempting to schedule classes at a university,two course8 taught by

the same faculty member cannot be scheduled for the same time slot．Similarly,two

course that are required by the same group of students also should not conflict．The

problem of determining the minimum number of time slots needed subject to these

restrictions is a graph colodng problem．This problem has been studied by many

researchers，including Leighton【50】，Opsut and Roberts【62】，and de Werra[23]．

2．Frequency Assignment Gamst[26】examines a problem in assigning fre-

quencies to mobile radios and other llSCrs of the electromagnetic spectrum．In the

simplest case，two customers that are sufficiently close must be assigned different

frequencies．while those nlat are distant can share frequencies．The problem of

minimizing the number of frequencies is then a graph coloring problem．

3．Register Allocation One very active application for graph coloring is

register allocation．The register allocation problem is to assign variables to a limited

number of hardware registers during program execution．Variables in re#stem can

be accessed much quicker than those not in re,stem．Typically,however，there are

far more variables than rc百ste璐so it is nccessary to assign multiple variables to

registem．Variables conflict with each other if one is used both before and after the

other within a short period of time(for instance，within a subroutine)．The goal

is to assign variables that do not．conflict so as t0 minimize the use of non-register

memory．

A simple approach to this is to create a graph where the nodes represent vari-

ables and an edge represents conflict between its nodes．A coloring is then a conflict-

free assignment．If the number of colors used is less than the number of registem

then a conflict-free register assignment is possible．Some papers that outline and

expand on this method include Chaitin【is]，Chaitin et．al【14]，Chow and Hennessy

【19][18]，and Briggs，Cooper，Kennedy,and Torczon[1 3】．

4．Pattern Matching Ogawa[61】has an interesting application involving pat—
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tern recognition．Given a“target”picture and an input picture(which involve only

a set of points)．a related compatibility graph is created whose vertices correspond to

pairs of points．There is an edge between two vertices if the corresponding pairs are

“mutually consistent”(where this call depend on a variety of restrictions，including

angular relationships as well as the requirement that no point be matched with more

than one other)．A large clique represents a large number of mutually consistent

pairs，and its size can be used as a mcasure of the corresponding fit．This model

seems to correctly recognize affine transformations as well as moderately nonlinear

transformations．

5．Analysis of Biological and Archeologic．al Data In biology and arche-

ology,a standard model for relating objects is that of a tree．Trees Can represent

the division of a species into two separate species or the division of features of some

artifact(1ike pottery or pins)．Species do not come with histories，however，nor are

artifacts completely dated．Therefore，it is necessary to deduce the tree structure

from the features of the items．

One approach to this is to create a distance measure between the items．If the

distance measurc represents distances along a tree，then that tree is a good estimate

for the underlying，“real”tree．Normally,the distances do not represent a tree，SO it

is necessary to find a tree that accurately estimates the true distances．One approach

to this，suggested by Barthdlemy and Gudnoche【5】，creates a graph as follows：the

nodes of the graph represent partitions of the items．These partitions are chosen

because iterns within a partition arc closer to each other than to those in the other

side of the partition．Two nodes are adjacent if the partitions are COILSistent with

coming from the same tree(which reduces to an inclusion condition)．A clique in

this graph represents＆set of partitions that can be formed into a tree．Maximum

cliques attempt to encapsulate as much of the partition data a8 possible．For more

information，SeC Chapter 5 of【5】，



§1．6 Glossary of Symbols

The following notations are standard：

U

n

C

C

|

[xJ

b(f)

do(v)

AG(f)

E

G

G2

G[S]

a

占

△

E

X

Xl

a(G)

h(G)

A(G；P，q)

G．e

G+E’

G—S

H∈G

H C G

GUH—

umon

interscction

gtlbset

proper subset

set-theoretic difference

greatest integer≤z

boundary of f

degree ofvertex口inG

degree offace|inG

edge set

graph

the square of graph G

subgraph of G induced by S

independence number

minimum degree

nlaximuul degree

number of edges

chromatic number

list—coloring number

vertex arboricity of G

linear vertex arboricity of G

(p，q)一span of G

contraction of e

addition of∥

dcIctionofS

subgaph

proper subgraph

u■醣．
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§1．7 Discharge Method

Discharge method is an useful and traditional tool to solve the problems of

plane graphs．Since we could l】se this method to find the fixed subgraph．There are

many papers on this method．We give an example to explain discharge method．

It is well known that if a plane graph G is triangle-flee then 6(G)≤3．

Proof．Assume to the contrary that the regalt is false．Let G be a minimal

counterexample to it，i．e。，G is a connected plane graph with d(G)2 4．There is a

famous Euler’8 formula Iy(G)l+lF(G)l—lE(G)I=2 for a cormccted simple plane

graph G．Rewriting it we have

∑(d(”)一6)+∑(2A(，)一6)=-12．
．ev(a) IEF(G)

To define a weight function u on v(a)UF(G)，we let u(")=d(v)一6 if

口∈V(G)and u(，)=2A(v)一6 if，∈F(G)．Therefore，

∑ u(z)=-12．
zEV(G)UF(回

If we obtain a new weight u7(z)￡Dr all z∈v(a)U F(c)by transferring weights

from one element to another，then wc also have ∑ u7(z)=一12．(})On

the other hand，if we carl show that u’(z)≥0 for all z∈v(a)U F(G)，then we get

a contradiction and the result is proved．Now we discharge the weights according

to the following rules：

(R)Every face，transfers to each incident vertex口the following charge：

{ifd(v)=4；{ifd(v)=5．
Now we chcck the value ofw7(z)for z∈v(a)U F(G)by the discharge rule(R)．

For￡∈v(c)ifd(z)≥6 then u’(z)≥o；ifd(z)=5 then u’(z)=：u(z)+5 X{=

5—4+5×{=o；and ifd(x)=4 then u7(￡)=u(z)+4×i1=4—6+4×j1=0．

Thercfore，we have u70)≥0 for z∈y(G)．

Forx∈F(G)wehavew’(z)2 u(z)一互1．A(z)=2A缸)一6一i1·A(z)=墨萼生一6≥0．
Thus，w℃have ∑ u协)≥0．It contradicts(})and the contradiction

*y(G)U F(G)

completes the proof．
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There are many different conversions of Euler formula．If WC choose the fitful

formula．then we could simplify the calculation like the above proof．If we rewriting

the Euler formula by

∑q(”)一4)+∑n(，)一4)=一8．
vEVq[回 ，∈F(69

Let G bc a minimal countercxample to the result．By the hypothesis we have

A(，)≥4 for each，∈F(G)and 6(a)≥4．Thcn d(v)一4≥0 for each"∈v(a)
and A(f)一42 0for eachf∈F(G)．Therefore，

∑(d(”)一4)+∑(Aft)一4)≥0．
veV(G) IeF(G)

The contradiction eompletos the proof．

In this dissertation，we use this discharge method to prove some Lebesgue type

theorems．



2 A structural theorem on embedded

graphs and its application to colorings

In this chapter，a Lcbesguc type theorem on the structure of酽aphs embedded

in the Sllrface of negative characteristic伊≤0 is given，that general岫a result

of Borodin on plane gr印hs．As a consequence，it is proved that every such graph

without i-circuits for 4≤i≤11—3口is 3-choosable，that offers a new upper bound

to a question of Y，Zhao．

§2．1 Introduction

Recall that a closed surface is a compact，connected 2-manifold without bound-

ary．For a graph G that can be 2-cell embedded in n closed surface，we still use G

to denote a尘cell embedding of G on。the surface．

．In 1976，Steinberg(see【671 p．229 or[91)conjectured that every plane graph

without 4-and 5-circuits is 3-colorable．Both 4-and 5-circuits must be excluded∞

shown by K4 and a graph due to Havel【34】【Fig．2】．Since there cxisting encounter-

example plane graphs which contain either C4 or Cs are not 3-colorable so the

condition of conjecture is necessary．The cenjecture is hard to be solved directly so

that many people considered some special case8 of plane铲aph8．

In 1990，Erd6s(also see[67】p．229)suggested the following relaxation：Is there

an integer％≥5 such that every plane graph without i-circuits for 4≤i S k is

3-eolorable?Abbott and Zhou[zl showed that七=11 is acceptable．Sanders and

Zhao瞄1．and Borodin【9l independently,improved that to岛=9，Recently,this

upper bound was improved to≈=7 by Borodin et al It21．In【821，Xu improved

the result of【12】by showing that every plane graph with neither adjacent triangles

nor 5．and 7-circuits is 3-colorable．Xu also showed I鼢】that every plane graph

with neither 5-circuits nor triangles of distance less than three is 3-colorable，this

improved the result of【11】in which the authors proved that every plane graph with

neither 5-circuits nor triangles of distance less than four is 3-colorable．Where the
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distanee bctwccn triangles is the length．of the shortest path bctween vertices of

different triangles，and two triangles are said to be adjaeent if they have an edge in

COmE0n．

The distance between triangles in a graph is defined as the length ofthe shortest

path between vertices of different triangles．Two triangles are said to be adjacent

if thcy have an edge in common．In[11】，Borodin and Raspaud proved that if G

is a plane graph without 5-circuits and triangles of distance less than four，then G

is 3-colorable，and they conjectured that every plane graph without 5-circmts and

adjaccnt tdangles is 3-colorable．It is proved that every plane graph without 5-and

7-circuits and adjacent triangles is 3-colorable，every plane graph without 5-circuits

and triangles of distances less than 3 is 3-colorable，and every plane graph without

5-and 6-circuits and triangles of distances less than 2 is 3-colorable．It sce】fflS that

Borodin and Raspaud’s conjecture is far away from being solved entirely．

In[88]，Zhao considered the 3-colorability of graphs that are embedded in the

surface of negative characteristic and contain no short circuits．Zhao proved that

every graph embedded in surface．of negative characteristic盯without

／-circuits for 4≤i≤11—12a is$-colorable．

In his paper，Zhao also proposed a question that asks the smallest integer k(Z)
that guarantees the 3-colorability of graphs embedded in surface Ewithout i-circuits

for 4Si≤％(E)．

In【49】，Lebesgue proved a structural theorem about plane graphs that asserts

that every 3-connected plane graph contains a vertex of given properties．Since then，

these kinds of problems were studied extensively(sce[9，47，811 for a【amples)．For
k≥2，a 2k-face f is called a light-face iff is incident with 2k 3-vertices and adjacent

to k 3-faces．In[9】，Borodin proved the following Lcbesgue's type theOrem that

every plane graph with minimum degree at least 3 and without adjacent

triangles must contains either a face of degree between 4 and 9，or a light

10．face．

In this chapter，we consider the structure of graphs embedded in the surfaces of

negative Euler Characteristic，and prove a Lcbesgue type theorem that generalizes

Borodin’S result to embedded graphs．



Theorem 2．1 Let G bc a connectcd graph embeddcd in a surface of Euler

characteristic仃S 0．If G contains no／-circuits for 4≤i≤11—3a．Then，G

contains either a 2--vertex，or a light(12—30)+face．

As a consequence of Theorem 2．1．we get that

Theorem 2．2 Let G be a graph embedded in the surface of characteristic口≤0

that contains no i-cirenits for 4≤i≤11—3a．Then G is 3-choosable．

If we assign every vertcx of a graph Ga color-list{1，2，3)，an L-coloring is just

a 3-coloring of G．Therefore we get a new upper bound on％(E)．

Corollary 2．3 Let G be a graph embedded in the surface of characteristic

F≤0 that contalns no／-circuits for 4≤i≤11—3a．Then G is 3-colorable．

§2．2 Proofs of the Theorems

Proof of Theorem 2．1．Assume to the contrary that the theorem is false．Lct

G be a counterexample to Theorem 2．1，i．e．，G is a connected graph embedded in

the surface of characteristic F≤0 without／-circuits for 4≤i S 11—3a，6(G)2 3，

andevery(12—3口)+一faceisanon-lightface．TheEuler’SformulaIVl+IFI--IEl=仃
can be rewritten in the following form：

。嘉，c掣叫+，磊，c挈叫=一一 (1)

Let‘‘，be a weight on y(G)u F(C)by defining u(")=!警一1 if 1，∈y(G)，
and u(，)=墨P一1 if f∈F(G)．Thcn the total sum of the weights is一口．To

prove Theorem 2．1，we will introduce some rules to transfers weights between the

elements of v(c)u F(C)SO that the total sum of the weights is kept constant

while the transferring is in progress．However，once the transferring is completed，

we can show that the resulting weight u’satisfying∑z∈y(quF(G)(／(z)>一盯．This
contradiction to(1)will complete the proof．

We use t(v1 to denote the number of 3一faces incident with vertex"．Our trans-

ferring rules are as follows：



(甩)from a 4+一vertex"transfer研3“再(v)-丽10 to each incident non-3-face．

(R2)from a(12—3口)+。face transfer蠢to each adjacent 3-face，transfer击
to each incident 3-vertex”with t(v)=1，and transfer刍to each incident

3-vertcx"with t(v1=0．．

锊惘长
F瑭．2．1 Discharge Rule

Claim 2．2．1．u7 v)2 0 for evcry vertex仇

Proof．Let静be a七一vertex of G．If k≥4，then w’扣)≥u(")一—lO型(d堑(v)L-生t(v))·(d(")一
￡扣))=0．If k=3 and t(v)=1，then u’(")=u(")+2·刍=0．If k=3 and

t(u)=0，thenu7(")=u(")+3·寺=0．

If f is a 3-face，then by the discharging rule(R2)，u’(，)=u(，)+去·3=0．(2)
Claim 2．2．2 J(f)>寻≥0 for every non-3-face／．

Proof．Since G contains no i-faces for 4≤i≤11—3a，every non-3-face of G

has degree at least 12—3a．For integer h≥12—3a，let f be an h-face of G that

is adjacent to exactly r 3-faces and incident with exactly 8 4+-vertices．It is easy

to check that there are at least s’=max{0，2r一^}among the s 4+-vertices of

Wh烛each is incident with at least two 3-faces．By(n1)，each of the s7 4+-vertices

transfers to f』lO(d1(v!)也-t(v)}≥击，and each of the other(s—s’)4+-vertices transfers

to f at least—lO型(d(v盟)-业t(v))≥击．Therefore，，receives at least 1a-矿st+盖，and totally

transfers out at most丽2r+等．
Ifr>【纠≥丁h+l，then 8，=2r—h，and hence u7(，)≥号量一斋一％孑+量署+岳≥

壹≠一惫一气≠+岳≥％量一嚣一垫嘉堑+专手=—12—k--—60—--—Sr—-面6h—+6—r+—1—2r一-6h=业蔷曼9≥



警≥业26丝0生>寻．
If r墨嘲，then s，_0 and

∥(，)≥丁h-5一斋一百h-$+面8=—12h—-6—0-百8r一-3h+fis=—9h+—6s面-8一r-60．
If h is cven，by the choice of G，，is not a light face that provides either r s学，

or r=2 and 8≥1，then地：嫂6二0墅±堕2墅二生6生0兰=竺=墅裔望≥里望二6堑0L里>寻in
the former case，and坠』％≠吐曼苎≥些二塑60 =墅铲≥盟堡学>寻in the latcr

case．If h is odd，then r≤譬，and hence 12h-60-60Sr-3ht3s≥堡!：掣=訾≥
—5(121--3矿a)-一驰>寻．

Since 6(C)≥3 and 12—3a≥12，G contains at least four non-3-faces，say

^，i=l，2，3，4·By(2)and Claims 2．2，1 and 2．2．2，一盯=∑。∈y(G)uF(G)‘‘7’(z)≥
4

∑“7(五)>一矿。This contradiction to(1)ends the proof． 1
i=l

Proof of Theorem 2．2 Assume to the contrary that the theorem is false．Let

G be a counterexample to Theorem 2．2 of minimum order．It is certain that G is

connected and 6(G)≥3．By Theorem 2，1，G contains a light(12—3口)+face．Let
，be a light 2k-face of G with boundary u1啦⋯忱k“i，where 2k 2 12—3a．

Let L be an arbitrary color-list of G with IL(")I=3 for every vertex u of G．

Bythe choice ofG，G7=G＼{“1，t‘2，．．．，u2k}admits allU-coloring∥，where∥is

the resttiction of L on G，．

For i=1，2，．．．，2七，let A(ui)=L(毗)＼{∥(u)："∈V(G7)and饥"∈E(G))．

Since|is a light face that is adjacent to k 3-fac商and incident with 2k 3-vertices。

翟lu2⋯t‘2≈u1 is an even circuit．One Canearly find an A-coloring妒for ulw2．．．t垃±扛1．

But∥together with妒yields an L-coloring of G．This contradiction completes the

proof． I

Remarks：The upper bound Oil the parameter e(E)of Zhao’S question is still

not best possible，It is easy to see from the proof of Theorem 2．1 that for sufficient

large graph embedded Oil surface E，the condition without／-circuits for 4≤i≤11
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is almost sufficient for 3-colorability of G，that is，k(S)=11 j8 almost enough for

sufficiently large graphs．By the known results on sphere and。torus，this parameter

女(∑)might be reduced even more．



3 A Theorem on 3．Colorable Plane

Graphs

Borodin and Raspaud pr6posed a conjecture【11】which claims that every plane

graph without 5-circuits and adjacent triangles is 3-colorable．This streng_{，hens a

conjecture of Steinberg．In this chapter，we study the structure of plane graphs

without 5-，6-and 9-circuits and adjacent triangles．As a corollary,we prove that

such graphs al'e 3-colorable，this improves a result by Borodin[9】，and independently

by Sanders and Zhao【65】，and a'lso provides a positive support to Borodin and

Raspaud’s conjecture．

§3．1 Introduction

In this section，all graphs．considered are finite and simple plane graphs．AI-

though the proof of 4-eolorable of the plane口印hs has no pure Combinatorial

method，people think the problem is solved．The following question is what kind of

plane graphs are 3-colorablc．In 1976，Steinberg(see[07]p．229 or【9】)conjectured
that every plane graph without 4-and 5一circuits is 3-colorable．As the above chap-

ter，we know the condition of the conjecture is necessary．Inspired by the conjccture，

more and more people are concerned the 3-eolorable plane graphs．We have listed

some results in the chapter 2．Next we just provide some related results．In 1990，

Erd6s(also see[67】p．229)suggested the following relaxation：Is there an integer

七≥5 such that every plane graph without i-circuits for 4≤i≤k is 3-colorable?

Abbott and Zhou 11】showed that k=11 is acceptable．Sanders and Zhao侧．and

Borodin 191 indepcndently,improved that to k=9．Recently,this upper bound was

improved to k=7 by Borodin et甜1121．In【82]，Xu improved the result of【12]by

showing that evcry plane graph with neither adjacent triangles nor 5-and 7-circuits

is 3-eolorablc．Xu also showed 1831 that every plane graph with neither 5-circuits

nor triangles of distance less than three is 3-eolorable，this improved the result of



【11】in which the authors proved that every plane graph with neither 5-circuits nor

triangles of distance less than fonr is 3-colorable．

In【11】，Borodin and Raspaud proved that if G is a plane graph without 5．

circuits and triangles of distance less than four，then G is 3-colorable，and they

conjectured that every plane graph without 6．circuits and adjacent triangles is 3-

colorable．More recently,some new sufficient conditions for a plane graph to be

3-choosable have been given．These conditions include：having DO 3-，5-and 6-

circuits【48]；having no 4-，5-，6-and 9-circuits Is6]；or having no 4-，5-，7-and

9-circuits【85]．Moreover，M．Montassier et口f．【60】proved that every plane graph

either without 4-and 5-circuits，and without triangles at distance less than 4，or

without 4-，5-and 6．circuits，and without triangles at distance less than 3 is 3-

choosable．It soeⅡls that Borodin and Raspand’S conjecture is far away from being

solved entirely．

We consider a similar problem，the 3-colorability of plane graph without ad-

jacent triangles．Motivated by a result of【85]，in which the authors consider the

3-choosability of plane graphs without circuits of certain length，we consider in this

paper the 3-eolorability of plane graph8，and prove the following

Theorem 3．1 Let G be a 2-connected plane graph that contains no adjacent

triangles and circuits of length{∈{5，6，9}．Then，oue of the following holds

(1)J(G)<3；

(2)G contains a 4-face；

(3)G contains a 10-face incident with ten 3-vertices and adjacent to five 3-faces．

Using the stmctmc of Theorem 3．1，we have

Theorem 3．2 Every plane graph without adjacent triangles and circuits of

length in{5，6，9)is 3-colorable．

。Thcorem 3．1 strengthens a result of Borodin(Theorem 2 of【9】)．Theorem 4．2

provides a positive support to Borodin and Rnspand’s conjecture，and improves the

result by Borodin(Theorem 1 of【9】)，and independently by Sanders and Zhao【65】．



§3．2 Proofs of the Theorems

Proof of Theorem 3．1 To prove this theorem by contradiction，we assume that

there exists a plane graph G that is a countcrcxample of minimum order，i．e．，6(G)≥

3 and G is a plane graph that contains no circuits of len【gth in{5，6，9)and adjacent

triangles，but none of the three conclusions of Theorem 3．1 holds．

Rewriting Euler’s formula Iy(G)I—IE(G)I+lF(G)l=2 for a plane graph，we

have

∑(d(”)一6)+∑(2A(，)-6)=一12．(1)
vev(a) IEF(G)

To define a weight function u on v(e)U F(G)，we let u(口)=d(v)一6 if

口∈v(c)andu(，)=2X(v)一6iff∈F(G)．Therefore，

∑u(z)=一12．
zEv(G)U P(G)

If We obtain a new weight u7(z)for all z∈V(G)U F(G)by transferring weights

from one element to another，then we also have ∑ u协)=一12．On the

other hand，ifwe can show that c‘，7(z)≥0 for all z∈V(a)UF(G)，then we get a

contradiction and the theorem is proved．Now we discharge the weights according

to the following rules：

(R)Every non-triangular face，transfers to each incident vertex"the following

charge：

iifd(v)=3 andlT(口)I=1，

1ifd(v)=3 and IT(口)I=0，

1ifd(v)=4 and JT0)l=2 orIT(v)＼Ⅳ(，)l=1，

jlifd(v)=4andIT(")l=0 orfT(v)nⅣ(剧=1，

i1 ifd(v)=5．

By the discharge rule，we have

Proposition 3．2．1 If口∈y(G)，then u7(计)≥0．
Proof．If d(v)≥6，then u7(口)=u如)=d(z)一6≥0 since口transfers nothing

to the other element of v(c)u F(G)．By the hypothesis，G contains no adjacent

triangles．Ifd(v)=5，thenIT(")I冬2 andthusu7扣)≥u扣)+3·j1=0．



Fig．3．1 Discharge Rule

Following we suppose that d(")=3 Or 4．

Case 3．2．1．For a 4-vertzx¨we have u(u)=一2，and lT(u)I≤2．
If lT(训=2，then the other two faces incident with"arc 10+一faces since G

contains no 4-faces and no{5，6，9)一circuits．We have u’0)≥u(口)+1×2=0 by

(固．

If lT(口)I=1，then the two faces adjaccnt to the triangle and incident with移

are 10+-face8，and the other face incident with"may be 7，8 or 10+-face．We have

√(")≥u(")+§×2+1=0．
If J丁(口)J=0，then the four faces incident with口are 7，8 Or 10+一face．We have

“，(")≥u(u)+j1×4=0．
Case 3．2．3．For a 3-vertex"，we have u(u)=一3 and IT(")I≤1．

If IT(")I=1，then the other two faces incident with口are 7 or 10+一faces．We

haveu7(口)≥w(v)+≥×2=0． 。

If IT(删=0，then"can receive at least 1 from each face incident with it．And

SOu70)≥w(v)+1×3=0． 、 _



Now we consider a face f∈F(G)，and we have．

Proposition 3．2．2 If f∈F(G)，thcn u7(，)≥0．

Proof．IfA(f)≥12，thenu’(，)≥2A(f)一6一；A(，)≥0．
If A(f)=8，then u7(，)≥2×8—6—8>0．Since G contains no 9-circuits，

there are no triangles adjacent to f．

If A(f)=L then f is incident with at most oae triangle since G contains no

9-circuits．It means that f is incident with at most two vertices receiving；each，

thenJ(f)2。(，)一≥×2—5×1=0．
If A(，)=10，f cannot be incident with ten verticos receiving i each by瓣

sumption，f is incident with at most 8 vertices receiving；each，thcn o／(f)≥

Ⅳ(，)一；×8+1×2)=0．
If A(，)=11，then，is incident with at most 10 vertices receiving g each．

Therefore we have u’(，)≥u(，)一(3／2 x 10+1)=0．

Therefore，we have W‘(，)2 0 for each f∈F(G)． I

By Proposition 3．2．1 and 3．2．2，珊have ∑ J(x)≥0．This contradic-

z∈y(G)U F(63

tion to(1)completes the Proof of Theorem 3．1． ． I

Proof of Theorem 3．2 Assume to contrary that the conclusion is not true．Then，

we may choose G to be a plane graph which is a counterexample with minimum

order．

Claim 3．2．1 G is a 2-connected．

Proof．Ifit is not sD，let￡be a cut vertex of G，and let Gl and G2 be two

subgraphs of G such that V(G1)n y(G2)={z}and E(G1)tJ E(G2)=E(G)．By
the choice of G，both Gt and G2 are 3-colorable，and we Call assign Gt a&coloring

谯(i=1，2)with the property that≯1(霉)=也(z)．Obviously,≯1 and也yield a

3-coloring of G，a contradiction．

Claim 3．2．2 6(G)≥3，
Proof．Ifitis notthe case，let H bc a vertex ofdegree 2inG．Clearly,G—t‘

still contains no adjacent triangles and circuits of length in{5，6，9)．By the choice

of G，G—t‘is 3-colorable．But in any 3-coloring曲of G～t‘，at most two colors

are used by the neighbors of n．Then，we can extend≯to a 3-coloring of G，a

contradiction．



Claim 3．2．3 G co．ntains no 4-faces．

Proof．Assume to the contrary,let l be a 4-face with boundary札ywxn．Since

G contains no 5-circuits，|is not adjacent to triangles．Let Gu口，G”∞bc the graphs

obtained from G by identifying t‘and埘，and by identifying口and o，respectively．

It is cvident that both瓯．"and G#contain no adjacent triangles．If onc of Gq埘

and G∞say瓯．o contains no circuits of length in{5，6，9’，then by the choice of

G，瓯．"is 3-colorable．But any 3-coloring of G。．。yields a孓colofing of G also，a

contradiction．So，we asslllne that each of瓯．"and瓯#contains a circuit of length

in{5，6，9)．Then，G contains a path P1 joining n to枷，and a path P2 joining口to

￡，of which each has length in{5，6，9}．Since G is a plane graph，Pl＼{t‘，砌，and

尸2＼{口，z)has a vertex in conuD．on．Wc consider servai c硼according to the length

ft of只，i=1，2．For a pathP andtwo distinct vcrtieest‘and口onP，we use咏栅
to denote the segment of P that joinsⅡand口．

Fig．3．2 b4

￡ ·，

If one of让￡and u"(See Fig．3．2)，say“"，is in P2，then the length of P2【z，n】is

at least 10 for otherwise G contains a circuits of length in{5，6，9}．This contradicts

f2 s 9．If one oft‘and叫，say t‘，is on P2，then both P2hn】and B【t‘，。】have

length at least 8，a contradiction also．Thcrefore，we suppose by symmetry that

{Ⅱ，t￡J)ny(P2)=0 and{U，。)ny(P1)=0．

Let只=让61幻⋯btx-1w(See Fig．4．1 for fl=5)，and assunle that bi∈y(恳)

for some i is the only coiilmon vertex of PI and P2．Let R=Plh 6f】，R 2

‘P1慨，”】，R=P2p，6{】andB=恳阻，卅．



For 5∈{t‘，口，tu，z)，let l。be the number of vertices on the path只．Then，

the subgraph induced by y(P1)u y(P2)contains eight circuits that have length in

{L+It一1，1J+l￡+1)for SOme 8∈{“，叫}andt∈v，z，．
·Since 11，12∈{5，6，9)and G contains no circuits of length in{5，6，9)，

k+k一2，k+k一2∈{5，6，9)，

0+l。一1，k+l，+，1 g{5，6，9)，

屯+l。一1，k+k+1 g{5，6，9}， (3．1)

k+l。一1，1。+L+1 g{5，6，9'，

k+1。一1，l。+k+1量{5，6．9)．

By a detailed calculation，one can find that the above equation(3．1)has nO

solution．Here as an example，we discuss the case where Zu+k一2=11=5．

By symmetry,w℃may suppose that k=2 or 3，and k=5 or 4 then．Iffu=2

and k=5，then k+k—l，L+0+l g{5，6，9)indicates that L≥7，and

k+k—l，k+k+1 g{5，6，9)indicates that k≥7．If z。=3 and k=4，then

k≥8andk≥8．In both cases，k+k一2≥12 g{5，6，9)，a contradiction．

The same arguments show 118 also a contradiction when Pl and P2 have two or

more inner vertices in common．We omit the detailed proof．

By Claims 3．2．1，3．2．2 and 3．2．3，we see that G is 2-connected plane graph with

6(G)≥3 that contains no 4-faeos，no adjacent triangles and no circuits of length

in{5，6，9)．By Theorem 3．1，G must contains a 10-face，that is incident with 10

3-vertices．Let C be the boundary of，that is a circuit of letlgth 10．

By OUr choice of G，G＼v(c)admits a 3-coloring妒．Since each vertex z of

C has exactly one neighbor in G＼v(c)that is colored in≯，there are still two

colors that can be used for coloring z．One vail casily construct a coloring of C that

together with毋yields a 3-coloring of G．This contradiction completes the proof of

Theorem 3．2．



4 Some Results on Vertex Arboricity

Lct G be a planegraph without 4-cycles．By proving a structural result On such

graphs，we present a short proof of the 4-choosable of G【46】，and show that such

graphs have vertex-arboricity,that is the millimulll number of forests in G whose

union contains G，at most 2．And we use u(c)denote the vertex arboricity of a

graph Gand also prove two theorems oil vertex arboricity that if G is either crfree

or C5一free，then u(c)≤2．

§4．1 Introduction

Recall that a list coloring of G is an assignment of colors to v(c)such that each

vertex"receives a color from a prescribed list L(v)of colors and adjacent vertices

receive distinct colors．L(G)={L(v)lv∈y(G)}is called a color-list of G．G is

callcd k-choosable if G admits a list—coloring for aIl color-lists L with k colors in each

list．The choice nlfmber of G，denoted by xf(G)，is the minimum k such that G is

k-choosable．We denote／-circuit by G．

Choosabihty of plane gr印lls are extensively studied in the past ten years【Ses

[2J，f25J，[691，[701，[73】，[74J，[751]．Lam，Xu and Liu[461 proved the plane graphs

without 4-circuits is 4-choosable．This result is best possible in the recent results

since there are non-3-colorable plane graph without 4-circuits in【741．It is also

proved that every plane graphs without Cs or without G is 4-choosable in【47】．
The induced snbgraph GⅢis defined as the subgraph of G with vcrtex set

x∈v(a)and edgc8 of E(G)with both ends in X．We say a graph to be aforest

if it is acyclic．Lct(K，K，．．．，K)be a k-partition of y(G)，that is，0≠K∈

y(G)，1≤i≤k，such that y(G)=U K and K n巧=O for i≠J．If G【K】

i8 an induced forest for every i，then we say(Ⅵ，％⋯．，K)is a VA-partition of

y(G)．Vertex arboricity of G，denoted by口(G)，is the smallest number k such that

G admits a k-partition that is a VA-partition．Especially,each component of air,】
is a path．we call the k-partition LV-partition．Then the linear-vertex arboricity of



G，denoted by ta(a)，is the smallest number of k-partition SO that the partition is a

LV-partition．It is obvious that n(63 S ta(63．Chartrand，G．et a1．【1 6】proved that

a(63<1+【垒笋J and n(G)≤3 for a plane graph．Zhang and Wang【87】proved
that o(q s 2 for outer plane graph．Poh【63】proved that la(G)≤3 for each planar

graph G and Chert【l 7】proved that in(G)≤2 for each outer plane graph G．

A still open conjecture says that every 3-colorablc plane graph has the vertex

arboricity which is no more than 2．Inspired by this conjecture and Steinbertg's

conjecture，we consider the vertex arborieity of plane graphs without short circuits．

We prove the following theorems．

We prove n Lebesgue type theorem and as consequence that 4-choosablity of

a·free plane gr印hs．

Theorem 4．1 Let G be a plane graph without 4-faees and without adjacent

triangles．If d(G)=4，then G contains an露induced subgraph．

Corollary 4．2 Let G be a C4一frce plane graph．Then G is 4-choosable．

Theorem 4．3 Let G be a Q—free plane graph．Then a(a)≤2．

Theorem 4．4 Lct G be a a—free plane graph．Then d(G)≤2．

Theorem 4．5 Let Gbe a c5一free plane graph．Then n(G)≤2．

Theorems 4．3，4．4 and 4．5 may be viewed as positive support to the open

conjecture．Without special notation，the following graph G is a connected plane

graph．Terminology and notations which are not defined here can be found in[7】

§4．2 Figuration霹and the Proof of Theorem 4．1
j

Let G be a C4一free plane graph with 6(G)≥4．The set of all 5-faces adjaecnt to

exactly four triangles and the set of all 5-faces adjacent to five triangles arc denoted

by乃and F5，respectively．The subset of乃(respectively of F5)consisting only

of faces incident with five 4-vertices is denoted by F4(respectivcly R，see Figure

4．2)．A subgraph日of G is caHed an R—subgraph if日is isomorphic to屁．A 5-face

，∈F5 is called special if at least one of d(v1)=4 and巩is called outer vertices

o，，for i=1，2，3，4．We first prove that any a—free plane graph G with 6(63=4

contains an R—subgraph．Note that if a graph is C4一free，then it has no 4-faees



and no adjaeent triangles．Let露dcno．te a special C4一free plane graph consisting

of a 5-face with an exterior adjaccnt triangle．A subgraph H of G is called an F2

一subgraph if H is isomorphic to a露and d(v)=4 for all"∈V(H)(see Figure 4．1)．
If G is赡一free}then the outer vertices of|are 5+-vertices．

屁 乃

F培．4．2 The structure F4 and F5

Lemma 4．2．1147]If 6(G)≥4，then G contains a魄．

Proof of Theorem 4．1 Suppose that there exists a plane graph satisfying

the assumption of theTheorem 1 and containing no F2一subgraphs．Let Gbe a graph

of minimal order among such graphs．Obviously,G is connccted．



Rcwfi．'ting Euler’S formula Iv(53I—IE(53l+jF(G)I=2 for a plane graph，we

have ’．

∑(d(”)一4)+∑(A(，)-4)=一8．(1)
口∈y(G)leF(a}

To define a charge function u On y(G)U F(G)，we let u(u)=d(v)一4 if

口∈y(53 and u(，)=A(f)一4 if f∈F(53．Thus，we have another equality

∑u(z)—-8．(2)
zeV(G)OF(G)

If we obtain a new charge u’(z)fdr all z∈y(G'U F(a)by transferring charges

from one element to another，then we also have ∑ J(x)=一8．On the

other hand，ifwe can showthat u’(z)≥0 for all T∈v(a)UF(53，then we get a

contradiction and the theorem is proved．

For a vertex"，let T(v)be the set of 3-faces incident with"and lT(u)l=￡(")．
We use N(f)to denote the set of faces which are adjacent to a 5+-faco f．For z，Y∈

v(c)U F．(53，we will useⅣ@。Y)to denote the amount of charge transferred

from z to Y and w(x-+T_Y1 to denote the amount of charge transferred from

5+-vertex。to 5-face Y through the 3-face T，where。∈b(即and Y∈Ⅳ(T)．If a

5-vertex U is incident with an 5-face f∈Fs，then let m be the number of 5+．vertices

on 6(，)．We transfer the charges according to the following roles，if Inore than one

of the thcse roles applies，then only the earliest one should be used．

(R1)For 3-faceT，W(f一"={ifT∈Ⅳ(，)．
(R2)For 6+-vertex"，

w(v—+r—÷，，)=景if，’∈F5，where T∈N(f’)and"∈6(r)；

W(v-÷，)=翁鞴，otherwise．
(凰)For d(v)=5

w(v一丁一，，)=杀iff’∈瓦，where T∈N(／’)and口∈6(T)；

W(v一^)=磊，w(v一，2)=w(v一／3)={，where，1∈F5 and

，2，，3∈F4with口∈6(，1)n 6(厶)n 6(，3)；

w(v_f1)=磊and W(v．+五)=§1 ifvisincidentwithtwofaces^∈R

and丘∈F4with"∈b(f1)n 6(，2)；



W(v—f)={iff∈Rwith u∈6(，)．

w(v—f)={iff∈F4withf∈6(，)．
(凡)For 6+-face f

W(f一^)=51 if^∈Rwithf∈|Ⅳ(^)．

(R5)For A(，)=5 andfg乃uR

W(f—+^)=i1 if^∈F4 andf∈Ⅳ(^)；

w(／一^)=i1 if^∈F4 and，∈Ⅳ(，1)．
Note that a 5-vertex vcannot be incident with two faces in R．Otherwise there

are adjacent triangles．By the hypothesis there are no 5-faces belonging to巧have
an COlD／non vertex．To show the COntradiction．we have the following two Clajms：

Claim 4．2．1 u’(t})≥0 for钉∈y(G)．

Proof． Ifd(v)=4，thenu伽)=0．

By(兄)we have u’(")≥u(")一嚣一(d(")一￡(u))·竺d(竺v)盥-t(v)=0 for a 6+-vertex

u．And by the COmputation．骶have

Proposition 4．2．1 For a 6+-vertex"w扣_f)≥{and if"is incident with

a 5+一face，with|N(f)n丁(")I=2，then w(v—f)>{．
Proof．Let s(￡)=器鞴．Since the derivative of the function s(￡)with

respect to t is盅=茬杀，we have 8(t)is an increasing function on t for d≥6．

Therefore w(v一，)≥!爱导!≥譬=j1．IfIN(f)nT(口)I；2，then w(v—f)≥蟛d(v)-2≥鲁=嚣>{． _

Now we COnsider the 5-vertex"．Since G contains no露一subgraph，we have

that if"is incident with a 3-face T，which is adjacent to a 5-face，l∈_'then u

is not incident with a 5-face，2∈日u R．We divide 80me eases to consider the

incident 5-faces of t，：

Ifvisincidentwithtw03-facosn andT2，thenu7(")≥u0)-2×景一3×石1>0，
where噩and T2 are adjacent to 5-faccs belonging to再without incident with口；if乃

is adjacenttoa5-face，7∈Rwith"《b(f7)，thenJ(o)≥w(v)一2×{一i1一景>0
since there two faces incident with"，which have COmmon vertices on b(f’)cannot

be faces belonging to乃by the hypothesis；if n and T2 are not adjacent to faces

belonging to R which are not incident with秽，then u’(u)≥u0)一；一2×石1=0，
where"isincident a5-facoin R andtwo 5-facesin只oru’(u)≥u扣)一；一；=0，



Fig．4．4

where u is incident with a 5-face in F5 and one 5-face in F4．

If口isincident at most one 3-face T，then u70)≥u0)一矗一2×百1>0where
T is incident with a 5-face，，∈晶with"g b(／’)Or u7(u)≥u@)一2 x§>0
otherwise．Therefore，we have u’(可)≥0 for 5+一vertex"∈矿(G)． 1

Claim 4．2．2u’(，)≥0forf∈F(G)．

Proof． IfA(，)=3，thcnu‘(，)=u(，)+3×j1=0．
For 6+-facefwe haveu7(，)≥u(，)一学=学≥0．
Now we consider the 5-facef．Iff g F4UF5，then u’(，)2 u(，)一3×{=0

(the equality holds if either f is adjaccnt to three 3-faces or f is adjacent to exactly

two 3-faces and adjacent to a 5-face，1∈F4)；Iff∈R＼F5，then J(f)≥u(，)一

5×i1+赤+m=o；
If f∈FAR，then either for a 6+-vertox"by Proposition 4．2．1 W(v_f)2；

or for a 5-vertex"by(R3)，(风)and(R5)w(v-÷-r)+w(f7_f)≥i1 with

f’∈Ⅳ(，)，u’(，)≥u(，)一4×{+i1=o；otherwise d(v)=5 and"is adjacent to

aface．，1∈F5and厶∈F4in additionto，，雠Figure4．4．Thuswehave d(Ⅲ)≥5

because otherwise the triangles Tandr are adjacent，W7(，)2 u(，)一4x i1+i1 x2=0

by(忌)；

We consider f∈F4 and厂∈Ⅳ(，)．Since f7 g R U R，we have u’(，)≥

t‘I(，)一4×；+{=0 by(R4)and(Re)．



Iff∈万，then u’(，)≥u(，)一5×{+5×杀：0 by the．hypothesis，(忌)and

(n3)．Thus，we complcte the proof of Claim 4．2．2． ’· I

By Claim 4．2．1 and Claim 4．2．2 we have∑u协)≥0．It contradicts(2)．
￡∈VuF

The contradiction completes the proof of Theorem 4．1． I

§4．3 Proofs of Corollary 4．2 and Theorem 4．3

Proof of Corollary 4．2(also see in【46])

Suppose that G is a counterexamplc of minimum order，then 6(G)=4，Because

G is a—free，G has no adjaccnt triangles and has no 4-face．By Theorem 4．1，G has

an露一subgraph H with

V(H)={钍1，⋯，撕)and E(H)={t‘lt‘2，UlU3，t$2U3，U3U4，“4u5，％u6，u6ul}．
Let L=(L(v)Iv∈y(G))be a color-list of G in which each list contains 4

colors．Then G，=G＼V(H)admits a list coloring∥with color-list L restricted to

G，．For all"∈y(Ⅳ)，let L0(u)=L(v)＼{C／(u)lu∈y(G)and ut‘∈E(G)}．Then，

Ip(地)I≥2，i=2，4，5，6，lLo(u1)I≥3 and ILo(锄)l≥3．Let L+be a subset of

Lo(啦)with IL’I=2．We shall choose at蜥a color ca∈Lo(1‘3)＼∥，at u,2 a color

c2∈驴(t‘2)＼{c3)，at tLl a color Cl∈Lo(u1)＼{c2，c3)，at缸6 a color c6∈Lo(u6)＼{c1)，

att‘5 a color c5∈驴(“5)＼{c6}and attL4 acolor c4∈p＼(c5)． 1

Proof of Theorem 4．3 By【161 or【l7】，we know that d(G)≤3．

To prove that a graph G is at[G)≤2，we use the following the Lemma：

Lemma 4．3．2 If a graph G is a minimal graph with d(G)=3，then G is

2-connected and 6(a)≥4．
Proof． If there exists a cut vertex"．then G’=G一”has at least two

components． Without loss of generaiity,we assume that G，has two connected

components G1 and G2．By the minimality of G，G1 U(u)and G2 U{u}have 2-

VA-partitions，say W，昭and W，W，respcctively and口∈W n W．Then we let

Ⅵ=W U VI"and K=W U W．G has a 2-VA-partition，a contradiction．

Ifthere exists a vertex z∈v(a)and d(o)≤3，thenG7=G—u has a 2-VA—

partition，say K and％and either fN(x)nⅥI≤1 or Iiv(x)n％I≤1．Without loss



of generality,say IJ、r(z)n Hl≤1．Thus G has a 2-VA—partition W=M u{￡}and

W=％．It contradicts the choice of G． I

Proposition 4．3．2 If G is a Q—free plane graph，then 6(G)S 4．

Proof． Suppose that G is a connected a—free plane graph and a(a)≥5．

Define a charge叫on elements of V u F by letting w(x)=2协(z)一3]if z∈

F and w(x)=d0)一6 if。∈V． Applying Euler’S formula for plane graphs，

Jyl+lFl—IEl=2，wehave∑w(x)=-12．ffwe obtain anew charge"’for all

z∈V U Fby transferring charges from one element to another．then we also have

∑W7(z)=-12．Ifthese transfers result in训’(z)≥0 for all z∈V u F，then

we get a contradiction and complete the proof of Proposition 4．3．2．Charges will be

transferred according to the following rule：

(R)Every 5+-faco f transfcrs i1
to 5-vertex"which is incident with f．

5+一face f
v'is a 5-vertex

Fig．4．5 Discharge Rule 2

Itis clearthat∥(z)≥0ifzis a 6十一vertex or￡is a 3-face．If d(z)=5，then

there are at least three 5+-faces incident with$since G is a—free．Thus W7(z)≥

加(?)+3×j1=0．Bythe discharge rule(R)，叫70)≥w(。)一{·A(x)=学>0
for 5+一face z．Therefore∥(z)≥0 for z∈V t．／F．The Contradiction completes the

proof of the Proposition． 1

We suppose that G is a countercxample of minimum order to the Theorem

4．3，then 6(G)=4．Because G is Q—frec and d(G)=4，by Theorem 4．1，G has a

瑶一subgraph H as in Figure 4．1．

It is easy to see that lK n N0,s)l=2，(i=1，2)．To find the contradiction，we

consider the neighbors of U1．If we find a 2-VA—partition of G，then we will finish

the proof．



Case 1 wl，耽)∈H，(蛳，us}∈K and there exist P[wl，u2】∈air,】and

P[ua，U6】∈G【％】．
Note that one of t也and W3 belongs to theⅥand the other belongs to K．

Otherwise，让W2，w3∈Ⅵ，then it contradicts P[wl，u2】∈G【Ⅵ】；if t屹，t妇∈Vi，then

we get a2-VA-partition ofGwith嵋=K＼{t‘2)U{“l}andW=％U{“2}．

Casel．1US∈K andW3∈K．

Since G is a planc graph，there are no P[w2，U3】∈G【K】．We get a 2-VA-

partitionofGwithW=Ⅵ＼{u2)U{“1)and嵋=％u“2)．

Casel．2W2∈KandW3∈％．

If w4∈Ⅵ，then U4∈％．If there exists P[w2，W4】∈G【K】，then by the similar

reason as above，W=H＼{地}u{Ⅱ1)and W=Ku{抛’．If there exists nO P[t也，W4】

incivil，thenⅥ=ⅥU{让3)andW=vs＼{us}U{Ⅱ1)．

Therefore，W4∈％．

IfU4∈K，thenW=KU{蚴}andW=％＼{“3}U{u1)is a 2-VA-partitionof

G．

If U4∈Ⅵ，then there is no path P【缸2，u4】in G【K】since a P[ua，u6】∈G【V翻．
Thus W=H U{u3)and昭=％＼{u3)U{“1)is still a 2-VA-partition ofG． I

Case 2 w1，U3}∈K，{‰，啦}∈K．By the planarity ofG，P№l，U3】∈G眦】

and P[us，u61∈G【％】cannot be existing at the same time，say there is no(Wl，us)一

path in GIⅧ．Then W=ⅥU{t‘1)and嵋=％is a 2-VA-partition of G，8

contradiction． I

Case 3{Ⅲ1，U6)互M，us，us}∈K and there exist a path P[wt，u6】∈G【K】．

Note that{挑，铆，W4，u4)∈Ⅵ．If not，say w2∈％，W=ⅥU{u2)and

W=％＼{Ⅱ2)u{u1)is a 2-VA-partition of G．By the similar reason and hypothcs；is，

we have that one of‘5，W9 and W10 is in H and two of them belong to K．Nextly,

we consider whether U5∈H or not．

Case 3．1 u5∈K，{均，w10}∈Kandatleastoneof％，W6，W7 andW8 belongs

to H．

If{研，ws}g K，then W=H＼{Ⅱ5)u{t‘l}and W=K U{u5)is a 2-VA—

partition of G．Therefore，{加7，ws}∈K and at least one of W5 and W6 belongs to

Ⅵ．We modify the H and％by W=K＼{砒}U(u3)and嵋=％＼{u3}U Ul，u4}．



W andⅥis a 2-VA-partition ofG．ThusⅡ5∈K．

Case 3．2“5∈％，either w9∈u and W10∈K or w0∈％and w10∈H．We

COILSider the two cases：

(a)W9∈H andWl0∈K．Bythe planarity ofG，thereisll0 pathP[wlo，U5】in

G【U]．Wc have a 2-VA-partition of G with W=Ⅵ＼tt‘6)u{毗}and W=％u{u6)．

(b)的∈Kand∞10∈K．

Observation One of W5 and鳓bblongs to玎and the other belongs to巧i It

is the same to wz，Ws}．

Otherwise，if{t如，姚)∈U，thenⅥ=VI＼{U4}u{铂}and嵋=K＼(u3}u

u1，u4}is a 2-VA-partition of G；if{坞，w0}∈K，then W=Ⅵu{u3)and

W=％＼{t‘3)u如1)is still a 2-VA-partition of G．

It is clear that if we can modi母either U4 or u5，then we find a 2-VA-partition

0fG．

If{坞，Ws}and w6，Ⅲ7)arc not in the same K，(i=l，2)，then by the planarity of

G，we can modify either t‘4 or奶．Thus we assunlethat{w5，ws}∈Ⅵ，{t“6，wT}∈％
and P[奶，W8】∈G【H】，P【Ⅲi，w7】∈G[K】．But by the planarity of G，there is no

path P【狮，u5】C G阢】．ThusⅥ=Ⅵ＼{Ⅱ6)u{ul，and嵋=K U{‰}is a冬Vm

partition of G．On the contrary,by the similar reasoll，W=Ⅵ＼{‰，t‘4)U{ul，u5l

and昭=％＼{“5)U u4，邯}is a 2-VA-partition of G．The COntradictions complete

theproof． I

§4．4 Proofs of Theorem 4．4 and Theorem 4．5

Proof of Theorem 4．4 By contradiction，we a8811121e that G is C3一free with

minimal order that口(G)=3．By I_emma 4．4．2，we know that 6(G)2 4 and G i8

2-connectcd．

ByEuler’sformulalVl+IFI—IEI=2，we have∑(d(")一4)+∑(A(f)-4)=

一8．Let u($)=d(x)一4 for z∈V and u(z)=A(，)一4 for f∈F．Then

∑u(功=-8．Since G is c3-free and J(G)≥4．Thus u(￡)≥0 for￡∈VU F．

It contradicts Eulcr’formula．Therefore a(G)≤2 for each巴一free plane graph G．I



Proof of Theorem 4．5、To show the vertex arboricity of a G—free plane

graph G is at most 2，suppose to contrary that G is a minimal order G—free plane

graph with a(c)=3．By Lemma 4．3．2，6(G)2 4．But it implics the contradiction

to I．emma 4．2．I．Thus a(C)≤2 for each G—free plane graph G． I

Conclusions By Thcorem 4．3 and 4．5 we have known if St plane graph G is

either C4一free or G—free then a(c)≤2．It is well known that there exist plane

graphs which are C4一free or既·free not 3-colorable．So we think the condition of

the open conjecture is strong SO that the answer may be positive．
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Fig．4．3 Discharge Rule 1



5 Colorings the square of Triangle-free

Plane Graphs

By proving a structure theorem about a triangle-free planar graph G with the

maximum degree△(G)，We gct either G has a light major vertex or xl(G2)≤

△(G)+16where G2isthe square ofG．

§5．1 Introduction

Recall that the definition of the square of a graph G，denoted by G2，is a graph

on vertex set v(a2)=y(G)and edge set E(G2)={u"l u and"have distance

at most two in G}．In 1959，Cr6tzsch【32】proved that every triangle-free plane

graph is 3-colorable．In 1976，Steinberg(see[67】p．229 or 19])conjectured that every

plane graph withou．t 4-and 5-circuits is 3-colorable．In 1990，ErdSs(also【67]p．229)

suggested the foUowing relaxation：Is thcre an integer詹≥5 such that every plane

graph without／-circuits for 4≤i≤≈is 3-colorable?The first value 11 of k Was

givcn by Abbott and Zhou[11．Sanders and Zhao㈣．and Borodin【91 independently,

improved that to k=9．The bound was improved to k=7 by Borodin et aZ【12】．

In【76】，Wegner posed the following conjecture

Conjecture 5．1176]For a plane graph G．

舻，≤{。翁Ⅱ篡主7
Inspired by a conjecture of Wegner，we consider the colorability of the square

of trianglc-free plane graphs．Some known results on colorings of thc square of plane

graphs：Thomassen In]proved that the square of every cubic plane graph is

7-colorable which Was conjectured by Wegner．Heuvel and McGuinness㈣showed

that x(G2)≤2A(G)+25 for any plane graph．Molloy and Salavatipour【59l

improved the upper bound to x(a2)≤『!!竽]+78，and to x(C2)≤『!!笋1+25



under assumption that△(G)2 241．Lih，Wang and Zhu 152】proved that for

a如minor free graph G，x(G2)≤A(a)+3 if 2 S△(G)S 3，and x(6,2)≤

【i!笋J+1 ff△(G)2 4．

We use g to denote the set,of triangle-free plane graphs．In this chapter．we

prove a theorem on the structure of Faphs in岔，and as a corollary,get an upper

bound on the choice number of the square ofgraphs in 9．We say a4-face f is special

if，is incident with two 2-vertices，and say a vertex口is major if 73 is 15+．vertex．

A的ht major vertex is a major vertex"with dm(v)≤△(G)+13．Let乃(")and

乃(")be the number of 2-vertices and 3-vertices adjacent to t，，respectively．

Theorem 5．1 If G∈9 and J(G)≥2，then one of the following hol出．

(a)A 14一vertex is adjaccnt to a 2-vertex．

(b)If"is major and口is incident with at least d(u)一7 special 4-faces，then

either琵0)=d(口)or 0<乃(u)=d(v)一亿0)≤7 and thcre CVxists a 3-vertex in

N(v)is incident with two 4-faces of which each contains a 2-vertex．

(c)AP3=xyzwhere d(y)=3and d(x)+d(z)≤15．
As an application of Theorem 5．1，we have the following theorem．

Theorem 5．2 For G∈g either G has a light major vertex or xl(a2)≤
△(G)+16forG∈口．

一

§5．2 Proof of Theorem 5．1

Assume，to the contrary,that there exists a plane graph G∈蛋having no eunfigu-

rations as(o)and(b)and contradicting to(c)，i．e，each 2-vertex is adjacent only

to major vertices，each major vertex is incident with at most d(v)一10 special faces

andany 3-pathP3=xyzwhere d(y)=3 and d(x)+d(z)≥15．
The Euler’S formula IVl+IF卜lEI=2 can be rewritten in the following form：

∑(d(”)-4)+∑(A(，)-4)=一8．(1)
．ev(a)leF(a)

To define n charge function u Oll v(c)u F(G)，we l酏u(∥)=d(")一4 if

t’∈y(G)，andu(，)=A(f)一4iff∈F(G)．Thus ∑ u(。)=一8 by(1)．
zEV(G)UF(G)



To prove Theorem 5．1，we will introduce some rules to transfer charges be-

twcen the elements of v(c)u F(G)so that the total sum of the charges is kept

constant while the transferring is in progress．However，OIlce the transferring is

completed，we can show that the resulting charge u’satisfies ∑ u7(z)≥0．
zeV(G)UF(∞

This contradiction to(1)will complete our proo￡

We discharge the charges about each d-vertex口(where d≥2)and 5+一face，

which incident with"according to the following rules：

(R1)For d=2 and z，爹∈N(v)w白_V)_w0_口)=l；

(fc2)For d：=3 and z，Y，z∈Ⅳ(口)，with d(x)=min(d(x)，d(!，)，d(z))

w(y一")=w(z—u)={ifd(x)≤7；
W(x—+")=w(y—·u)=：w(z—+口)=i1 ifd(z)≥8；

(R3)W(v—÷t广)=警whered=5，6，7and矿isamajorvertexwithu矿∈E(G)；
(凡)w(1_矿)=÷g并where矿is a major vertex and矿not adjacent to other

L 2 j

major vertices Oil the boundary of，．

Fig．5．1 Discharge

矿

d(vi)≤14
d(v’)2 15

By the discharge rules，we can get

Proposition 5．2．1 wff一矿)≥；1 for A(f)≥5 and矿is amajor on 6(，)．

Proof．For a 5+·face f and a major vertex口’which口’∈bff)，if A(f)is even，than

w(／一矿)=雨A(1)-4=2·帮≥2×譬=；；if A(，)is odd，theⅡw(／一矿)=

觜=2·器芝2×啬=；by(风)． I

Using Proportion 5．2．1 and since there are at most【挈J such major vcrtices in

(觑)Oil the boundary of 5+一face．Then u7(，)≥A(，)一4一【墨乒J·÷!金畀=0．
Therefore，we have

Proposition 5．2．2 u’(，)≥0 for each 4+一face，．



Nextly,we consider the u7(口)．

Proposition 5．2．3 u’如)≥0 for evcry vertex t，∈y(G)．

Proof．Ifd=2，u伽)=02(v)+2×1=0 by(R1)．
For d=3，by(恐)and hypothesis，if d(x)≤7，then d(，)，d(z)≥8，u’(t，)=

u(")+2×j1=o；if d(x)≥8，then u’(口)=u(口)+3×；=0．
By(R3)，Ⅳ’(口)=u(u)一d·等=0 for 5≤d s 7 and w(v—，口+)=譬≥{

where矿is amajorvertex and"矿∈E(G)．

For 8≤d≤14 the d-vertex"is not adjacent to 2-vertices，‘‘)’(")≥d-4-g≥0

by(尼)．

For d-vertex"where d≥15if匏扣)=d and"isincidentwith atmost d一8

special 4-faees by the hypothcsis．then there are at least eight 5+-faces incident with

口．Thus u7(")≥d一4一d·1+8×{=0．
We assUlTle that the following that矗(口)=d一死0)>0 to consider the worst

condition．
’

If勺≥8，thenu’(u)≥d一4—1．(d一乃(可))一旦笋=塑笋一4≥0．
Thus，we consider that 0<勺(u)≤7 and there are no 3-vertex zwhich incident

two 4-faces，l and，2，where￡∈N(v)and"is on both boundary of／1 and，2，and

at the same time u is incident with at most d一8 special 4-faees by the hypothesis．

Then there are at least(d一(d一8)一r3(口))5+一faces．

Then“，(u)≥d一4一亿0)一旦笋4-i1·【d一(d一8)一勺扣)】=0．
The proof of Proposition is completed． 1

By Propositions 5．2．2 and 5．2．3，we have that ∑ u协)≥0．This
zeV(G)uF(G)

contradiction to(1)ends the proof of Theorem 5．1． 1

§5．3 Proof of Theorem 5．2

By way of contradiction，assume that G∈g is a minimum connected countcrex-

ample with respeet to the order of G．Lct L be a list assignment of G with

IL(")l=A(a)+16 for every vertex口such that G is not L-colorable．

Since a 1-vertex of G has degree at most A in G2．we have



Claim 5．3．1 6(G)≥2．

Claim 5．3．2 Each 2-vertex is a_djacont to only major vertices．

Proof．Otherwise．if a 2-vertex"with neighbors“and W in G whcre t‘is a

14一．vertex，then dG20)≤△+14．

If口is on a 4-cycle，let日=G一∞，thcn H∈g，H2 has a(△+16)一list-

coloring≯and咖(t‘)≠≯(伽)since dista(u，")=2．Thus，妒call be extended to G2，

a contradiction．
一

If u is only on cyclcs of length at least 5，let历=G一"+{u"}(where
UW g E(a)since G is triangle-frce)，then H1∈级研has a L-coloring≯and

咖(“)≠≯(叫)．Thus，≯can be extended to G2，it contradicts the hypothesis． 1

Lemma 5．3．1 If 8 major vertex"with记(u)=d is incident with at least d一7

special 4-faces，then d6”(v)≤d+7．

Proof．Let S be a configuration consisting of i consecutive special 4-faces

incident with"，and let Xi be the number of s‘’8 that&is not contained in any

&+1，i=1，2，⋯，d一2．
Thus d俨(")≤d+z，where Z=max{xl+x2+⋯+zd一2+zd—l+(d一2xx一3x2一

．⋯(d一1)·Xd-2-d·Xd—1)=max{d-z1--2x2⋯-一(d-2)·Xd一2一(d一1)·第d—1)=
d—min{x1+2x2+···十(d二2)·黝一2+(d一1)·Zd—1)with SUbjection．

钆+2x2+⋯+(d一2)·Xd一2+d·zd一1≥d一7

2zl+3x2十⋯+(d一1)·z扣2+d·Xd一1 S d

甄≥0 beintegerst=l，2，⋯，d一1

The relaxing of the integer programming is，

c=min{x1+2x2+···+(d一2)·黝一2+(d一1)·Xd一1)．

Subjectto：z1十2x2+···+(d一2)·27d一2+d·2：d—l—Al=d一7．

2霉1+322+···+(d一1)·zd—2+d·$d—l+b=d．

她2 0i=1，2，⋯，d一1 and～≥0，J=1，2．

To decide z，we may considcr the dual programming of the relaxing of program-

ming，that is

d=max{(d一7)·Ⅳ1+d·v2}Subjcct to：



9l+2y2≤1．

2yl+3y2 S 2

(d一2)·Yl+(d一1)-y2≤d一2．

d·Yl+d·抛≤d一1．

一班≤0．

耽≤0． ．

By the geometry method，it is easT to cheek that c=生!掣where Yl=警
and珈=0．Then。=d-C=8一j<7for：isainteger．Therefore，dG2(")≤d+7
where『2扣)=d and口is incident with at least d一7 special 4-faces． 1

Claim 5．3．3Foramajorvertex"ifeither乃(口)=dor0<zs(v)=d-rdv)S

7，then"is incident with at most d(v)一8 special 4-faces．

Proof． Otherwise，if乃(u)=d and"is incident with at least d一7 special

4-faces，then矗伊(")≤d+7，a contradiction．If口is incident with at Ie∞'t d(v)一7

special 4-faces，0<n(口)=d(v)一见@)≤7 and therc exists a 3-vertex in g(v)is
incidentwithtw04-facesofwhich eachcontainsa 2-vertex，thend萨(u)≤d+7+6≤

△(回+13，it also contradicts the hypothesis． -

By Theorem 5．1，G contains apath P3=xyz，where d(v)=3，d(x)+d(z)曼15
and the other neighbor of g is n．Then如(v)≤A(c)+15．We coflsider the

following cases on the saHle incident faces^，五and，3 of扛，Y，u)，(Ⅳ，毛t‘)and

(甄Y，z)，respectively．

Case 1：，1，，2 and厶are 5+faces．Let H=G-yU{ux，uz}．Then日∈9 and

H2 has a L-coloring≯1．Thus≯1(z)，≯1(z)and≯l(“)have distinct colors．Therefore

≯1 can be extended to G2，a contradiction．

Case 2。Two faces of五are 5+-faces for l=1，2，3，say^and矗．Let

H=G一鲈u nx，xz}．Then H∈蛋and H2 has a L-coloring≯I．Thus≯1(￡)，毋1(力

and≯1(u)have distinct colors．Therefore妒l can be extended to G2，a contradiction．

Case 3．Onlyoncof^is 5+-faccsfori=l，2，3，sayA，Let H=G-y+{“z}．
ThenⅣ∈9 and H2 has a L-eoloring≯1．Thus驴l(z)，≯1(名)and≯1(Ⅱ)have distinct

colors．Therefore多1 Call bc extended to G2，a contradiction．

Case 4．All五are 4-facesforl=1，2，3．LctH=G—Y．Then拦∈舀andH2
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has a L-coloring A．Thus≯l(。)，毋1(：)and曲1(Ⅱ)have distinct colors．Therefore≯1

Can be cxtcndcd to G2．a contradiction． 。·

This contradiction implies that we complete the proof of Theorem 5，2． 1



6 Some Further Problems

In this chapter，we list some problems which we are still working on．In the

Preceding chapters，we consider the proper coloring of graphs．Nextly,we will

consider imprope，：colorings of plane graphs．

§6．1 Improper colorings of plane graphs

Many variations and extensions of graph colorings have been considered．In

particular，improper colorings(sometimes called generalized，defective or relaxed col-

orings)have been extensively studied．A t-improper k-coloring of G，or simply a

(k，￡)*-coloring，is a partition of v(a)into k color classes H，K，·．．，K such that

each K induces a graph with maximum degree旬in other words，each vertex has

at most t neighbors of the same color as itself．The t-improper chromatic number

of G is therefore defined as the smallest integer k such that G is(k，t)*-colorable．

Notice that 0-improper coloring corresponds to the usual notion of proper coloring：

a(k，o)。一coloring of G is a proper k-coloring of G，and the O-improper chromatic

number of G is the chromatic number of G．

Improper colorings were introduced by Cowel et缸【20]．They proved that every

planar graph is(3，2)*-colorable and every outer planar graph is(2，2)*-colorable．

They also showed，without using the Four Color Theorem，that every planar graph

is(4，1)’colorable．In the last past years，several authors studied this coloring and

the problem of bounding the t-improper chromatic number has been investigated

for various cla88es of graph(8ee e．g．【2l】，【791，Is01)．
In the chapter 1，we introduce the definition of list-colorings of graphs．Eaton

and Hull【24]generalized the notion of choosability to improper choosabilit!『：a graph

G is t-improper l-choosable，or simply(f，t)*-choosable，if for any list—assignment L

such that IL(")I≥2 for every口，there exists a t-improper coloring／of G such

that／(v)∈L(v)for every"．Eaton and Hull【24】，and independently Skrekovski

【66】，proved that every planar graph is(3，2)’choosablc，which extends the above-



mentioned Cx)wcl et a1．’result．This result is shalp in a ecrtain way since there

exist planar graphs which are not(3，1)*-colorable and planar graphs which are

not(2，￡)*-colorable for every t．Moreover，Eaton and Hull，and Skrekovski，both

conjectured that every plane graph is(4，1)’choosable．In 15l】，Lih et a1．proved

that if a plane graph Gwithout 4-circuits and l-circuits for some l∈{5，6，7)，then
G is(3，1)*-choosable．So we could consider some special kinds of plane graphs．

§6．2 Colorings the square of plane graphs

In chapter 5，we prove the coloring the square oftriangle-free plane graphs．This

is just consider one special kind of plane graph．We could consider the following

questions：

(i)Coloring of square plane graplls without瓯where i=4，5，6，7，8，9．Since

ill【9l Borodin proved a Lebesgue type theorem under the assumption．But in the

proof the authors only need to consider the 3+-vertiecs under the hypothesis．We

have shown a result on the square of triangle-free plane graplls in chapter 5．If

w directly use the result of Borodin’S result．then the upper bound is bad．We

will give a new Lebesgue type theorem of plane擎印hs which contain no a，where

i=4，5，6，7，8，9．It maybe agood way to consider colorings the square of such plane

graphs．

(ii)In chapter 2，we consider the gr印1ls embedded in a surface of Euler char-

acteristic J≤0 and contains no i-circuits for 4 S i≤11—3盯．To prove the

3-colorable of this kind of embedded graphs，we also prove a Lebesgue type theo-

rein．If we use the theorem to consider coloring the square of this kind of graphs．

then we will get a bad result．Fortunately,we have a new Lebesgue type theorem

on this kind of graphs．So we could usc the result theorem to consider colorings of

the square of this kind of gr印lls．

§6．3 L◇，q)-colorings of plane graphs

For integers P，q≥0，a labelling ofa graph妒：v(G)_{o，1，．．．，m)，for a



certain m≥0，is called all L(p，g)一labeling if it satisfies：

(1)l妒(t‘)一妒0)l≥pifdistc(u，")=1；

(2)I妒(“)一妒0)I≥qifdisto(u，口)=2．

The(p，g)一span of a graph G，denoted A(G；p，g)，is the minimttm仇for which

all L(p，口)一labelling exists．It is easy to see that determining A(G．1，0)is to find the

chromatic number x(G)．And the problem of finding an L0，1)一labelling amountS

to find a coloring of俨．The L(2，1)一labelling problem has been studied extensively

over the past decade．Girggs and Yeh【30]showed that the L(2，1)一labcUing problem

i8 NP·complete for general graphs．

By the two Lebcsgue type theorems in two future work，We could consider the

fonowing questions：

(i)L(p，q)一colorings of plane graphs which contain no a，where f=4，5，6，7，8，9．

(ii)L(p，q)一colorings of graphs embedded in a surface of Eulcr characteristic

盯≤0 andcontainslloi-circuitsfor 4≤t≤ll一3仃．

Under the two easP强，we could get two corollaries on the L(2，1)-colorings of the

two kinds of graphs．So the work is useful．
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